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The Seiches in a Strait Connecting Two Seas 
By G R Goldsbrotjgh, FRS 
(Received 29 June 1937 ) 

1—Introduction 

The seiches or free long waves m lakes or seas with complete boundaries 
have been determined m many cases When the boundaries are incomplete 
the problem presents greater difficulties and the results are less definite 
Experimental and theoretical studies have been made by many investi¬ 
gators (Hams 1908, Honda and others 1908) 

The analysis in elliptic co ordinates used by the writer (1930 and 1936) 
for certain problems of completely bounded seas lends itself somewhat 
readily to the problem of a strait connecting two open seas For a certain 
law ol depth the general equations are reducible and solutions follow without 
much difficulty 

For exact solutions it is necessary to solve the period equation by con¬ 
tinued approximation But it is shown that in an important group of cases 
very approximate results can be written down explicitly and interpretation 
then follows readily 

2—Thf equations for a strait joining two seas 

It has been shown by the writer (1930) that the equations of motion of 
long waves of period 2n/A in elliptic co-ordinates can be reduced to the 
equation 

8 i( a 1) + |(*|) + ^ a, »- 0 ’ (i > 

where H = c 2 (cosh 2 g-coa 2 y), h is the depth, and £ is the displacement ol 
the surface at the pomt (£, 7) 

Take h - A 0 (oo8h 2 £-a)(a-co8 2 i/), 0<a<l (2) 

In the problem as defined by (1), h must be positive or zero Hence 
0 <cos s i/<o The surface of the corresponding sea lies between the two 
branches of the hyperbola cos 2 if = a, and the bed of the sea has the form 
of a hyperboho paraboloid 
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G R Goldsbrough 

The maximum depth on the transverse axis of the hyperbola is at the 
centre, and the depth increases indefinitely with increase of distance from 
this point along the conjugate axis The equation (1) is based upon the 
assumption that the depth is everywhere small compared with the wave¬ 
length At points along the conjugate axis sufficiently remote, this con¬ 
dition clearly will be broken As will be seen later, however, the wave 
motions diminish in amplitude with recession from the transverse axis, 
and at points where the equations of long waves cease to apply the motion 
is practically zero 

On substituting (2) m (1) we have 

(a - cos 2 1 1) ^ (cosh 2 £ - a) +(cosh* £ - a) ^ (a - cos 2 v) ~ 
eg 05 otj at] 

+ /t 2 (cosh 2 £ - cos 2 17) £ = 0, 

where k 2 = A 2 c 2 /pA 0 

The variables are separable by putting £ = M{£)N(y) Then we have 

~ (a - cosh 2 £)'~ - k 2 M + k(a - cosh 2 £) M = 0,] 
dc, | 

^(a-cos 2 ')/)^-bK 2 N— k(a-ton l tj)N = 0, j 

k being an undetermined constant 

Substitute k = — 4<r(<r — 1), 

k 2 = 4 <r(<r— 1) (q — a), 

and these equations reduce to 

j (a — cosh 2 £) - 4<7(0- - 1) (9 - cosh 2 £) if = 0, 

^(a-cos t ii) ( ^~+4cr(cr — l)(q-<zoB i i))N = 0 

These are the same in form as those used by the writer (1936, p 13) and 
may be treated m a similar manner 

The polynomial solutions of these equations hitherto used are, however, 
inappropriate to the present problems We therefore seek solutions in the 
form of infinite senes 
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The Seiches m a Strait Connecting Two Seas 
Put v — cosh 2 £, fi — cos 2 7 i and equations (4) become 

v(v-l)(v-a)^^ + (2v 2 -fv-ai> + £a)-J^ + er(0-- \)(q-v)M =0, (5i) 

fi{/i-l)(/i- a )- d ~+{ 2 /i i ~^fi-afi+ia) d ~ i +cr{cr-l)(q-fi)N = 0 (5n) 

The solutions of these equations must satisfy two conditions 
(o) N must be finite when ji = a, 

(b) M -*■ 0 as v -*■ co 

For the second condition a solution of (51) m powers of l jv is required 
On putting 0 — 1 jv, equation (5i) becomes 

0(1 —00) (l -0) +Qa()>- £0-o0)^ + <r(cr-1) if = 0 (0) 

The point 0 = 0 is a regular singularity The solution in the vi< mity ot this 
point is M = la n 0 04 “, where the index c is <x or 1 — tr, and, for the first index, 

a n+1 (n + 1) (2<r + n) + a n {<r(<r -1 )q-(<T + n)(<r + n-\)-a(cr + n) 2 } 

+ «»-i a(cr + n-l)(tr + n-k) = 0 (7) 

On writing N nn = a n+ 1 ja„, this relation becomes 
N n fx (n + 1) (2cr+ n) + {<r(<r-1 )q- {<r + n) (tr + n - \) -a(cr 4-») 2 } 

+ o(cr + »-l)(tr + n-|)/iV r /1 = 0 (8) 

For large values of n, (8) has the limiting form 

N n+l -{\ +a) + a/N n = 0, (9) 

which is satisfied by N H = 1, a, for all n 

More exactly we find in the first alternative, N n ~ 1 - For large 

values of n the coefficients a n then approximate to those of the expansion 
of (1 - 0)‘, and M has the form 0 + (l — 0)* S' By the argument of Lamb 
(1932) this would produce a discontinuity m the £ component of the 
velocity on the transverse axis 

The series solution of (6) must be convergent for 0 = 1 Hence, since 
a < 1, the quantities <r, q must be determined so that while (8) is satisfied 
N n -> a 
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The equation (5n) has a solution for the regular singularity /i = 0in the 
form Za' n (i CJtn , where c = 0 or £, and 

»n+i a(n + \)(n + \)+ a*{cr(cr -\)q-n\\+a,)-$n} 

+ a n-i(n — <r)(n-+<r—l) = 0, (10) 

for the first index, and 

< +1 a(» +1) (n +1) + a;{<r(<r -1) q ~ (n + £) 2 (1 + a) - Rn + £)} 

+ «»-i {n*-}-cr(<r-l)} = 0, (11) 

for the second index 

Consider the solution defined by (10) If <t is mtegral the senes terminates 
and q is determined by an algebraic equation Since cr must also satisfy (8) 
it cannot in general be integral, and the senes of (10) will be infinite 
Putting N' n t j = a„ +1 la' n> the recurrence formula (10) reduces to 

N„ n a(n +l)(n + £) + {<r(<r- l)j-n*(l4-a)-$n} 

-t-(ra-<T)(» + cr-l)/JV^ = 0 (12) 

For large values of n, (12) has the limiting form 

JV; +1 o-(l +o) + l/iv; = 0 > (13) 

which is satisfied by N' n - 1, 1/a for all n, or more exactly in the second 
case N„~ l/a(l — 1/n) Since in the problem formulated 0tfiZa< 1, the 
constants or, q must be determined so that while (12) is satisfied, -*■ 1 
A similar conclusion holds good for the senes defined by (11) 

The formulae (7), (10), (11) lead in the usual manner to infinite continued 
fractional equations The problem is now to determine cr, q from (7) and (10), 
or from (7) and (11) with in each case the appropnate convergence con¬ 
ditions 

The equation (6) has a second index I — cr associated with the point 
0 = 0, which has so far not been used Inspection shows that if (10) is 
satisfied by a certain value of a it is also satisfied when the same value is 
placedfor 1 — cr Hence if m (7) we replace <r by 1 — cr and use it in conjunction 
with (10), precisely the same solutions will appear as before 
In (8) putp = cr(<7— 1 )q, 

jr _ p — (ir+n) (o-+n-^) -q(cr-fw) 2 
(«+ 1)(tc + 2ct) 

_ a(a + n- ])(<r+»-£) 

Un ~ (» +1) (» + 2cr) ’ 
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then 

K+i + L n + yJN n = 0,1 


and 

N =_[ 

2„ + A„ +1 J 

(14) 

Similarly, m (12) put 




L' __ p — n 2 (l+a) — $ n 
n a(n+l)(ra+|) ’ 

. = ( n~cr) (n + <r— 1) 
Vn a(w+I)(n + |) ’ 


then 

Nl 

H+^n + yn/^i = 0,1 


and 


, ! 

=_v»_ _ 1 

L’n + K+l J 

(16) 


These forms will be found useful in the later calculations 


3—A FURTHER TYPE OF SOI UTION 

The singularity v = 1 of equation (5i) appears in the range of the variable 
of the present problem But, as 0 < /i < a < 1, the singularity /t ~ 1 does not 
appear m (5u) 

On substituting M = 1 )w, equation (5i) reduces to 

Kv-l)(p-o ) ~^+ ( 3P»-2aP-!F + i«)g 

+ {lv- {a + <r((r- l)(q-v)}w - 0 (16) 

On puttmg v = 1/(9, this reduces to 


For a solution valid in the vicinity of d = 0, put w = la n d e + n The mdioes 
are (J- + ^ and f — cr, and associated with the first is the recurrence formula 

a n+ i{(<r + n + f) (or + n - i) +1 - tr(<r - 1)} 

+ a ft {cr(<r- l)g —(or + 7i) (er + n + \) -a(<7 + n) 2 } 

+ “n-iM 0 ' + n) (<r + »-£)} = 0 


(18) 
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When (18) has been solved as before with the appropriate conditions, the 
solution of (5i) takes the form 

M = v- a -l£a n v~ n 

Hence for a valid type of motion, cr > 0 
As before the solution associated with the index § - cr introduces nothing 
new 

Collecting the results we see that there are four types of solution of the 
equation (1) which apply to the problem as at present formulated 

(l) the association of (7) with (10), 

(n) the association of (7) with (11), 

(m) the association of (18) with (10), 
and (iv) the association of (18) with (11) 

We proceed to discuss the modes of motion defined by each type 


4—Some approximate results 

The coasts of the strait are defined by the parameter a The more interest¬ 
ing cases occur when a is small compared with unity Wo therefore proceed 
to form approximations in which a is neglected in companson with unity 
Since in equation (6), 0 < 0 < 1, for small a that equation becomes 

+ !)(?'- j)v-0 (19) 

The singularity 0 — 0 has indices cr, l - a Corresponding to the former 
the solution is 

M = Za n d"+ n , 

where a^^n + la) (»+ \)+a n {(r(cr- l)g -(cr + n) (cr + n- £)} = 0 (20) 

From this we find ^ i _ ^ ) an d by the same argument as before 

it would load to a discontinuity of the ^-component of velocity on the 
transverse axis 

This senes is only valid at 0 = 1 if it terminates, and this requires that 
(T(cr-\)q = (<r + n)((r + n-\), ( 21 ) 


for some integer 
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A further neoessary condition is that cr > 0 Next consider equation ( 5 n) 
Since 0 ^/i^a, then provided that q is large compared with a, the equation 
reduces to 

dPN (IN 

i«(a-/«)^5 + i(o- 3 /<) rf ~ + (r(o r -l)?iV r = 0 (22) 

The indices at // = 0 are 0, £ Hence the solution is 
N = la' n /i n , 

where a' +1 a(re+ l)(» + £) + Oft{<r(<r- l)q-n(n + £)} - 0 , ( 23 ) 

or N — 

where a ' n+1 a(n+ l) (n +|) + <{or(<r-l)?-(»+ £)(« + 1 )} = 0 ( 24 ) 

Each of these senes is valid up to fi - a only if it terminates That is 

fT(cr — \)q = m(m + \), or (m+ £)(m + 1 ), ( 25 ) 

where m is an integer 

The solution ( 20 ) may be associated with ( 23 ) or with ( 24 ) to give 
approximately the modes of the first and second types 
Lastly we may reduce ( 17 ) in the same way, obtaining 

< 2 «) 

The requisite solution is 

w = Za n 0 °+*+^ 

where a n+l (lcr+ n)(n+ l) + a„{o-(er- l)q-((T + n)(cr + n + $)) = 0 , ( 27 ) 

and the corresponding solution of ( 5 i) is 

M = IaJ(\ - 0 ) 0 °+" 

The solution determined by ( 27 ) is finite when 

<r(cr-I)? = (<r + m)(cr + wH-£), ( 28 ) 

m being an integer 

By associating ( 27 ) with ( 23 ) and with ( 24 ) we may determine approxi¬ 
mately the modes of the third and fourth types 
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We proceed to discuss the types m detail 

(l) First Type 

Let p = cr(<r - 1) q, and to, n be integers From (21) and ( 25 ) we have 
p = m(m + $), 

a- m-n + \, or -m-n 

Since <r must be positive the second value is discarded and to > n 

Let P n (x) be a polynomial m x of order n For this type the complete 
solution is 

Penod-^-^Mw + «}->, 

£ = e , ' u (cosh£) _2m+2 ’'- 1 P n (co8h _2 £) P' n (cos 2 i;), ( 29 ) 

P’ being a second form of polynomial 
It is readily shown in the usual way that P n (x 2 ) has n real zeros in x The 
motion given by ( 29 ) therefore exhibits n nodal lines which are portions of 
ellipses and to nodal lines which are hyperbolas 

It will appear later that when a is of the order 0 1 the approximation just 
found is fairly close to the real value except for the case m-n- 0 
(u) Second Type 
From (21) and ( 28 ) we find 

p = (m+ J) (m+1), 

cr - to —«.+ 1, or — to — n — | 

The latter is rejected, and again to > n 
The complete solution is now 

Penod -T“^* ( ” +i,( ” +i, } '■ 

C = e a, (cosh£)-2 m f-2«-2P n (cosh- 2 £) cost;P^,( cos 2 i/) 

This type of motion exhibits nodal lines similar to those of the first type, 
but in addition the conjugate axis is always a nodal line 

(m) Third Type 

From ( 28 ) and ( 25 ) we find 

p = to(to+ J), 

<r — m — n, or -rn — n — \ 

The latter value is rejected and to > n 
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The complete solution for this type is 

Penod-x-vSjW»+»)>‘, 

which is the same as the value for the first type to the degree of approxima¬ 
tion used, and 

£ = e iA< smh£(cosh£)~ 2m+2n 1 P„(cosh^ 2 ^) Pm(coa 2 y) 

The transverse axis is an additional nodal line 
(iv) Fourth Type 

J> = (w + 4 )(m+l), 

a — m — » + $, m^n 

Penod - 2 ” - ((i» + J) (m + 

which is the same as the value for the second type to the degree of approxima¬ 
tion used, and 

£ = e ai 8mh£(cosh£)~ 2 "* +2n - 2 P„(cosh- 2 £) cosi/P m (coa 2 ij) 

The transverse axis and the conjugate axis are both additional nodal lines 
It is noteworthy that in each of the solutions the presence of a factor in 
the form of a negative power of cosh£ ensures that the wave amplitude 
diminishes with increasing £ In the simplest cases the wave amplitude 
ultimately diminishes as cosh -1 £ This result is important in connexion with 
the remarks already made on the possibility of applying the method of 
long waves 


5—Calculation of the lower modfs of vibration 

We proceed to calculate more exactly the lower modes of vibration of 
each type by continued approximation Only one numerical value need be 
assumed at the outset, namely o, the others, c and h 0 may be left in their 
general form 

A convement value for a is 0 1 The bounding hyperbola for the strait 
has thus an eccentricity 3 16 , and the acute angle between the asymptotes 
is 36 ° 48 ' 

The process is an extension of that of Hough (1897) The constants 
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p, a are determined from the simultaneous equations (14) and (15), making 
a start by using the approximate results already found 


(l) First Type 

(a) Lowest Mode corresponding to n = w = 0 

Assuming that # 2 = a, N' 2 = 1 , from (14) and (15) we have 


V-y^- = 0, 

+a I 




(30) 


Using the values p = 0, <r = J in the second members and solving we have 
the next approximation 


1 


For the second approximation, take # 4 = a and determine m succession 
the other N 's with the values of p, cr m (31) We have then 

#, = 0 0739, N 2 = 0 0604, # t = 0 0334, 
and finally L 0 +# x = -0 0019 (32) 


For correct values of p, or, L 0 + N x should be -sero In a similar manner, 
beginmng with # 4 = 1, we find 

#3 = 0 625, N ' 2 = 0 465, N[ = 0 170, 
and finally L ' 0 + N[ = -0 021 (33) 

On solving (32) and (33) we have the improved values 
p = - 0 0085, <r = 0 498 

On repeating the operations with these values of p, cr we find as a closer 
approximation 

p = -0 00863, 
or = 0 498 


A final repetition gives the result, correct to three significant figures, 
#! = 0 0333, #, = 0 0601, #3 = 0 0740, 

#; = 0 1719, N' 2 = 0 4571, #' = 0 626, 
p =-0 00859, o- = 0 498 
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Hence we have the final results 

Period = 7 81 nc/<j(yh 0 ), 

£ = e a '(cosh£)-°» 96 (I +0 0333 cosh-*£ + 0 0020cosh- 4 £ + 0 0015cosh-®£ ) 

x (1 +0 1719cos 1 7 + 0 4571 cos 4 7 + 0 0492cos® 7 ) 

Since the maximum value of cos 2 if is a, the second series converges 
rapidly 

It is noticeable that the expression for the displacement follows closely 
that indicated by the approximate solution (29) There are no nodal lines 
in the finite part of the sea A nodal line is necessary and may be regarded 
as at infinity 

( 6 ) Second Mode corresponding tom = 1, n = 0 
Period = 0 848 nc/^(gh 0 ) 

£ = e* A, (cosh £)- 3 ' 00 * 

x(l + 0 0859cosh -2 £ + 0 00718cosh -4 £ + 0 00061 cosh -9 £ ) 

x(-0 0340 + cos*i; + 0 364cos 4 7 + 0 214cos 6 7 + 0 1472cos 8 7 ) 

There are nodal lines given by the zero cos* 7 = 0 0336 These are the 
branches of the hyperbola of eccentricity 6 46 
The approximate solution (29) gives 0 816 as the numoncal factor in the 
period That solution also is limited to the first term of the cosh £ senes and 
the first two of the cos* 7 senes 

Figure 1 shows the wave-contours m a quadrant of the strait for this 
mode 

(c) Third Mode corresponding tom = 1, n = 1 
Penod = 0 834 nc/^(gh 0 ) 

£ = e ut cosh -1 £( — 0 721 + cosh-*£+0 0862cosh- 4 £ + 0 00752cosh- 6 £ ) 

x ( — 0 0355 + cos *7 + 0 654cos 4 7 + 0 475cos*7+ ) 

There are nodal lines given by cos *7 = 0 0347 and bj cosh 2 £ = 1 479 
The first gives the two branches of the hyperbola of eccentricity 6 37 and 
the second two portions of the ellipse of eccentncity 0 824 

( 11 ) Second Type 

In place of (15) we take similar forms from ( 11 ) 
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Put, for this case, 

L , = p-(w + ^) 2 (l+a)-Rw + ^) 
" a(n+ l)(n + f) 

, = 1 ) 

yn a{n+ l)(*i + |) ’ 

and consequently, as before, 


and 


NnH + L n + ynlK = 0> 
N'=- n-^TTT- 


(34) 



Fio 1—Showing the co range lines in 
a quadrant of the strait for the second 
mode of the first type 


Fig 2—Showing the oo range lines in 
a quadrant of the strait for the lowest 
mode of the second type 
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We now solve the pair (14) and (34) in the same manner as before 
The lowest mode of this type is given by taking m = n = 0 We find then 
Period = 1 424 nc^(gh 0 ) 

£ = e ,A '(cosh £)~ l ® 78 

x (1 + 0 0586 cosh - 2 £ + 0 00415 cosh-* £ + 0 00o33 cosh-® £ ) 

x cos 7]( 1 + 0 307 cos 2 17 + O 166 cos 4 ?/ + 0 113 cos 6 7 ) 

This mode is distinguished by having a nodal line along the conjugate 
axis In fact, the motion is asymmetrical with regard to this line 

Figure 2 shows the wave contours in a quadrant of the strait for this 
mode 

(m) Third Type 

The recurrence formula (18) may similarly be used with (15) lor the third 
type ol motion 

The lowest mode of this type is found by taking m = 1 , n = 0 We have 
then 

Period = 0 837 nclj(gh 0 ) 

£ = e ,A 'sinh£(cosh£) 3 002 

x (1 + 0 0865 cosh - 2 £ + 0 00727 cosh - 4 £ + 0 00063 cosh " 6 £ + ) 

x (- 0 03497 + cos 2 7 + 0 5804 cos 4 r/ + 0 4063 cos 8 7 + ) 

The transverse axis is a nodal line and the motion is asymmetrical with 
regard to it There is also a pair of nodal lines given by the hyperbola 
cos 2 7 = 0 0343 

Figure 3 shows the wave contours 111 a quadrant of the strait for this 
mode 

(iv) Fourth Type 
For this type we use (18) and (11) 

The lowest mode is given by m = n = 0 

Penod = 1 428 nej^(gh a ) 

£ = e iM sinh £(cosh £)~ 2108 

x (1 + 0 0611 cosh - 2 £ + 0 00443 cosh " 4 £ + 0 00035 cosh-® £ ) 

x cos 7(1 + 0 403cos 2 7 + 0 232cos 4 7 + 0 161cos®7+ ) 

Both the transverse axis and the conjugate axis are nodal lines 
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The oontours for this mode are shown in Figure 4 




Fig 3—Showing the co range lines in Fig 4—Showing the co range lines in 

a quadrant of the strait for the lowest a quadrant of the strait for the lowest 

inode of the third type mode of the fourth type 

I am indebted to Mr .John L Scott for assistance m preparmg the 
diagrams 


6—Summary 

The problem studied is that of the natural vibrations of the water in 
a strait connecting two open seas The shores of the strait are the two 
branches of a hyperbola and a certain law of depth is chosen It is shown 
that such a system has free modes of four distinct types characterised by 
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symmetry about both axes, asymmetry about the conjugate axis, asymmetry 
about the transverse axis and asymmetry about both axes, respectively 
In each case there is an infinite number of distinct modes The waves diminish 
rapidly m amplitude as the channel widens The nodal hnes are members 
of the same family of confocal ellipses and hyjierbolas of which the shores are 
members 

Some of the lower modes are worked out completely for special cases 
But simpler approximations are given covering all the forms where the 
eccentricity of the bounding hyperbola is not too small 
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Production and Dissipation of Vortieity in a 
Turbulent Fluid 

By G I Taylor, F R S 
(Received 0 October 1937) 

In some recent publications (Taylor 1937 , Taylor and Green 1937 ) the 
author has put forward the view that the high average vortieity which is 
known to exist in turbulent motion is caused by the extension of vortex 
filaments in an eddying fluid Let A and R be two particles a short distance, 
d 0 , apart on a vortex line where the vortieity is w 0 At a subsequent time 
when the distance between A and B has changed from d 0 to d and the 
vortieity from w 0 to <j then, neglecting the effects of viscosity, the equation 
representing the conservation of circulation is 

<t>j<o 0 = d/d a ( 1 ) 

Turbulent motion is found to be diffusive, so that particles which were 
originally neighbours move apart as the motion proceeds In a diffusive 
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motion the average value of eJ a /tf§ continually increases It will be seen 
therefore from ( 1 ) that the average value of w 2 /o»J continually increases An 
equation for the average rate of increase m <o 2 has been given by v Karman 

( 1937 ) which contains the term « 2 , where the bar shows that the average 

value has been taken and dvjdx 3 represents the rate of stretching of vortex 
filaments 

The argument given above would lead to the expectation that there is a 
positive correlation between w 2 and dujdx a , since places where the vortex 
filaments are stretching are places where high vorticities may be expected 
On the other hand, v Karman ( 1937 ) made the contrary assumption that 

o 

(0 2 =0 

dx 3 

In conversation with the author v Karman pomted out that apart from 
the quantity under discussion, namely, <o 2 , his equation contains only 

quantities which can be measured m a wind tunnel, so that it should be 
possible to estimate the value of <w 2 m an actual case of turbulent flow 

This suggestion has now beon earned into effect 
v Karman’s equation is 


3 — ; 

3 1 




+ 18, 


( 2 ) 


where x t , Xj, x k are the co-ordinates and oj ( , <o t , oj k are the components of 
vorticity so that (d\ + < 0 ^ + = w 2 , S is the quantity under discussion, 
namely (v Karman 1937 ), 


S = 


, 2 Sws 

fix* 


S i l\u) i w k 


riq 

3xfc 


(3) 


The components of (2) will next be expressed in terms of quantities which 
have been measured 111 a wind tunnel These measurements were 


1 — The values of w 2 at various distances x down-stream from a 3 x 3 in 
square-mesh grid 

2 — The correlation, R u between the velocities at points r apart m a line 
parallel to the direction of the wind 

These measurements have already been published (Taylor 1937 , figs 2 
and 3 ) Since the average conditions at a fixed point m the tunnel are 
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constant while the whole turbulence is carried by a stream of mean velocity 
m ( 2 ) corresponds with U applied to the measured quantities 

Consider the first term m (2), namely, 4 It has been shown that 

(Taylor 1937) m these measurements the turbulence was isotropic, and foi 
isotropic turbulence (Taylor 1935) 

= IStt^/A 2 , (4) 

Where (5) 

A is related to the variation m u s with x thus (Taylor 1935 and v Karman 
1937 ) 

f7 ^ = l^=- 10 ^- (6 > 


where v = p/p is the dynamic viscosity Combining ( 4 ) and ( 5 ) 


d ~2 
c, H 0 * 


4 ( 1 ) 


3 s* 

2 vdt* 


(m 2 ) 


( 7 ) 


In representing the measured values of u l on a diagram it is convement 
to plot U/Ju* against x bocause it has been found m some cases (and m 
particular lor the present measurements) that the curve bo produced is a 
straight hne (see Taylor 1937, fig 3 ) If ft is the slope of the (U/^ju*, x) 
curve, ft may bo regarded as a quantity which has be< n measured lor a range 
of values ol x In the present measurements ft, as mentioned above, was 
independent of x, but the analysis applies also in cases when ft is a function 
of x 


Writing 




(8) 


where 


u’ = Vm* 


it will be noticed that 


and 


Hence from ( 7 ) 


£(»«)- ) 

dr ’ v v dx 


(») 

(10) 


Vol CLXIV —i 
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The first term on the right-hand side of (2) is associated with 
by an equation which is analogous to that which connects with 

o’ namely (Karman x 937 )> 

Substitution from (3), (10) and (11) in (2) 


EXPERIMENTAL DATA 

The measurements here described were made by Mr L F G Simmons at 
the National Physical Laboratory in a wmd tunnel across which a 3 x 3 in 
square mesh gild was placed It was found that when Vju' was plotted 

against x a good straight line was attained so that ~ = 0 

The value of Uju' at x = 6ft 10m was 33 and at 14ft 10m it was 69, 
36_ 

= % x 2 54 " 

and at x = 6ft 10in therefore u' = 12 x 2 64 = 13 8 cm /sec Using 

v = 0 14 c g s it will be found that 


1 S ~2 
2dl W ' 


/?*= 2 60 x 10 4 sec 3 


(13) 


Evaluation 




The observed values at U = 16 ft /sec of near r = 0 were plotted on a 
large scale, and the following values were taken from the faired curve 
(fig 1) drawn as nearly as possible through the observed points 

one may determine three constants a, b and c m the 


1 - = ar 2 + br* + cr®, 


(14) 
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that it fits three of the observations given in Table I Then evidently 
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Inserting in (14) the values of (1 - R x ) given in Table I for r = 01, 015 and 
02 m and solving for a, b and c the following values are obtained 

a = 9 15m ~ 2 , 1 

b = — 182m > (17) 

c = 1730in ~® j 

Inserting this value of a in (15) 

A = (2a)-» = 0 234m = 059cm (1H) 

This value may be checked against the value derived from the equation for 
the decay of turbulence which may be written in the form 

<■•> 

Inserting v = 014, /? = 0147, u' = 13 8 cm /sec , it is found that 

A » 059 cm (20) 

The agreement between (18) and (20) is probably better than is warranted 
by the experimental data 

The parabola which coincides with the R t curve at its vertex is shown 
by a broken line in fig 1 It is clear that the method described above for 


determining 




only accurate it the range of the R x 


curve used is so small that it can be represented by a small number of 
terms of the expansion in even powers of r It is worth while setting dow n 
the values of the separate terms in the senes (14) for some values of r 
intermediate between the 3 values = 0 1, 015 and 0-2 m which were used 
to determine a, b and c This is done in Table II 


Table II —a = 0 15, b = - 182, c = 1730 


0 17 
0 20 
0 25 


ar 1 

0 0229 
0 0915 
0 1543 
0 2090 
0 2645 
0 360 
0 572 


hr* 

-0 0011 
-0 0182 
-0 0519 
-0 0923 
-0 1520 
-0 2900 
-0 7100 


a* 

0 00003 
0 00173 
0 00833 
0 01970 
0 04150 
011000 
0 426 


r s -f 6r* + er® 
0 0218 
0 0750 
0 1107 
0 133 
0 154 
0 186 
0 287 


1-R t 
(fig l) 
0 022 
0 075 
0 111 
0 133 
0 154 
0 186 
0 233 


In cols 2, 3 and 4 are the values ot or 2 , br*, cr®, while m col 5 the values of 
or 2 + 6r 4 + cr® are given In col 6 are shown the values of /? 1 taken from 
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fig 1 The figures in cols 5 and 6 are identical at r = 01, 015 and 02 in 
because the constants a, b and c are determined from these three points, 
but the coincidence at r - 005, 015, 017 shows that the approximation 
to r 6 is sufficiently accurate to cover the range from r = 0 to r = 0 2 There is 
considerable difference between cols 5 and 6 at r = 025, due no doubt to 
the fact that terms in higher powers of r are becoming appreciable 
Substituting from (17) in (16) 


so that 



= 24 x 182 m * = 105 cm ~ 4 , 

35 x 014 x (118) 2 x 1050 = 9 8 x 10 4 


( 21 ) 

( 22 ) 


Substituting from (22) and (13) in (12) i< will be seen that in the present 
case 

H -= — 2 50 x 10 4 + 9 8 x 10 4 = 7 1 x 10 4 sec _s (23) 

The first term, 2 5 x 10 4 , represents the rate at which vorticity is decreasing 
the second term, 98x 10 4 , represents the rate at which vorticity is being 
destroyed by viscosity It will be seen that in this case the rate at which 
vorticity is being destroyed by viscosity is four times as great as the rate at 
which it is disappearing in the turbulent field The deficiency, equal to three 
times the rate of dec ay of vorticity, is supplied by the action represented by 
S namely the extension of vortex filaments in places where the vorticity 
is high 


Effect of Increase m Hind Speed 


As the speed i of the flow increases increases proportionally 

to U, and if l J is sufficiently great the (R lt r) curve becomes nearly pointed 
at the top Even in the limit when U-±cc this part ot the curve however 
seems to be a finite angle rather than a cusp Measuring the slope of 
the approximately straight part of the euive in fig 1, i e the portion 
between r = 01 in and r = 0 3in , it is found that the angle in this case 

corresponds with a value of- 1 equal to —102in ~ l 


The portion of the R x curve shown in fig 1 may be regarded roughly aN 
being made up of a parabolic part up to r = 006 in and a straight fine tiom 
r = 006 tor = 02in 
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It will now be assumed that as U increases the upper part of the R x curve 
consists of a parabola joining on smoothly to a straight line whose slope is 


At the point where the straight line is tangential to the parabola, namely, 
r = 0 06 in the term br 4 m (14) is becoming appreciable compared with ar‘ l , 
in fact at r = 006 

/>r* nnm 


e roughly the value of m terms of 


follow s 

If r 1 is the value of r at which the straight line is tangential to the parabola 
,, , bri 


we may assume that —* = 0-07 

To find r v notice as in (24) that the shape of the parabola at r - r 1 must lie 
such that ^ (Jt x ) = - 1 02, thus = - 1 02 

It appears therefore that in this case 

[**] 12 ( 007 ) 0^1 {27) 

ldr*] r _ 0 (!02)ML^J r J 

Taking, for instance, the case where V — 15ft /sec 


o that the approximate formula (24) gives 

= 0 81(1«3) 3 = 49 x 1 0 3 ir 


The true value given in (21) is 24 x 182 = 44 x 10 3 in ~ 4 Thus the value 
obtained by using the rough approximation is not far from the true v alue 
Using this approximation the effect of change in wind speed can be 
estimated Since the value of u'jU at a fixed point remains constant as U 
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vanes, it will be seen from (22) that A 2 oc U and since A~ 2 
shows that 

o cU* 


L W _L 


PI 


dr* 


(27) 

(28) 


Sufficient data are now available to predict the effect of an increase in U 
on the terms in Kartnan’s equation (12) for rate of change in vorticity 
Refemng to (12) and remembering that u’jU was found to be nearly constant 

as U changed, it will be seen that the first term | ^ to 1 is proportional to U*, 
2 ot 

while the second term is proportional to , i o to V & 


It appears therefore that the ratio of the rate of dissipation of vorticity 
by viscosity to the rate of decrease in vorticity increases proportionally to 
U When U is very great rate of production ot vorticity by the extension of 
vortex filaments becomes veiy gieat compared with the rate at which 
vorticity is decreasing 


Summary 

When isotropic turbulence is set up in a fluid, o g by moving a grid of 
regularly spaced bars through it the average vorticity decreases with time, 
this decrease is due to viscosity Recently von Kaiman has calculated the 
rate at whic h voi tieity is destroyed by viscosity His equation involves only 
quantities which can be measured in a wind tunnel by means of the hot wue 
technique These quantities have now been measured in one case, and the 
late of decrease in the mean square of the vorticity has also been measured 
In this c ase it is proved that the rate of destiuction of \ orticity by viscosity 
is four tunes as great as the rate at which vorticity disappears Vorticity 
is therefore being produced by extension of vortex filaments three times 
as fast as it is disappearing 

It seems that the stretching of vortex filaments must be regarded as the 
principal mechanical c ause ot the high late ot dissipation whic h is associated 
with turbulent motion 
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Galvano-magnetic Effects m Bismuth Alloys 

By N Thompson, H H Wills Physical Laboratory , University 
of Bristol 

(Communicated by 4 M Tyndall, FR S—Received 3 July 1937) 
l—I ntroduction 

There are few phenomena of comparable importance to which so much 
attention has been devoted as to galvano magnetic effects m bismuth, and 
few also where the results are so discordant A bibliography of the earber 
work can be found m Campbell’s book on the subject ( 1923 ), but in the light 
of present knowledge most of it is seen to be of little value, since the experi¬ 
ments were performed with polycrystalline material—and bismuth is above 
all things anisotropic Refeiernes are given at the end of this article to those 
papers which deal with single crystals, but even these are not much use, 
since the metal used was, by modem standards, anything but pure, and the 
impurities not known Exceptions to this are the more recent pajiers by 
Kapit/a ( 1928 ), Schubnikov and de Haas ( 1930 ), and de Haas, Gemtsen and 
(’apel ( 1936 ), but each one of these covers only a limited range either of 
temperature or of magnetic field 

In short, it is seen that no complete set of data exists for pure bismuth 
over an extended range of fields and temperatures, and that the effects of 
impurities present in the bismuth are only known in a vaguely qualitative 
w ay, for exam pie, the various workers give values for the magneto^^tance 
coefficient of bismuth which, for the same values of field strength and 
temperature, differ by as much as a factor of twenty timesi? 

Some lecent measurements by the author ( 1936 ) on the resistivity of 
impure bismuth suggested that the presence of small quantities of tetra- 
valent or hexavalent impurity might be sufficient to account for these 
divergenues The question has been considered theoretically by Jones 
( 1936 ), and it was mainly with the object of checking the findings of this 
theory that the present systematic investigation of the effects of traces of 
lead and selenium on tho magneto-resistance effect and the Hall effect in 
bismuth was begun 


2—Experimental 

The specimens w ere prepared m muoh the same manner as described in 
the previous paper (Thompson 1936 ), the base metal used being again Hilger 
[ 24 ] 
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bismuth (No 10,283) with a quoted impurity content of Ag 0-001% 
Pb 0-0004 % The device for casting the alloys into a suitable shajie was 
modified slightly to enable the process to be carried out m vacuo The castings 
measured about 20 x 4 x 0-8 mm and were grown into single crystals of 
predetermined orientation as before The surface tension of the molten 
metal was sufficient to spoil the laminar shape of the specimen necessary foi 
Hall effect measurements unless steps were taken to prevent it doing so 
This could be done by resting it in a shallow steatite mould, slightly larger 
than itself, on the top of which another thin slip of steatite formed a lid 
This served to keep the two faces parallel, without being a sufficient con¬ 
straint to prevent the growth of a single crystal Next, for a distance of 
about 2 mm at either end, the crystal was coated electrolytically with 
copper, and on to this the two current leads were soldered For potential 
leads, 44s w g copper wires were again used Two such, apphed on the 
centre line of one of the iaces, a few millimetres from the copper plating, 
ser\ ed to measure the resistance, while two more, opposite one another about 
the centre of the long edges, gave the Hall e in f The crystal w as supported 
vertically by the current loads inside a Dewar \essel between the poles of 
a powerful electromagnet It could be rotated about a vertical axis, and 
the amount of the rotation read on a scalo at the top The magnetic field 
was found to bo homogeneous to 0-1 % over a legion considerably larger 
than that occupied by the specimen Fields up to 22,000 oersteds were 
obtainable 


3—Examination or possible lhkors 

In making observations of this kind, care must be taken to ensure that 
the temperature is uniform o\er the specimen (to avoid parasitic thormo- 
e m f’s), and that it is strictly constant during one set of observations The 
specimen must be mounted so that it c annot move under the action of the 
magnetic forces, and the cuirent through it must not be so big as to heat 
it above the temperature of its surroundmgs Then, m addition to the 
ordinary errors which may be present m measuring the potentials, field 
strengths, temperatures, and specimen thicknesses observed, we must 
consider the following possibilities 

a —Small temperature gradients may still persist along the specimen, and 
errors due to this cause can be eliminated by reversing the current through 
the specimen and taking the mean of the two readings 

b —The reversible (Thomson) heating at the points where the current 
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enters and leaves the specimen may alter the temperature at the points of 
contact of the potential leads, and so give rise to a differential thermo- 
e m 1 This will not be eliminated by reversing the current, but can be 
detected as an apparent change in resistance on suddenly doing so, followed 
by a drift bac k to the original value An effect corresponding to this descrip¬ 
tion was occasionally observed if the potential leads were placed too near to 
the ends of the sjiecimen 

c —Galvano-magnetic temperature differences may be set up both along 
and across the specimen (o g the Ettmghausen effect), and these acting on 
the copper potential leads as differential thermocouples will give rise to 
parasitic eraf’s These eraf’s were expected to be small, and were shown 
to be negligible by the fact that when the copper potential leads were on one 
occasion replaced by constantan, the results were unaffected 
(l —Tempeiature inequalities in the specimen, however caused, will give 
rise direct to thermo-magnetic e m f’s (e g Nernst effect) Since both the 
temperature gradients likely to exist, and the parameters in the appropriate 
equations are small, this possibility can bo safely ignored 

e—In zero held, the Hall electrodes may not lie exactly on ail equipoten- 
tial line, and the resistance electrodes not on a line of current flow Conse¬ 
quently, when the held is switched on, theie will be a component of the 
Hall e m f appearing at the resistance electiodes and vice versa This error 
is far more important than those previously mentioned, since it is only in 
exceptional cases that it is absent, and may be quite large Fortunately it 
can bo eliminated merely by reversing the magnetie field (and interchanging 
the leads from the Hall electrodes) and taking the mean This procedure was 
invariably followed in practice, and one important consequence must be 
noted It follows immediately that the Hall e m f as so measured must be 
an odd function of the magnetic field, and the magneto-resistance effect an 
even function If the real effects are not so expressible (which appears 
unlikely, at least to a good first approximation) then only those components 
which are so expressible have been measured 
/—It is well known that all galvano-magnetic phenomena in bismuth 
show a considerable variation with the relative orientation of the three 
vectors I (current), H (magnetic field) and oz (principal axis of the crystal) 
In all the measurements here described I and H are at right angles (“trans 
verse” effects) and oz is either parallel to one or the other of them, or else 
}>erpendicular to both These are the cases considered theoretically by 
Jones ( 1936 ), and, as IStierstadt ( 1933 ) has shown, represent m general (but 
see (g)) either a maximum or a minimum position This leads us to the next 
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source of error, namely, that the crystal axis may not be correctly orientated 
This may happen either ( 1 ) because the crystal is not correctly grown, 1 e 
the angle between / and oz is wrong, or ( 2 ) because it is inaccurately placed 
in the field, 1 e the angle between H and oz is wrong The former point was 
tested by observing the cleavage plane perpendicular to oz and could be 
relied upon to one or two degrees The latter was done by adjusting the 
specimen to be vertical rotating the mounting about a vertical axis, and 
setting on a maximum (or minimum where appropriate) position for the 
magneto-resistance effer t, usually at 90° abs and 14,000 oersteds This again 
could be done to one or tw'o degrees Any serious enor in crystal orientation, 
caused say by twinning would have made itself veiy obvious by the shape 
of the curve showing the variation of Apjp during this rotation, where p 
is the resistance in zero field at temperature T°abs ancl Ap the change ot 
resistance caused by switching on the magnetic field The error caused by a 
small misonentation of the axis (0) is not easily calculable, under all condi¬ 
tions, hut it is unlikely that the variation will be as rapid as cos 8, and even 
this means only a 1 % error for a misonentation as improbably large as 8 ° 

(/—The expenments of Stierstadt ( 1933 ) and ot (.iruneisen and Uielessen 
( 1936 ) have shown that, for a given orientation of the pnncipal axis, con¬ 
siderable variations can be produced by a rotation around that axis, that is, 
the oncntation of the binary axes is of importance As y et no theory explains 
or even takes cognisance of this fact so that the best that could be clone was 
to ensure that all the measurements made were consistent among themselves 
in this respect Consider first a rectangulai plato of bismuth m the form of a 
single crystal with its principal axis (oz) normal to its surface and let it 
carry a current along its length which is to be kept always perpendicular to 
the magnetic field Then its resistance depends on the angle between H and 
oz ( = 0 say) The variation is symmetrical about a maximum (or minimum) 
value at 0 = 0 if and only if, one of the binary axes ( oy ) lies parallel to the 
current flow By careful manipulation, and the growing ol one seed crystal 
from another, it was possible to produce the specimens with a binary axiB 
not more than one or two degrees fiom the position just described The 
“rotation curves” of Ap/p vs <p obtained with these were never far from 
perfect symmetry, and were in fact used as the method of orientating the 
specimen m the magnetic field The position <f> = 0 is referred to in Jones’ 
paper as case “ d ” Similar considerations of symmetry for crystals whoso 
principal axis lay along their length (Jones’ case “c ”) led to a choice of the 
position in which a binary axis was normal to the plane of the lamina, and 
all the measurements were made on crystals so orientated Thus w hen set up 
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for observations on the Hall effect, in the first case we have oz parallel to H 
and oy parallel to I in the second, oz parallel to / and oy parallel to H, the 
Hall emf being in both instances observed in a direction normal to the 
plane containing H, I, oz and oy A rotation of 90° about a vertical axis 
from case “d” gives case “e” (oz perpendicular to both H and I, oy parallel 
to /) Only resistance measurements were made in this position 

h —Lastly, slight errors in the orientation of the specimen in the field, or 
in the location of the potential leads on the specimen, may lead to a com 
ponent of some “longitudinal ’ effect being measured along with the 
“transverse’ effects with whuh we are concerned Since the former are 
usually of a lesser order of magnitude than the latter, and since, a prion, only 
a small resolved part could be present as an error, the errors introduced by 
this factor will only be small 

In spite of this rather forbidding and still incomplete array of errors, it is 
likely that they do not add up to more than about 5 % in any one measure 
ment For very small fields, when the relevant einf’s (or changes in 
emf in the case of the magneto-resistance effect) are 10 /iV or less, the 
causes a and b make the accuracy less, and extrapolations to zero field 
where these are done, are consequently less reliable still And, as previously, 
one of the biggest uncertainties lies in the fixing of the exact amount of 
impurity present in the bismuth The above list will at least serve to show 
why, at this stage, no attempt has been made at precision measurements 


4 —Results on magneto-resistance effect 

In the past, experimental results on the magneto resistance effect have 
been displayed by the drawing of a graph showing the relative change of 
resistance as a function of the magnetic field When this is done, it appears 
that the curve is at first paraboln , and for higher fields linear However, in 
the paper by Jones referred to above, an expression is deduced for Apjp as 
a function of H which, while having the above form at the outset, gives 
curves which eventually become concave to the axis of H, and Jones shows 
that Kapitza’s results for very high fields do fit an equation of this form 
Jones’ equation, reproduced here for convenience of reference, is 


Ap BH 2 

p ~\ +z*CH* 


(1) 


Here, z is the atomic percent of impurity present m the bismuth, and is to 
lie considered positive or negative according as the impurity is 4- or 0-valent 
B and C are constants independent of H but involving z as a second-order 
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effect, they vary rapidly with temperature, becoming larger as the tempera¬ 
ture falls As can easily be seen, when z*CII 2 4. 1(1) gives a parabola, while 
for z 2 CH 2 %> 1 it has an asymptote parallel to the axis of H The concavity 
shown by Kapitza’s curves at high fields is the beginning of the approach to 
this asymptote It thus appears that the important quantity is not merely 
H itself, but the combination z 2 CH 2 , and that Kapitza’s results in high 
fields should be reproducible in lower fields, either by increasing z, the 
impurity content, or by increasing C, 1 e by lowering the temperature The 
first result of this investigation is to show that qualitatively this is correct, 
as can be seen by comparing our curves with those of Kapitza Fig 1 shows 



Fia 1—Variation of resistance with magnetic field for impure bwmuth The ordinates 
of the broken curves are to be multiplied by the factors stated l'o a\ old confusion, 
the expenmental points are marked on only one of the graphs Temperatun s in ° abs 
Impurity content in atomic percent 
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a selection of all the curves obtained, chosen to give a general idea of the 
run of the phenomena * 

To obtain a more careful comparison between theory and experiment, it 
is convenient to rewrite equation (1) in the form 



Flo 2—Bi + 0 0004 % Pb at 20-290° abs 


Writing y for H 2 pjAp, and x for H 2 , we see that we should, according to the 
theory, obtain a straight-line graph Some representative curves actually 
obtained are shown in fig 2 In all, some 150 such curves have been obtained, 

* In examining this and the other figures in this paper, close attention should be 
paid to the vertical soales, as these often vary considerably as between one group and 
the next 
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at temperatures from 14 to 350° abs , but mainly at 65, 90, 125, 168, 230 and 
290° abs , and for a range of alloys of bismuth with small amounts of lead and 
selemum It is obviously impracticable to reproduce all the results here, but 
it can be said that they all support the following general conclusions 

1— For z very small, the experimental points he oil a straight line when 
both H and C are large (high fields and low temperatures) 

2— As the impurity content is increased this ceases to be true for the 
fields and temperatures obtainable, while the indications are that it still 
holds for higher fields 

3— The deviations from the straight line which are always present at low 
fields are always of the form shown, l e If 2 p/Ap lies below the straight line 
determined by the high-field values 

4— The shape of the curves is the same whether lead or selenium is the 
impurity present, i e the phenomena depend on z 2 rather than on z 

5 —The above conclusions are true for all the crystal orientations dealt 
with 

Thus on this second and closer examination it is seen that Jones’s theory 
is true only for certain limiting cases Moreover, since the deviations from 
it occur for z largo, H small and C small (T large), l e depend not on the 
combination z 2 CH 2 which we have previously met, but rather on CH 2 /z 2 
some explanation of them must be sought other than merely refining the 
existing theory 

At this point it might perhaps be opportune to add a note on fig 2, 
90° abs curve This shows that the quantity y is still varying rapidly in the 
region of small x As previously mentioned, the experimental accuracy is 
much reduced in this region, and so the extrapolation to zero field was not 
very trustworthy, and indeed it was not certain that it was justified at all 
To settle this point a second crystal also of pure bismuth was grown this 
time m the form of a rod about 1mm section and 10 cm long This was 
useless for Hall effect observations, but enabled the resistance changes in 
low fields to be measured with much greater accuracy The electromagnet 
was not suited to the production and measurement of small fields, and 
accordingly a Helmholtz double coil was built capable of giving fields up to 
230 oersteds homogeneous to 0-1% over a volume 10 cm diameter and 
5 cm thick Using this arrangement, the variation of resistance with field 
was investigated at 90° abs for a crystal whose principal axis was parallel to 
its length After the measurements had been made, the specimen was care¬ 
fully transferred to the electromagnet, and observations taken m higher 
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fields The two sets of results are shown together m fig 3 It is apparent that 
there is no anomalous behaviour in very low fields, and that the extra¬ 
polation to rero field can be safely performed With other crystals containing 
more impurity, and consequently showing a smaller magneto-resistance 
effect, the measurements become unreliable at higher values of the field than 
with this one, and the extrapolation is accordingly longer Since, however, 
the vanation with 7/ 2 is correspondingly less rapid, the extrapolated value 
is about equally reliable 



Fig 3—Magneto resistance effect in a long crystal of Bi + 0 0004 % Pb The horizontal 
scale of successive curves is enlarged by the factors shown Ihe crosses denote points 
obtained using the Helmholtz coil to produce thq small holds 


d—D iscussion of magneto-resistance effect 

As an explanation of the observations recorded above, it is suggested that 
we must take account of the fact that we have a non-uniform distribution 
of the impurity atoms throughout the bismuth Many of the alloys used 
contained less than 0-1 atomic % of impurity, and often considerably less, 
even if this amount were distributed through the sample with perfect 
regularity, each impurity atom would be 10 atomic distances away from the 
next Since there are certain to be fluctuations in the density of foreign 
atoms—at least statistical, if no worse—it is obviously only a first approxi- 
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mation to treat such a medium as homogeneous Considering the problem 
from a classical viewpoint, the first effect of this mhomogeneity in the crystal 
will be to produce a non-uniform distribution of the current flowing through 
it If now the crystal is placed m a magnetic held, the extent of the departure 
from umformity will grow rapidly greater as the field strength is increased 
This we know since the averaged affect of the impurities on the resistance 
over the whole specimen increases rapidly with the field Thus as the field 
is increased, not only does the resistivity of the specimen alter, but the 
t urrent distribution m it changes also 

The point will perhaps be made cleat er by eonsidenng a very simple model 
Suppose we have two strips of bismuth one pure and the other impure, 
lying side by side, and we allow them to carry the total current “in parallel ’’ 
We will suppose that each obeys the law expressed by equation (1) but with 
different values of the constants (the pure strip having z — 0 ), and we will 
proceed to calculate the resistance of the compound strip as a function of H 
Let A 1 and A t be the cross-sectional areas of the pure and impure strips 
respectively, and let the quantities B, V and z be suffixed 1 and 2 to corre¬ 
spond Then it is merely a matter of simple algebra to show that the magneto- 
resistance effect for the compound stup, written m a form to compare with 
equation ( 2 ) is given by 

// 2 p = 1 + {B 2 +a t zl + <x(B l - B t )}H * + aBiG t z\H l 
Ap {B 1 + a(B i -B 1 )) + {B l B i + B x O t z\( 11 a)} H 2 ’ 

where a is wntten for the quantity A 2 /(A 1 + -d 2 ) 

The expressions for B and Cz 2 as given m the paper by Jones, show that 
the latter is always considerably smaller than the former—a fact which is 
borne out by the experimental values shown in Table I Accordingly we can 
neglect terms in Cz * with respect to those in B, and thus obtain 

H 2 p_l + {/? 2 + xBity z\H\ 

Ap ' {B x + ai{B 2 -B x )) + B x B t H 2 (,}) 

Writing y for H 2 pjAp and * for H 2 as befoie, this is seen to be of the form 

_ 1 +P x +Qx 2 
y ~ B+Sx • 

and such an equation can always be fitted fairly well to the experimental 
points Fig 4 shows some examples of the kind ol agreement obtained by 
fitting such a curve at the four points x( — H % ) — 0 , 6 x 10 ®, 5 x lit 7 , 5 x 10 8 
oersteds* The agreement is good, but not perfect, as is shown by the fact 
that rather different values are obtamed for the quantities P, Q, It, S if the 
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equation is made to fit at four other points Considering the crudity of the 
model used, however, the success is quite surprising * 

Using the values of P, Q, R, 8 obtained in this way, we can solve for B v 
B 3 , a and C^l This has been done for a senes of crystals covering a range 
of different impunty contents The current was flowing parallel to the 
pnncipal axis (case “c”), and the data all refer to a temperature of 90° abs 
The results are shown in Table 1 It is interesting to note that while 


bp no 

„« 

Table I 

By X 10* By X 10* 

0L 

(Vs 8 10“ 

316 

0 0004 Fb 

2 73 

0 36 

0 106 

0 12 

319 

0 01 

2 66 

0 31 

0 270 

0 71 

321 

0 104 

491 

0 045 

0 39 

3 84 

326 

0 21 

4 89 

0 02 

0 59 

2 76 

323 

0 61 

2 6 

0 039 

0 08 

4 71 

303 

1 0 

0 63 

0 008 

0 85 

1 25 

341 

0 0003 Sot 

3 04 

0 42 

0 347 

0 0144 

338 

0 0008 

2 59 

0 37 

0 391 

0 0426 

336 

0 002 

6 10 

0 36 

0 627 

0 099 

334 

0 01 

1 84 

0 10 

0 568 

0 375 

360 

0 104 

0 626 

0 0047 

0 870 

0 366 


f Ihise, and all other selenium contents, are to be considered as added to the 
0 0004% of lead piesont m the bismuth as supplied by the makers 

remains approximately constant until a < onsiderable amount of impurity is 
present, B 2 shows a steady decrease, and a and C 3 z\ a steady increase as the 
amount of impunty is increased This is just w hat would have been expected, 
but it does not setm justifiable to pursue the matter into more detail It is 
not, of course, suggested that the model used for the calculations gives any 
accurate picture of the real state of affairs in these very dilute solutions, or 
even that anything actually takes place which could be called a segregation 
of the impunty, as distinct from a mere random distribution of a very small 
proportion of foreign atoms For instance, one crystal was annealed for 
3 days at a temperature only one or two degrees below its melting-point, 
and the results after annealing differed only slightly from those before 

B l B t a. C\zl 

Before 2 65xl0~« 0 31x10-' 0 276 0 71x 10 “ 

After 2*82 x 10-« 0 38 x 10 • 0 34 0 47 x 10 “ 

* It can further bo shown that if instead of two, we take n strips ill p irallel, each 
with a different impurity content, we obtain an expression of the form 
_ 1 + a 1 x + a^t: a + + a w J-” 

3/_ b + b t x + +b n . l x n - 1 

giving 2n arbitrary constants, and enabling a curve to be fitted at 2n points 
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The annealing was earned out m vacuo, and the change m C s z|, the only 
significant alteration, is explicable as due to the loss of some of the lead by 
volatilization Table II shows the variation of the four quantities, referred 
to one specimen as the temperature is varied The steady increase in a as 
the temperature is raised is rather puzzling, since it might have been 
expected that it would remain constant while the rest varied It might be 
interpreted as meamng that the disturbance caused by the presence of an 
impurity atom extends to greater distances through the lattice at higher 
temperatures 


Table II 

—Specimen 319 0 01% Pn 

7 PARALLEL TO Oi 

T° a bn 

tf,x 10* 

li t x 10* 

a 

<V»x 10 s 

66 

3 72 

0 32 

0 08 

3 33 

90 

2 65 

031 

0 276 

0 71 

168 

0 66 

0 04 

0 65 

0 078 

230 

0 26 

0 016 

0 83 

0 20 

292 

0 090 

0 005 

0 90 

0 18 


6- 

Hall effect 




Turning now to the Hall effect we first of all present in figs 5 a and b, two 
groups of curves summarizing the results obtained for the Hall coefficient 
72, defined by 



where 77 = magnetic field, 7 = current, E = observed e m f ,d~ thickness 
of specimen, all in absolute emu Two different orientations of the crystal 
were considered 

1— 7 parallel to oz, H parallel to oy, E perpendicular to both 7 and H 

(= R ±) 

2— 7 parallel to oy, U parallel to oz, E perpendicular to both 7 and H 
(= •»«) 


We see at once, in view of what has been written above, that it is very 
difficult to draw any unambiguous conclusions from these experimental 
data The calculation of the Hall coefficient of a non-homogeneous medium, 
even on the simplest possible model, presents difficulties which render it not 
worth while in the present context One point, however, which emerged 
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before these difficulties were realized, seems worth recording Jones’ 
theory leads to the following expression for the Hall coefficient 



J<ig 5a 

Fig 5—-Hall coefficient of impure bismuth a, R j_, ' i?u 


where Q is the atomic volume, A is a constant, and the other symliols have 
the same meanings as heretofore Tins equation alone is too complex for 
any ready comparison with ex pen ment to be made, but by combining it 
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with the magneto-resistance equation (1) we easily obtain the following 


form 


RH‘j, 

Ap B 


(5) 



Fio 5 b 

Showing that the experimental quantity KIPp/Ap should be a linear function 
of H 2 It was in fact found that, with the same limitations as set forth on 
p 31 a very good straight line was obtained, as is shown by fig 6 It can 
hardly be fortuitous that just the particular and rather peculiar combination 
of observables predicted by the theory should give such an excellent fit, 
and that, moreover, under just those conditions that give the best agreement 
m the case of the magneto-resistance results 

For brevity, let us refer to these conditions, expressible analytically by 
z 2 CH 2 ^ 1, as “saturation” Returning for the moment to equation (3), we 
see that the slojie of the curve of y vs x at saturation is (xC^t,\jB i whereas the 
original equation (2) gives a slope of Cz*/B The change corresponds to the 
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faot that at saturation all the current is flowing through that part of the 
compound strip to which we have given the suffix 2 If we attempt to calcu¬ 
late the Hall coefficient of such a compound strip at saturation, it is dear 
that the result depends not only on the relative size of the two parts, as does 
the magneto-resistance coefficient, but also on their shape If, for example, 
the two strips he side by side in the plane normal to H, then at saturation, 



Fia 6—Hall and magneto resistance effects Experimental curves showing HH*p//ip 
plotted against H 1 Bi + 0 0004 % Pb, 20-290“ ubs 

when all the current is flowing through one of them, the Hall emf across it 
is independent of its size If, on the other hand, the two strips lie one above 
the other when viewed in the direction of H, the Hall emf across one at 
saturation (the other being treated as an insulator) is inversely proportional 
to its thickness in fact is proportional to 1/a Thus m actuality, taking some 
intermediate case, we may expect to find that the Hall e m f’s at saturation 
are all too big, corresponding to the fact that the thickness of metal actually 
carrying the current is less than the thickness as measured with a screw 
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gauge The ratio is not easily calculable, but might be expected to be of the 
order of the quantity a 

Now we see that at saturation, (4) degenerates into 



the Hall coefficient being independent of both field and temperature This, 
being true for all values of the impurity content, will also be true for the 



Table III 


R 

% 

z (actual) 

Ratio 

5 20 

0 0425 

1 0 

0 042 

8 10 

0 0272 

0 52 

0 052 

no 

0 0170 

0 21 

0 081 

21 0 

0 0105 

0 104 

0 10 

800 

0 000275 

0 0004 Pb 

0 67 

-90 

-0 00245 

-0 01 So 

0 25 

- 11 

- 0 0200 

R„ 

-0 104 

0 10 

6 20 

0 0350 

0 52 

0 069 

025 

0 000J5 

0 0004 Pb 

0 88 

-78 0 

- 0 00284 

0 01 Sc 

0 28 

— 5 (approx ) 

-0 044 

0 104 

0 42 


compound strip, provided we introduce the constant factor ssa mentioned 
above That this conclusion is supported by the experiments, is shown very 
clearly by figs 5a and b For the purest bismuth (z small) even at hydrogen 
temperatures (C large) it was impossible to produce sufficiently high fields 
to reach saturation although, as will be seen, we are approaching that 
condition For the more impure crystals, saturation could be obtained at 
temperatures as high as 168° abs The values of the constant Hall c oefficients 
so obtained, give us, according to equation (6), an estimate of z Table III 
shows the values of z calculated so, compared with the known impurity 
contents The ratio of the two is the above-mentioned factor a*a, as will be 
seen, it is of the right order of magnitude, albeit again showmg inexplicable 
systematic variations 


7—This galvano-maqnetic constants of pure bismuth 

It was hoped when this investigation was commenced that, by proceeding 
to the hmit as the amount of unpunty was progressively decreased, an 
estimate could be made of the galvano-magnetic constants of really pure 
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bismuth The considerations put forward in the preceding sections have 
made this more diffu ult than was anticipated, and the results have not been 
as satisfactory as those already presented Even with the purest sample 
available, the magneto-resistance coefficient still showed considerable 
variation with field in the region of small H, whereas the theory indicates 



Fm 7—Hull coefficient ( xtrapolatod to zero field, plotted against atomic percent 
of lead or selenium Note that the horizontal scale changes by a factor of ten in 
passing through the origin 

that for pure bismuth it should be a constant for all fields Referring to 
equation (3) we observe that by extrapolating the curvt to zero field we 
obtain a value for the quantity l/{B l + a(B t - As z tends to zero, B 2 
approaches B 1 and a approaches zero so that this quantity should vary only 
very slowly in the region of z = 0, and should be approximately equal to 
1 jB 1 Moreover, it seems probable that this is a conclusion which is inde 
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pendent of the details of the “mhomogeneity ” theory presented above 
This method of estimating B 1 has the additional advantage that effects due 
to differing orientations of the binary axes tend to vanish at sufficiently low 
values of the field It is unfortunate that it involves an extrapolation where 
the experimental points are least accurate, as this seriously impairs the ac¬ 
curacy of the results However, fig 7 shows the values of B x for zero field 
(= B 0 ) obtained in this manner and corrected for the small variations in 
temperature of the original observations, plotted against the impurity 
content, for case “c” The variations, although large, are random, and not 
inconsistent with the errors of the extrapolation The results for cases “d” 
and “r” are essentially similar 

It is interesting to compare with these fig 8 which shows the magneto- 



Fio 8 o-o Hall coefficient (above) and magneto resistance coefficient (below) 

at T = 70° abs , H = 6000 oersteds, plotted against impurity content x-x The 

same data, but with the horizontal scale enlarged 100 times 
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resistance coefficient for the arbitrary values T = 76°abs ,H = 5000 oersteds, 
also plotted against the percentage impurity The rate of variation with z 
is seen to be quite a different order of magnitude The point shown for the 
value z = 0 is of particular interest, as it is taken from some recent results of 
de Haas, Uemtsen and Capel ( 1936 ) on bismuth which they had carefully 
purified by repeated recrystalhzations The point is in excellent agreement 
with our own results, and it would be interesting to know how this specimen 
behaved m very small fields The figure shows very clearly the enormous 
changes which are produced at high fields and low temperatures by minute 
quantities of impurity This result is of some importance, in view of the 
common practice of using the magneto-resistance effect to measure magnetic 
fields It suggests that to obtain the greatest sensitivity it would be worth 
w bile using the purest bismuth 

Fig 8 also bungs out very well yet another point The upper part of the 
diagram shows the values of the Hall coefficient for the same temperature 
and field strength, as that to which the magneto resistance data refer 
Comparing the two curves with the extended scale of z it is very clear how 
in the neighbourhood of z = 0 the magneto-resistance effect depends on z 2 
while the Hall effect is determined by z—m agreement with the prediction 
of Jones’ theory 

From fig 7 and corresponding diagrams for “d" and “e ” we estimate the 
following as probable values for B for pure bismuth for the three different 
orientations 

TABLb IV 

T° abs n e x 10* B, t x 10* B. x 10* 

20 6000 2600 1600 

65 420 120 560 

90 210 60 250 

126 65 15 70 

168 26 4 5 21 

210 6 11 5 5 

290 2 0 28 1 4 

We next refer to equations (10)—(21) of Jones’ paper, giving theoretical 
expressions for the same quantities These can be written in the form 
(B c f(r l \<r±) = zj_(l - x L ) (c/en H )-,\ 

(B>JL 2 ) = *L(1-*L) ('•A'**)*, | (7) 

[) = 2C|,(1 —.rii) {ejevg) 1 , j 

where n B is the number of free electrons/c c , er,| and erj_ the conductivities 
respectively parallel and perpendicular to the axis, and x n , x_i_ the fraction 
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of these conductivities due to the electrons alone, the remainder being due 
to “positive holes” The left-hand side comprises only quantities that are 
directly measurable, and thus graphs can be drawn showing the variation of 
the right-hand side with temperature (fig 9) The three curves are seen to 



Fio 9—(Sie tnxt ) Note that curve “e” invoKing J"||( 1 — 4J|j) shows a much sharper 
fall below its maximum than ” and d ' which both depend on 1 — x±) 

be all of the same shape, and since n B is a constant it is natural to associate 
the maximum with the maximum of the function x{ 1 — x), as x passes through 
the value 0-5 With this assumption we can calculate from the heights of the 
maxima the value of n H , and hence the number of free electrons per atom 
The results for n n are 

Case “r”, n B = 5 8 x 10 17 electrons/c c 

Case “d ’ 112xl0 17 

Case “e” 50xl0 17 „ 
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giving a mean of 7 3 x 10 17 , and taking the atomic volume as 3 53 x 10 -23 c c / 
atom, this gives the result of 2 6 x 10'® free electrons per atom No explana¬ 
tion is yet forthcoming of why the three different orientations lead to three 
consistently different values of v B , but it should be noted that they differ 
only by a factor of about 2 , being all of the order of 10 5 electrons per atom 
While it has been suspected for some tune that this quantity would be very 
small for bismuth, no direct determination has hitherto been available 
The result is consistent with picvious estimates, however, and seems to 
establish beyond all doubt that the exceptional galvano magnetic pro|>erties 
of bismuth are due to its having so small a number of effective conduction 
electrons From the shape of the curves of fag 9 we could now easily 
calculate ho w x | and x , v ary with the temperature, except that there would 
be an ambiguity as to w liether we have really calculated x or (1 — x) It was 
hoped that the Hall effect data would decide this point, and, proceeding by 
analogy with the magneto resistance elfoct, we take the values of R extra¬ 
polated to zero held as giving the best approximation to the values for puie 
bismuth The resulting figures for R i are shown plotted against impurity 
content in fig 10 , and here it is not difficult to estimate what the value for 
pure bismuth would be For R\\ the results aie rather surprising, in that for 
the purer specimens the Hall coefficient in small fields was too small to be 
measured (compare figs 5o and b) The rather sketchy results available are 
shown in Table V 

Tablk V 


% 

0 52 Pb 
0 21 
0 104 
0 01 
0 0004 


05° abs 90 abs 
8 « f> 

— 7 5 

t (?) 

<0 0 

<0 < 0 (’) 


126° abs 168° aba 
65(?) 48 

2 (?) 4 

jrl) >0 


230° alia 290° abs 
3 4 18 

0 7 

— 1 

!%;2 ^1 

>0 >0 


0 0003 - n - 7 

0 0008 — - 3 

0 002 — - 2 

0 01 -8 5 -7 

0 104 bo — -0 5 


- 2 5 - 1 5 

-0 5 1 

-15 — 


<0 
0 5 


This result is believed to be new, as nobody has previously made anv 
measurements in low fields The interpolated values of both R n and R^ for 
pure bismuth are given in Table VI 

The relevant equations from Jones’ paper giving theoretical expressions 
for R n and R± in terms of v H , x_l and x,, are 

#,, = (2x^-1) (c/my), | 

R± = (zi+x,|-l) ( c l en B)>\ 


(8) 
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and since we must have 0<a;< 1, we find that the greatest possible value of 
en s jc is 0 027, corresponding to 6 0 x 10~ 5 electrons per atom This is of the 
same order of magnitude as the value deduced from the magneto-resistance 
data, but it leads to the conclusion that z± = 05 for all temperatures, 



h« 10—Hall coefficient (R±) nxtrapolatcd to zero field plotted against impurity 
cont< nt The horizontal scalr again changos by a factor of ton at the origin 

Table VI 


T Q abs R x R n 

20 180 (approx) — 

OS 103 -6 

90 80 - 3 

125 57 -2 

188 38 -1 

230 22 

290 15 0 
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while x falls continuously from 10 at 20° abs to 055 at 290° abs Thus it is seen 
that while there is general agreement as to the order of magnitude of n B , 
the two groups of data are not consistent as to the temjierature variation 
of the x's Nevertheless there has been a sufficiently striking agreement 
between theory and the experimental results presented in the earlier part of 
this account to indicate that the final solution must be sought on the lines 
here laid down 

It is a pleasure to acknowledge my indebtedness to the Department of 
Scientific and Industrial Research for a personal grant during the tenure 
of which this work was done, to Dr H Jones for many helpful disc ussions on 
the theoretical aspects oi the subject, and to Professor A M Tyndall foi his 
continued interest m the progress of the work 
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Hyperfine Structure and Nuclear Moments 
of Aluminium 

By D A Jackson and H Kuhn 
Clarendon Laboratory, Oxford 

(Communicated by F A Lindemann, F B S —Received 28 July 1937) 
[Plato 1] 

Introduction 

The structure of the resonance lines of the arc spectrum of aluminium 
was investigated bj the method of absorption in an atomic beam, and the 
structure of certain other lines of aluminium, emitted by a hquid-air-cooled 
hollow cathode tube, was also investigated The nuclear spin of aluminium 
was thus shown to be f and the magnetic moment about 4 0 nuclear mag¬ 
netons A note (Jackson and Kuhn 1937 a) containing these results was 
published elsewhere 

The light source and the spectroscope 
The arc spectrum of aluminium possesses two groups of resonance lines, 
3 *P, r 4Sj (3962 A, 3944 A) 

and 3 *P, r 3 J D, , (3092 7 A, 3092 8 A, 3082 A) 

The source of these lines was a fused silica discharge tube, excited by external 
electrodes connected to a £ kW high-frequency oscillator, the ends of the 
discharge tube were 8 cm long and 5 cm m diameter, and the capillary 
was 5 cm long and 6 mm m internal diameter The tube was filled with 
neon at 3 mm pressure, and the capillary was fitted with a side tube of 
6 mm internal diameter and 10 cm length containing aluminium tn- 
bromide When this side tube was heated by being immersed in a Dewar 
vessel containing water at 45° C , the discharge tube on excitation emitted 
the aluminium resonance lines very strongly, the neon lines being greatly 
weakened With this light source the aluminium lines could be photographed 
in 10 sec and they were entirely free from self-reversal In order to obtain 
these lines equally free from self-reversal m a liquid-air-cooled hollow 
cathode tube an exposure thirty times longer was needed 
For the atomic beam experiment, the spectroscope (/ = 160 cm ) de¬ 
scribed m earlier work was used, also the etalon was the same 
[ 48 ] 
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The production of the atomic beam 
It was impossible to produce an atomic beam of alu minium by evaporating 
aluminium in a silica tube in the manner used for silver, for two reasons 
first, sihca is very rapidly attaoked by aluminium, and secondly, it softens 
at a temperature below that at which aluminium has a sufficiently high 
vapour pressure However, on account of the very great intensity of the 
resonance lamp, an atomic beam was only needed for a short time, the length 
of exposure being 10-15 sec This was first achieved by evaporating 
aluminium from a helix of tungsten wire of 1 mm diameter, the helix 
consisting of 7 turns of 1 cm diameter and 7 mm pitch, on each turn was 
closely wrapped 10 mm of 1 mm diameter aluminium wire It was possible 
to evaporate this m about 30 sec , and by placing a slit at a suitable distance 
above the helix an atomic beam was made It was also possible to observe 
the structure of the resonance lines by this arrangement, but the supply of 
aluminium for the atomic beam was of very short duration and rather 
inadequate 



A far better source was found to be the evaporation of aluminium from 
a container made of tantalum of about 0 3 mm thickness The arrangement 
used is shown m fig 1 A sphere of 10 cm diameter of pyrex glass was fitted 
with three side tubes One of these led to a high-speed mercury pump, 
through the second was introduced the tantalum container which was 
carried by the two copper rods R x and R % , and these rods were screwed 


Vol CLXIV —i 



50 


D A Jackson and H Kuhn 


internally into the two copper-glass seals and G* a , the joint between the 
side tube and the glass tube with the copper-glass seals was made tight with 
black wax The third side tube led to the absorption chamber A This was 
a horizontal glass tube (with its axis in the line of sight of the spectrograph) 
of 3 cm diameter and 8 cm length, and at each end a fused silica window was 
fixed on with sealing wax The evaporating aluminium reached this chamber 
through the slit 8 in a mckel jilate which entirely covered the opening into 
the absorption chamber This slit varied in width from 14 to 3 mm , accor¬ 
ding to the degree of collmiation required At the top of the absorption 
chamber was fitted a tube 0 of 3 cm diameter and 20 cm length with a 
window at the upper end, and through this the tantalum container T could 
be observed, the aluminium deposit here bomg far less than on the walls 
of the sphere 

The tantalum container was about 5 c m in length Its cross-section was 
V-shaped, each side being 5 mm and the opening at the top about 4 mm 
The distance from the tantalum container to the slit was about 7 cm 
The tantalum container and the slit were parallel to each other, and 
jicrpendicular to the line of sight of the spectrograph The greatest slit width 
coi responded to a col lunation of 7 1 and the smallest about 20 1 The 
entire sphere was immersed in water for cooling The tantalum container 
held tour pieces of aluminium wire 15 mm long and 2 mm m diameter 
With a cmrent of about 80 amp these were evaporated m about 90 sec 
the late of evaporation being fairly uniform 

The current required to produce the necessary rate of ev aporation was 
determined experimentally and was accurately reproducible, as the size 
of the tantalum container and tho quantity of aluminium used were always 
repeated exactly It was found that by keeping the watts constant a nearly 
constant rate of evaporation could be maintained This was ascertamed by 
taking three or four consecutive photographs of 10 sec exposure Two or 
three of these were found always to have nearly ecjual absorption A stdl 
better constancy of rate of evaporation was attained by gradually reducing 
the watts of the heating current throughout evaporation, and in this way 
it was possible to make four to six photographs of the absorption with 
one chaige of aluminium The appropriate variation ol the current was 
determined exjierimentally The necessity of reducing the current arose 
from the increased resistance of the tantalum container as the quantity of 
conducting aluminium decreased 

Though the tantalum containers were not much attacked by the alu¬ 
minium, a new container was used for each evaporation If a container was 
used twice, the conditions of evaporation were not reproducible 
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The degree ol vacuum obtained in the sphere during evaporation of the 
aluminium was extremely high The window at the top of the observation 
tube was about 23 cm from the slit S The “shadows” of the edge of the 
slit could, nevertheless, v ery clearly be seen on the window The perfection 
of the vacuum was undoubtedly due to the “gettenng” effect of the 
evaporating aluminium 


Tllh STKIKTIJKF Ol THl ITNF 3 2 Pj-4Sj A 1944 A 

This lino was found to possess throe components, the structure being 
observed with etalons of 2 and 3 cm plate separation and 1 12 collimation 
of the atomic beam * The plates made with an etalon of 3 cm separation 
were measured visually on a micrometer, and the mean result for the 
positions of the three components was -0 047, 0 000 and +0 047 cm -1 
Those made with an etalon of 2 (m separation were measured both visually 
and also by measuring the positions of the minima on the photomctei 
traces The results obtained by these methods w r ero - 0 048, 0 000 and 
0 048 cm -1 , the piobable error being between + 0 001 and ± 0 002 cm -1 
The positions of the three components are thus -0 048 0 000 and 
+ 0 048 cm -1 , and the probable erroi ± 0 001 cm _1 

The intensity ol the three components appeared very nearly ecpial A 
photograph of the line with and without absorption, together with photo¬ 
meter traces, is shown m fig 2, Plate I The absorption lines, in one 
order are marked by arrows 

The intensity of the components can be determined by photographing 
first the light source only, and then the light source with absorption due to 
the atomic beam An intensity scale is put on the plate, and a photometer 
tiace of the plate is made The ratio of the absorption coefficients (the 
difference in the logaiithm of the intensity at the position of the absorption 
in the photograph with absorption and that without absorption) for the 
various components gives at once the true intensity ratio This has already 
been done with a very high degree of accuracy for silver (Jackson and 
Kuhn 1937 b) The principal condition for accuracy is constancy of the light 
source, and this condition was very perfectly fulfilled by the resonance lamp 
used Test plates made showed that provided the lamp was run tor 2 min 
to reach thermal equilibrium, photographs of 15 sec exposure taken at 

* The collimation of the atomic beam is the ratio of half the sum of width of slit 
and width of aluminium contain* r to the distance betwetn them, this is appioxi 
mately equal to the ratio of the velocity in the line of sight to the total velocity of 
the atoms 
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intervals of 5 mm were found to be of equal intensity to within 2 %, any 
error being due not to variation in light but to uncertainties in length of 
exposure, which could amount to } set 

For the determination of the nuclear spin, the intensity ratio of the 
central component to the outer components (which are of equal intensity) 
has to be measured It was, however, found impossible to get accurately 
consistent values The reason can easily be found m the entirely different 
conditions of the background for the outer and inner components The outer 
absorption lines fall on the edge of the emission line, where the intensity 
curve is falling v ery steeply This leads to only a small error m the measuring 
of the distance of these lines (about 2 %), but to a very considerable error 
in the determination of the intensity of the background and therefore of the 
absorption coefficients, it makes the absorption due to the outer components 
appear too weak Moreover, a purely erratic error in determination of the 
position in the background corresponding to the absorption by the outer 
components causes the background to appear systematically weaker, for 
the reduction due to an error outwards is much greater than the me rease 
due to an equal error inwards 

Six plates wore measured, three fringes being measured in each The 
results varied between 1 04 1 and 1 23 1 for the ratio of the intensity 
of inner component to that of the outer components But as these measure¬ 
ments are liable to the above-described systematic error, tending to increase 
the ratio, it is clear that the value must be substantially less than 1 2 1 
This indicates a high value for the nuclear spin, the intensity ratio for a spin 
of f being 1 2 1 and that for an infinitely great spin 1 1 It would have 
been possible to eliminate the systematic error by broadening the emission 
line But even if this were done, the intensities measured would not have 
been of much value, on account of the very small change m intensity ratio 
for a change m spin value 


The structure of the line 3 2 P|-4S t , 3962 A 

The structure of this line was examined with etalons of plate separations 
2 , 3 and 4 cm The atomic beam gave an absorption hne with a width of 
0 04 cm ~ 1 , which could not be resolved into components even with the 
greatest colhmation (20 1) and etalon length Under these conditions it 
would have been possible to resolve lines with separations of about 
0 012 cm ~ 1 , it appears, therefore, that this line must possess more than 
four components (probably six, which is the greatest number which a line 
of this type can possess) 
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The structure of the link 3 2 P,-3 2 D,, A 3082 A 

This line was investigated by means of an atomic beam with a 2 cm etalon 
and was found to possess two components (hg 3, Plate 1) The absorption 
lines are marked by arrows The separation of these was measured both 
directly and also by the measurement of photometer traces, the first 
method giving the value 0 066 ± 0 002 cm and the second 0 067 + 
0 002 cm -1 The structure of the lines was observed with rolhmations 
of the atomic beam of 7 1 and 12 1 The intensity of the component 
of longer wave-length was the greater It was possible to measure the 
intensity ratio (ratio of absorption coefficients) of the two components to 
a very high degree of accuracy The absorption lines lay well within the 
emission line and were placed symmetrically on either side of the maximum, 
so that there was no systematic error of the type which made impossible 
the accurate determination of the intensities of the three components of 
the line 3 2 P t -3S t The intensity of the atomic beam required to produce 
absorption was considerably less than that needed for the line 3 2 P t -3S| 
and the exposure needed was only 10 hoc , consequently it was possible 
without difficulty to make four successive photographs of the absorption 
with one charge of aluminium in the tantalum container A considerable 
source of error was the purely erratic error inherent to all photographic 
intensity measurements In the ultra-violet, where the contrast of plates 
is relatively low, this introduces a possible error of about 4 % It is, however, 
doubled m the method of determining intensities by absorption, for it is 
here necessary to determine the ratio of the logarithms of two intensity 
latios Any one determination of the intensity ratio of the two components 
could therefore be expected to be liable to an erratic error up to about 8 % 
In order to reduce this erratic error a large number of intensity measure¬ 
ments was made 

The method was exactly similar to that used by the authors in their 
determination of the intensity ratios in the hyperfine structure of the 
resonance lines of silver A cross wire w as fitted to one end of the slit A 
photograph of the light souice (exposure 10 sec ) was made, then four 
exposures (10 sec ) of the light source with absorption by the atomic beam, 
and finally a senes of intensity marks was made by giving a succession 
of exposures (10 sec ) to a hydrogen tube with vanous slit widths Photo¬ 
meter traces were made, and by reference to the cross-wire the exact position 
was found of the absorption lines, m the emission line without absorption 
Only those plates were measured in which the degree of absorption in con¬ 
secutive exposures was constant to within about 30 % (this showing that 
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the density of the atomic beam was fairly constant) In each plate between 
two and five fringes were measurable, giving two to five intensity deter¬ 
minations The absorption coefficient of the stronger line ranged between 
() 18 and 0 47 (expressed as log ]0 ) m the various photographs measured 
Two series of measurements were made, the first with a colhmation of the 
atomic beam of 7 1 and the second 12 l The results of these are given in 


TABLE T —Ton I MATTOX OJ ATOMIC BEAM 7 1 


Absorption 

individual determinations 


CO< fflCK nt 


of intensity ratio 

Mean 

4, 0 22 

1 28 

1 13 

1 15 


1 19 

4, 0 30 

1 23 

1 18 

1 18 

1 28 

1 22 

By 0 33 

1 24 

1 15 

1 19 


1 19 

Cy 0 34 

1 20 

1 21 

1 14 

1 17 

1 18 

(\ 0 34 

1 16 

1 17 

1 12 

1 13 

1 15 

l t 0 38 

1 24 

1 17 

1 16 

1 15 

1 18 

By 0 39 

1 20 

1 18 



1 19 

Cy 0 41 

1 23 

1 18 

1 18 

1 28 

1 22 

0 47 

1 19 

1 16 

1 14 

1 12 1 10 

I 16 

Moan of 33 me asuri 

iinonts 

1 18, 




('orrectr <1 for Doppler wing 1 20, 

Mean error 0 032, probable tiror of mean value 0 006 


Table II— C'ollimation op atomic beam 12 1 


Absorption Individual determinations 

coefficient of intensity ratio Mean 


A y 018 1 34 1 21 

By 0 28 1 20 I 21 

1, 0 30 124 1 23 

B, 0 36 I 20 1 21 

C\ 0 35 1 14 117 

Cj 034 1 19 1 13 

4, 0 42 1 22 1 25 

I, (144 1 20 1 24 


1 18 I 24 I 24 

1 16 1 14 118 

1 21 1 24 1 23 

1 17 1 17 1 19 

1 20 l 17 

1 10 I 22 118 

1 17 L 15 1 23 1 20 

1 23 1 19 1 17 1 21 


Me an of 33 me asure ments 1 20 0 

M< an error 0 035, probable error of me an value 0 006 


Tables I and II In these tables each row gives the measurements for any 
one exposure In the first column is given the mean value of the absorption 
coefficient for the stronger line and the senes to which each exposure 
belonged (thus A lt A 2 , A a , A t are four consecutive exposures dunng which 
the atomic beam was running continuously), m the second the values of the 
intensity ratio of the doublet according to each fringe measured, and in the 
third the mean of these measurements To the measurements made with 
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an atomic beam colkmation of 7 1 a small correction has to be applied on 
account of the overlapping of the maxima of each component by the 
Doppler wmg of the other The total half-value width of the absorption 
lines is 0 027 cm - 1 The intensity of absorption due to each line is therefore 
0 068 

equal, at the position of the other line, to (J) 0014 = 0 05 of its maximum 
value From this it follows that the observed intensity ratio i is given by 

/ + 0 05 
1 ~ 1 + 0 05 7’ 

where 1 is the true intensity ratio, and according to this equation an observed 
intensity ratio 1 1S 4 is given by a true intensity ratio 1 20 6 With an atomic 
beam collimation of 12 1 the corresponding coirection is negligible 

The possibility ol systematic errors must be considered Those can arise 
in three ways from unresolved structure due to the term 3 a D|, from 
insufficient resolving pow er of the etalon, and f rom alteration in the intensity 
of the atomic beam during the course of an exposure 

The separation of the two observed components of the line 3 2 P t -3 2 Dj 
was 0 018 cm _1 greater than that of the two levels of the term 3 a Pj From 
this it follows (see p 50) that the total splitting of the term 3 a D t is about 
0 03 cm -1 , and that each of the observed lines has an unresolved structure 
of width about 0 02 c m that of the stronger line being somew hat greater 
This structure is less than the half-value width with a collimation of 7 1 
(0 027 cm _1 ) and more than that with a collimation of 12 l (0 0ill cm _1 ) 
The possible influence of this structure would be to make the effective inten¬ 
sity of the stronger line somewhat smaller, on account of its being spread 
over a slightly greater width But this effect would be veiy much stronger 
with the higher degree of collimation The perfect agreement of the results 
obtained with the two collimations shows, therefore, that any error must be 
very small, probably not more than 0 01 

The resolving power ot the etalon was at this wave-length between 
0 025 and 0 030 c m _1 The width of the lines, even with the higher collima- 
tion, is rather greater than this, on account of the unresolved structure 
described above This wndtli excludes the possibility of loss of apparent 
intensity due to too much concentration of the absorption compared with 
the resolution of the etalon 

A further error arising from finite resolving power of the etalon is the 
intensity, at the positions of the absorption lines, due to the remaining 
emission intensity between and on either side of the absorption lines The 
absorption maxima have distances from the neighbouring emission peaks 
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of about three times the instrumental half-width Here, the intensity has 
dro{»]>ed to less than one-tenth of its maximum value This effect makes the 
intensity ratio appear smaller An approximate calculation shows that this 
error must be w ell under 0 01 A similar calculation applied to the authors’ 
results for silver would indicate a correction of 0 3, the observed value 

2 7 1 becoming 3 1, in agreement with the theoretical value 

The last source of systematic error to be considered is the influence of 
alteration of the intensity of the atomic beam during the course of an 
exposure The amount of thiR can be calculated a change in absorption 
coefficient from 0 30 to 0 20 during an exposure results m a loss of rather 
less than 0 02 in the measured intensity ratio for an intensity ratio of 1 2 1, 
while a change from 0 45 to 0 35 similarly gives nse to a loss of rather more 
than 0 02 The < hange in the average value of the absorption coefficient 
from one exposure to the next of the same series gives a good estimate of 
the amount of change in intensity of the atomic beam during these two 
exposures In this way it can be seen that the average value of the change 
is 0 04, and from the figures above it follows that a correction of about 
0 01 must bo applied to the average value of the intensity ratio 
The intensity ratio of the two liyperfine structure components of the 
line 3 2 Pj-3 2 D t is thus shown to be 1 21 1, all possible sources of systematic 
error were considered and allowed for, the erratic error is probably about 
± 0 01 and certainly less than ± 0 02, on account of the groat number of 
measurements made The value 1 21 1 can therefore be rehed on to be 
accurate to ± 0 02 

Till STRUCTURE OP THE LINE 3 2 P|-3D,, A 3092 7 A 
The above line could not be resolved into components Its width was about 
0 04 cm and the resolving power of the etalon (2 cm plate separation) 
with wlucb it was examined was 0 03 cm "', the half value width of the line 
in the atomic beam (collmiation 12 1) being 0 016 cm 1 From this it 
can be assumed that this line possesses more than two components, for 
under these conditions a doublet structure would have been resolved 
On account of its small intensity and closeness to the line 3092 7 the hne 

3 2 P,-3 2 D, (3092 8) was not examined by means of absorption in an atomic 
beam 

The structure of the lines 4S t -5 2 P t , A 6696 A 
and 4Sj-5 2 Pj, A 6699 A 

These lines were emitted by the resonance lamp, their intensity being 
about equal to that of the neighbounng neon lines Their structure was 
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investigated with an etalon with plates silvered so that each plate trans¬ 
mitted 1J %, the etalon being used m conjunction with the 1^ m sjiectro- 
graph and a very dense glass prism 

The separation of these two lines by the dispersion of the prism was only 
about If mm It was therefore necessary to use a plate separation of the 
etalon of such length that the order of interference of the two lines would 
differ by n +- ^ orders This condition was satisfied by using a plate separation 
of 1 5 cm In order to make the Doppler width of the lines as small as pos¬ 
sible the capillary was cooled with water at 50° C 

Both of the lines were found to consist of doublets only just resolved, 
the separation being 0 05 cm 1 The half-value width of the hnes is 
0 04 cm _1 This doublet structure was observed by Ritschl but he gave no 
intensity ratio 

The resolution of the hnes was just enough for the photometer to show 
a definite minimum between them Accordingly four plates of the line were 
made, each being given intensity scales by means of a V shaped slit The 
exposure of the hnes was 1 hr , and three exposures ot l hr of the V-shaped 
slit with different intensities ot the light were made Photometer traces 
were made of the plates, and it was found that in two or three ftinges in 
each plate the maxima and minima were just sufficiently well defined in 
the stronger line, 4Sj-5 2 P,, for a comparison of the intensities of the two 
components In all ten measurements were made, the values found being 
1 17, 1 12, 1 19, 1 20, 1 17, 1 IS 1 H, 1 19, 1 18, I 14 The component ot 
longer wave-length was the stronger, the intensity ratio from the figures 
above being 1 16 + 0 04 This value requires the usual correction for the 
overlapping of the Doppler wings The intensity of these wings at the 


005 

maxima of the other components is equal to (t)° 02 
sity ratio I is given by 


1 16 


7+0 1 8 
1 +0 18x 7 


= 0 18 , 


the true mten- 


This gives 7 = 1 23 ± 0 06 No great accuracy is claimed for this value, as 
the maxima and mimma were only just visible in the photometer traces 
Also the correction applied for overlapping is very great 


The structure ot thi line A1 II, 3S 0 -3 3 P 1 , A 2669 A 

A hollow cathode tube, m which the cathode was made entirely of 
aluminium, was used as a hght source for the above line The tube was cooled 
w ith liquid air and the current used was 200 mA The intensity of the line 
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was investigated with the tube filled with neon, hehum and argon It was 
found to be the strongest with neon, and the most favourable pressure was 
about 1 mm 

The structure of the hne was investigated with a reflexion echelon mounted 
in the manner previously described by Jackson ( 1930 ) The possible resolving 
power of the grating was about 1,300,000 (0 03 cm _1 ) at this wave-length, 
for it possessed 25 plates of thickness 7 mm However, as the half value 
width of the lines of aluminium at hquid-atr temperature is about 0 06 cm ~ l 
the slit width of the spectrograph was made equal to 0 06 mm , correspon¬ 
ding to a resolving power of about 600,000 (0 06 cm ~ l ) In order to reduce 
still more the necessary length of exposure the plate was set normal, instead 
of at the appropriate tilt of 55° This increases the intensity two or three 
times but only the hne under investigation is sharply focused Under these 
conditions a rather underexposed photograph of the hne was obtained 
with a 2 hr exposure, and a good one with 41 hr exposure 



The photographs showed that the structure consists of a fine hne of width 
about 0 1 cm -1 with a much broader line, width about 0 2 cm _1 , of longer 
wave-length, the separation of the estimated centres of the two lines being 
0 17 cm _1 A photometer trace of this line is shown in fig 4 
This observed structure can be satisfactorily explained as a triplet not 
completely resolved, the broad line being two lines separated by about 
0 1 cm _ x , but not quite resolved, and the narrow hne a single hne The 
intensity distribution 111 the echelon spectrum makes the central component 
appear stronger, being nearest to the centre of the spectrum 

The structures oe the lines 3? 3p 2 4 P,-35 3 p is 4 P § , A 3057 
AND 3s 3 p* 4 P,-3? 3 p 45 4 P,, A 3050 

The above lines were emitted by the liquid-air-cooled hollow cathode 
tube, and their structure was examined with the echelon grating referred 
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to above (resolving power about 0 6b cm - ') and also a small Lummer plate 
(resolving power about 0 03 cm l ) The line 3057 appeared to possess two 
components separated by about 0 12 cm 1 , the width ot each bemg about 
0 1 cm -1 , a reduction in the current of the hollow cathode tube did not cause 
any reduction in the width of the components Under these conditions the 
Doppler width of the lines is about 0 05 cm _1 , it is therefore clear that the 
observed doublet structure is not a complete resolution, there must be 
finer unresolvable structure The hno 3050 also appeared to possess two 
components, these were even wider than those of 3057, their width being 
about 0 14 cm 1 and the separation of their centres about 0 16 cm _1 , 
this observed doublet structure is therefore also an incomplete resolution 


Theoretic ai, disc usston oi results 

From the observed triplet structure ( — 0 048 0 000 and +0 048 cm -1 ) 
ot the line 3 2 P t -4Sj together with the doublet structure (0 00 and 0 05 cm _1 ) 
of the line 4S t -5 2 P t , it can be seen that the levels 3 2 1 > J and 4Sj are both 
double with a splitting of 0 048 cm -> The structure of the line 3 2 Pj-3 2 D, 
shows that the term 3 2 D| possesses an inverted structure the total width 
of which is about 0 03 cm 1 This structure is probably due to perturbation 
by the term 3«3p 22 D, The splitting of the terms 4Sj and 3 2 P| can be 
explained as a normal hyperfine struc turc splitting The value ot the nuclear 
spin can be calculated from the intensity ratios of the three components of 
the line 3 2 Pj-4S t and from the intensity ratio of the two components ot 
the hnes 3 2 Pj-3 2 D, and 3Nj-5 2 P, The first of these was not measured to 
a very high degree of ace uracy, it was tound that the ratio of the intensity 
of the central component to that of eithei of the outer components was 
certainly less than 1 2 1 From this it follows that the nuclear spin must 
be greater than 1 (the ratios lor spins of i and } being resyiectively 2 1 
and 12 1) 

The value ol the intensity ratio ot the two components of the fine 
3 2 Pj-3 2 D, was determined with very great accuracy After allowing for 
all possible systematic errors it was found to be 1 21 1 From this it 

follows that the value of the nuclear spin is £, the intensity ratios corre¬ 
sponding to spins of | and ^ being respectively 1 29 1,122 1 and 1 18 l 
The values corresponding to spins of £ and Y are outside the probable hunt 
of error 

The intensity ratio of the components of the line 4Sj-5 2 P ( was approxi¬ 
mately measured The value was found to be 1 23 1, but the a< curacy of 
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this was not very high, an error of ± 0 06 being possible, the results of this 
measurement are however of some interest as they afford a certain confirma¬ 
tion of the value of the nuclear spin found from the intensities of the com¬ 
ponents of the line 3 2 P t -3 2 D, 

In a preliminary note Hitachi (1933) suggested that the nuclear spin of 
aluminium was £, the reason for this being an observed doublet structure in 
the lines 3057 and 3050 of the arc spectrum and the line 3S 0 —3 s I*i, 2669, of the 
spark spectrum However, a careful investigation of the structure of these 
linos showed that the doublet structure is only a partial resolution, the width 
of the components of the lines 3057 and 3050 being about twice as great as the 
normal width of a simple line under the conditions used The spark line 
2669 was found to consist of one narrow line and another line of width 
twice as great This again clearly shows that the resolution into two com¬ 
ponents is incomplete, the observed structure being perfectly explainod by 
assuming a triplet structure 

The nuclear spin of | found from the accurate measurement of the 
intensity ratio of the hyperfine structure components of the line 3 2 P t - 3 2 Dj 
is thus seen to be supported by the less accurate determinations of the inten¬ 
sity ratios of the components of the lines 4S t -5 2 P, and 3 *Pj-4Sj, and the 
apparent discrepancy of the doublet structures observed by Ritschl (which 
would indicate a spin value of |) is explained by incomplete resolution 

■Assuming the value \ for the mechanical moment of the nucleus, the 
magnetic moment can be calculated from the width of the splittings of the 
levols 4S } and 3 a Pj Using the formulae given by Goudsmit, it is 4 1 nuclear 
magnetons according to the splitting of the level 4S t and 3 6 nuclear 
magnetons according to the splitting of the level 3 2 P 4 The sign is positive, 
for m the lines 3 2 P i -3 2 D, and 4S t -5 2 P t the components of longer wave¬ 
length are the stronger The discrepancy of 0 5 between the values of the 
magnetic moment calculated from the splittings of the levels 4S t and 3 2 Pj 
is much outside the limits of experimental error, however, Goudsmit states 
that the formula for P levels gives rather too low values of the magnetic 
moment with light elements 

The authors take this opportunity of thanking Professor Plaskett for 
placing at their disposal his excellent photometer, and Professor Lmdemann 
for his continued interest in the research, and also Queen’s College and 
St John’s College for the stipends granted to one of them 
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Summary 

The hyperfine structure of the resonance lines of aluminium was investi¬ 
gated by means of the absorption m an atomic beam of aluminium The 
line 3^-48^ was found to possess three components at -0 048 0 000 
and + 0 048 cm ~ x of nearly equal intensity The line 3 2 P 4 -3 2 I), possessed 
two components of separation 0 00(5 cm -1 , the intensity ratio of whieh 
was measured to a high degree of accuracy, the value found was 1 21 1, 
the component of longer wave length being the stronger 

From the structure of the line 3 2 P t 4Sj it follows that the levels 4Sj and 
3 2 Pj are both split mto two levels, of separation 0 048 cm -I (the greater 
splitting of the lme l 2 Pj-3 2 D, is duo to a small unresolved, inverted 
structure of the level 3 2 D, which is probably caused by perturbation by 
the term As 3p 2 2 D,) The observed intensity ratio of the components of the 
line 3 2 P k -3 2 D, gives a value £ lor tho nuclear spin, and the splittings of the 
levels 4fy and J 2 Pj give values 4 1 and 3 6 nuclear magnetons respectively 
for the magnetic moment of the nucleus according to the formulae of 
Goudsmit 

The lines 4Nj-5 2 P, and 4Sj-5 2 P t were observed in emission and were 
found to be doublets, only just resolvable on account of their Doppler 
width, of separation about 0 05 cm -1 and of intensity ratio (when corrected 
for overlapping) about 1 23 1, the component of longer wave-length being 
the stronger This structuie is in (omplete agreement with the interpreta¬ 
tion of that observed in the resonance lines 

This result is in disagreement with the contents of a preliminary note by 
Ritschl in which, from an observed doublet structure of the arc lines 3057 
and 3050 and the spark lme 2(5(50, he suggested a nuclear spin of $, an in¬ 
vestigation of the sti ucture of these lines showed that the observed doublet 
structures do not represent a complete resolution 
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On Anomalous Vibrational Spectra 
By M Blackman, Trinity College, Cambridge 
(Communicated by R H Fowler, FR S —Received 4 August 1937) 

In previous w ork on the vibrational spectrum of simple lattice models, 
it has been shown (Blackman 1937 ) that the spectrum becomes anomalous 
when special values are chosen for the force constants entering into the 
description of the model As an example wo may take the case of a square 
lattice of lattice distance d containing one particle per cell, in which the 
force constants a (for particles at a distance a) and y (for particles at a 
distance d<j2) were used When y/a tended to zero it could be shown that 
Ihe spectrum changed from the two-dimensional to that of the linear chain 
A similar result holds in the corresponding three-dimensional case Although 
one would not expect any actual crystal to correspond to a limiting case (it 
would not be stable) it is conceivable that there should be crystals which 
approach the limiting case 

In all cases which have hitherto been discussed, the anomaly is associated 
with the behaviour of the low-frequency end* of the spectrum This suggests 
that one could trace the effect to some property of the clastic contmuum 
An examination of the lattice mentioned above, for which the elastic con¬ 
tinuum has two elastic constants c xl and r 12 = e 44 , shows that the transition 
to the limiting case (y/a = 0 ) can be put in the form e 44 /c 11 ->0 

The investigation of the two- and three-dimensional continua shows that 
there are several relations among the elastic constants which lead to the 
velocity of elastic waves being zero in certain directions In all such cases 
the vibrational spectrum becomes anomalous The specific heat of those 
lattices for which the elastic constants satisfy the critical relations show of 
course a different character as well In all these cases the 0 n value is zero for 
very low temperatures It is hence clear that the study of the spectrum in 
such cases is of interest from the point of view of the specific heat 

1 — Two-dimensional Theory —We shall discuss the behaviour of a two- 
dimensional regular continuum, as this is similar to the three-dimensional 
case and has the additional advantage that the discussion of the limiting 
cases is simpler The equation of motion of the contmuum can be solved on 

* An anomaly can also be associated with the high frequency end of the Hpectrum, 
such casos arc now being investigated 
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the assumption that we have wave motion and the velocity of the various 
waves can be found from the equation 

I — pc a + c u i 2 + c 44 m 2 (r 12 + c 44 )Zw 

I (C12 + c 44 ) Im — pc 2 + c u t»* + c 44 i 2 | ^ ^ 

Here l, m are the direction cosines ol the wave, p is the density of the medium, 
c iv c 12 , c 44 are its elastic constants, and c is the wave velocity 

From the point of view ot the spectrum it is convenient to look at this 
equation for the velocity m a shghtly different manner We are interested 
primarily in the frequency v and in the curves of constant frequency, so 
we put v = c/ A, p = J/pA, q = m/pA, where A is the wave length, and obtain 

I -H + Cu^ + C^ (Cu + C 44 )p? j 

I (fl2 + ^44)M -»’ 2 + Cii<Z 2 + C44P 2 j 

The p, q are closely 1 elated to the phase differences between particles m the 
lattice for which (2) represents the limiting form of the equation of motion 
Solving the above equation wc obtain 

W = (' „ + r 4 4 ) ( P* + ( l 2 ) ± L(/» 2 —? 2 ) 2 (^n - '’.l) 2 + 4 ( f 12 + r u) i P 2 q 2 ] i (3) 

Tins can be put in a more convenient form by expressing j), q in polar co¬ 
ordinates, l e p — .ftcos0, q — ft sin0, whore ft = I jpA, hence ft is inversely 
pioportional to the wave-length 

ft 2 = 2c 2 /{(c u + c 44 ) ± f(c u - c 44 ) 2 cos 2 2 0 + (c 12 + c 44 ) 2 sin 2 20]*} (4) 

The two solutions correspond to the two frequency luanches We can now 
plot the curves ft = R(0) for fixed values of the frequency and for different 
values of the elastic constants It will be seen that the maximum and 
mimmum values of ft occur at points for which Q = 0° or 0 = 45° In these 
cases ft has the following values 

ftf(0°) = ft 2 (O l ) = 2i> 2 /2r 44 , } 

(5) 

ftj(45°) = 2v 2 /(c u + c I2 + 2 c 44 ), ft 2 (45°) = 2c 2 /(c lt -c 12 ) | 

One notices immediately that the elastic constants must satisfy certain 
relations 

(a) c 44 >0, 

(b) (c u -c li )>0, 

(c) c n > 0, 

(d) (< , u + < ’ia + 2f 44) >0 
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These are simply the relations which are necessary in order to ensure that 
the frequencies should have real values (the condition for stability) When 
any one of the above combinations of elastic constants are equal to zero 
the value of R tends to infinity 

We shall consider each of the above relations separately at first In the 
case c 44 -> 0 the cross-sections R = R(0) for a fixed value of i> are shown in 
fig 1 and m fag 2, for which c 44 = c 12 , r 12 = 0 79 c n respectively The figures 
show how the critical curve is approached R becomes infinite along the 
axes in one branch only, whereas R( 45°) is finite m both branches and 
depends on the value of r u and c 12 

One would not expect the value R - oo to be correct but would rather 
attribute it to a breakdown of the continuum theory It is interesting to 
compare the frequency equation with an exact one in this connexion The 
case c 12 = c 44 , c u + 0 tan be compared'" with the square lattice mentioned 
m the introduction, the frequency equation for which is (Blackman 1935) 

- moi 1 + 2a( 1 — cos 0j) 

+ 4y( 1 - cos <j > t cos <f> 2 ) 

4y sin & sin fa 

where fa = 2 ndp/X, <j> 2 - 'IndqjX Expanding the periodic functions for 
large values of A the frequency equation takes the same form as in (3) The 
expansion is, however, not always permissible and fails for example when 
the frequency is zero for a finite value of A The cross-sections m the case 
y/a = 0 are straight lines in 0 (orp, q) space Hence the limiting cross-section 
in fag 1 is inc orrect though the others are correct For this particular lattice 
one knows that the whole spectrum becomes one-dimensional when y/a = 0, 
but this is a special feature and could not be predicted from the continuum 
equation What can be predicted is that the spectrum should have a one- 
dimensional character for low frequencies, 1 e the density of normal vibra¬ 
tions should be constant We know that the cross-section for one of the 
branches can be approximated by two straight lines parallel to the axes 
and that these lines have a finite length The area (for fixed v) under the 
curve will hence be approximately represented by the sum of two rectangles 
less the area of the square common to the two rectangles One of the sides 
of the rcc tangles is a constant, the other is proportional to v Hence the 
area can be written as av—bv 2 In the case of the second branch the corre- 

* This is only ono of tho many lattices which have the same continuum equation 
It 13 taken becauso it is a very convenient example 


-»KtJ 2 + 2a(l-eo8 0 2 ) j 

+ 4y( I — coh <f> y cos <j> 2 ) j 
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spondmg area is bn 2 Hence the total area is av and the density p(v) is given 
by the constant a In the general case in which c 12 =f c u the term m bv 2 in the 
area will not be cancelled and the density will be of the form p(v) = a' - b'v 
Hence wo always ha\e the one-dimensional density for small v 

Taking the condition r n = c li and assuming c 44 /e n of the order of unity, 
the curves of < onstant frequency take the form shown m fig 3 The anomaly 
now occurs for Jt is It can be seen that tins anomaly has certain properties 
m common with that of c 44 = 0 , so that one w ould be tempted to think that 
the density is again one-dimensional 

It can again be shown by considering the simple lattice model, the 
frequency equation for wluth is given in ( 7 ), that the density is mdeed 
exactly one-dimensional for small fiequencies m the case c 12 = r u , c 44 = c n 
This case can be obtained by putting a = 0 , y=f =0 The solutions of the 
frequent y equation then become 

moj 2 = 4 y(l -COS 0 J cos <fr 2 + sm <j > 1 sin^,),] 

\ (8) 

mio 2 = 4 y( 1 — cos <j> x cos <f > 2 — sin sm <f> 2 ) ) 

The cross-sections =f(v<f> 2 ) are exactly the same as m fig 3 , except that 
the curves are limited to a certain region in 95-space 
But equation ( 8 ) can easily be transformed by putting 

& + & = *!> 0|-& = 0s (») 

mto the form mw 2 = 4 y(l -cos#,),) 

( 10 ) 

mo 2 = 4 y(l - co 8 0 „)) 

This is a one-dimensional frequency equation, and the whole spectrum is 
hence that of the one-dimensional lattice It follows that the density of 
normal vibrations is p(y) = a + bv 2 for small v, the linear term being missing 
Taking the third condition f 1 i + <‘]2 + 2 c 44 = 0 we can show that for c 44 = c n 
exactly the same relations hold as m the case c 12 = r u = c 44 In each case 
JF 2 2 (<)°) = v 2 jc xv v 2 jc u and R 2 ( 45 °) — y 2 / 8c n> 00 Hence we have again a one- 
dimensional density distribution An analogous argument shows that the 
case c u — 0 is related to the case e 44 = 0 
The rornaimng cases occur when the elastic constants are intermediate 
between those chosen for discussion above Two are of particular interest, 
they occur w hen tw o of the critical conditions are satisfied simultaneously 

(o) c u = c 12 ,' < 44 = 0, 


(6) c 12 + c u + 2c 44 = 0, c 44 = 0 
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As can be seen from (6) R becomes infinite for one of the branches m every 
direction 

From the previous comparison between the results for particular lattices 
and the continuum one would suppose that this could only mean that the 
frequency is zero fox the whole frequenty blanch It is rather interesting 
to see whether one can construct some lattice model which shows this 
property It should be noted that the first condition c u = < 12 , c M = 0 fulfils 
the requirements for isotropy, so that one would look for some lattice which 
has a symmetrical grouping of particles One case w Inch fulfils the con¬ 
ditions is a hexagonal network such as is found in giaphite i e the particles 
are found only at the corners of the hexagon It can bo shown that there are 
two particles in the unit cell, hence then aie four frequency branches, two 
acoustical and two optical If the assumption is made that forces act only 
between neighbouis, the equation for the frequency liet nines 

A 4 — A 2 a 2 ll2 + 2 cos -t- 2 cos + 2 cos — $ 5 2 )j 

+ ‘>a 4 [ 1 + 2 cos ^ -t- 2 < os + 2 cos (<j> x -&)] = O, (11) 

where X = — rncv 2 -l- 3 a, a is a force constant and and <j> z the elementary 
phase differences 
The solutions aie 

— maj s + Ja = ± 3 a, 

- raw 2 + la = + a (3 + 2 cos </> l + + 2 cos (<f> t — 

It wdl be seen that one of the roots is nuo 1 = 0, i e all the fiequcncics for 
the branch are zero The other biam lies behave quite normally It can also 
easily be verified that the required relation holds between the elastic 
constants Since the condition of isotropy holds formally the vibrations 
should be purely transveise oi purely longitudinal toi long waves It is the 
transverse waves which behave anomalously here 

The second of the above relations c u + r 12 + 2c u = 0 c 44 = 0 also* satisfies 
the condition for isotropy f there being two such conditions m the two- 
dimensional case in contiast to the three-dimensional case where there is 
only one Here it is the longitudinal waves which behave anomalously and 
give the frequency zero 

In both the above cases the spectiuni will have a strong maximum at the 
point p = 0 This can be represented as being an extreme case ol the one 

* It is cl« at that th< model m< nt toned abo\i does not apply to this case 
t The conditions ate A = (<i 2 + i4*)/(Cn — <u) ~ ± 1 
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dimensional spectrum for one of the branches p(v) =a-bv in which a 
gradually tends to infinity in such a way that jp[y)dv is finite 

This show s what happens in the intermediate cases The spectrum will 
m all cases be of the same form at the lower end, but the initial value of the 
density will rise enormously as the two critical points are approached 
We have discussed above the different types of anomalous spectra in the 
cast of a regular two-dimensional continuum The more complicated 
continua are also interesting but the effects though different in details can 
all be classed under those already mentioned, it is hence hardly worth while 
to extend the discussion 

2 — Three dimensional theory —As m the previous section we shall discuss 
the simplest types ol elastic continuum and confine ourselves largely to the 
case of the regular continuum which is again characterized by three elastic 
constants r n , c 12 , c 44 The equation of motion of the continuum can be 
reduced to a determinantal equation lor the velocity of clastic waves which 
has the following form 

pr t +c n l i +c ii m i +c u n 2 (c 12 +c 41 )/m (fi 2 + c 44 )ln | 

(c 12 +c u )lm -pc 2 +c u m 2 +c 44 n 2 -(- c 44 1 2 (c u + c l4 )mn 

(r 12 -| c u )ln (r 12 + c u )mn -pc i +c n n 2 +c u l 2 +c u m i | 

where p is the density of the medium, l, tn, n are the direction cosines of a 
wave in the medium, and c the veloc lty of propagation of the wave 
As has already been explained we are interested in the frequencies rather 
than m the velocity, and we can change (12) into the following equation 
for the frequencies, putting v = c/A, p = 1/pA, q = rn/pA, r = n/pA 

i’ l +CnP t +c u q 1 +c ii r 2 ('•12+C44)/*/ (<U2 + e«)j»r 

(C12 + 'u)P9 -^ + 'll? 2 + c u p 2 ¥c u r 2 (c u + c 44 ) qr 

('12 + '44)K (C12+C44)?' -v 2 +c n r 2 + c ti p 2 + c M q 2 


We may then regard the equation as the limiting form, for low frequencies, 
of the equation for the frequency of normal vibrations of a lattice where 
p, q, r correspond to the phase difference between particles in the lattice 
In the p, q, r space we have then surfaces of constant frequency, there being 
three such surfaces corresponding to the three frequency branches It is 
necessary to investigate the points or cross-sections of the frequency surfaoe 
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for which the frequency becomes zero when the elastic constants are 
allowed to vary The general solution of ( 13 ) is rather complicated hut it is 
sufficient to deal with special solutions os the anomalies are restricted to 
special directions m p, q, r apace We shall consider the solutions for p = q = r 
and those for p = 0, c/ + 0, r=M*, etc An examination of the general solution 
failed to show any other points woith investigation We shall express 
p, q, r m terms of polar co-ordinates p — RconO sin«;' q = R cos 0 cos rp, 
r = R&mO In the case r — 0, p 4- 0, q 4= 0 the three solutions for R become 
R 2 - 2v 2 /{(c 14 + c 44 ) ± L(c u - e 44 ) 2 cos 2 2 <j> + (cj^ + c 44 ) 2 sin 2 20]*},') 

( 14 ) 

R* = 2 v 2 /2r 44 J 

The first of those solutions is exactly the same as in the two dimensional 
case We shall wTite down the values in the spec lal cases 0 = 0 ’ and 6 = 45 °, 
as the R values take on extreme values tor the so cases 
0 = 0°, R\ = r 2 /c 44 , R\ =- v 2 /c 44 , Ri = | 

6 = 45 °, R\ = v 2 /c 44 , R\ = 2 v 2 l(i n + c 12 + 2 r 44 ), R\ = 2v 2 /(c n - c 12 ) f 

( 15 ) 

The three solutions for p = g = r ($J = 43 ,0 = tan -1 1/^/2) are 
R\ = 3 r 2 /(r u - c I2 + c 14 ), tf 2 = 3 ,. 2 /(r 11 - c I2 + r 44 ), 

R* = 3 ic 2 /(c n + 2 c 12 + 4 c 44 ) (10) 

It will be noted that two solutions fall together here, wine h means that two 
of the frequenc y surfaces toue h for that direction in p, q, r space Further¬ 
more, when c 11 -c l2 = 2c M all solutions fall into two groups for which 
i? 2 = p 2 /c 44 , Rj = r 2 /(c l2 +2r 44 ) respectively This is the isotropic case for 
which the surfaces of constant frequency are spheres, two of which fall 
together 

From ( 15 ) and ( 16 ) one can construe t a list of conditions which the elastic 
constants must fulfil 

(a) c 44 > 0, 

*t(&) (c„-ci 2 )>0, 

(c) r u >0, 

( d .) (2 c u + f 12 + 2 c 44 ) > 0 

* This condition has boon given by Foerstorling (1918) but its consequence's were 
not in\ ostigated 

f It has boon suggested (Durand 1936) from a study of the \anation of the elastic 
constants of NaCl, K( 1 MgO with temperature that the r< lation c u = Cj, hold at tho 
melting pomt of these substances In view of the fact that tho lattice is unstable 
when this condition holds this fac t assumes a special intcr< st, an examination of tho 
experimental data shows however that the extrapolation is rather large, and 
further work would be necessary m ordor to establish this result 
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The condition (c n -f 12 + c 44 )>0 is automatically fulfilled when [a) and (6) 
hold, and similarly c u -f c 12 + 2i u >0if c n + 2c ia + 4c i4 > 0 
We can consider these conditions from the point of view of a diagram of 
c, 2 /c u against c 44 /r 11 Then the relations (a), (b), (d) aie straight lines in this 
diagram, which is useful in visualizing the connexion between the various 
conditions and also the range of values of the elastic constants which are 
forbidden This point w ill be considered m detail later 

In the case where c 44 /c u = 0, (c n — c 12 )/c 11 > 0 an examination of ( 15 ) 
shows that the H values for one brancli become infinite for both 0 = 0 and 
0 - 45 °, whn h means that they are infinite for the intermediate dueetions 
as well Hence the irequency is zero over a plane m the phase cube (Bom 
1923) tor the corresponding lattice Since there are three planes which are 
equivalent this holds for three planes of the phase cube Furtheimoie, R 
becomes infinite for the second branch too in the direction ot the space 
diagonal The third branch remains normal The question now anses as to 
what the density ol normal vilnations becomes for the lattice when the 
above relation is fulfilled 

It the position were sue h that the fiequcncy is zeio over only one plane 
and the surfaces of constant fiequcnc y are paiallel planes whose distance is 
proportional to the frequency, then it is easy to soo that the density ot 
normal vibrations is a constant for small v, 1 c the distribution is purely 
one dimensional If the frequency is zeio along a line and the surfaces of 
constant frequency expand uniformly about this line as the frequency is 
increased, then the density is pioportional to the frequency (for small 
frequencies), 1 e it is two dimensional 
In the case c 44 /c u = 0 the c onditions are not quite so simple, but the 
fundamental point—that the frequency is zero over a plane and a line—still 
holds good One would hence expect a one-dimensional distribution for the 
first branch, a two-dimensional distribution in the second branch, w hile the 
third remains normal 

These conclusions can be amplified by consideration of a special lattice 
whioh fulfils the condition with the added relation c 14 = c 44 This is a simple 
cubic lattice ot the Born-v Karm&n (1912) type in which forces between 
neighbours only are considered It has been shown in previous work 
(Blackman 1937) that in this case the frequency equation has the foim 
| - mw 2 + 2a( 1-cos 0 X ) 0 0 

j 0 -m« a + 2a(l-cos (j> 2 ) 0 =0 

I 0 0 -mw a + 2a(l-cos0 3 )j 

( 17 ) 
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For long waves this has the requisite form of the continuum equation with 
<j>i — indl/A, etc and c u = ccjd The frequency branches in this limiting 
case have been studied (Blackman 1937), and it has been shown that the 
density has the following form m the three cases 

(I) Pl {v) = a-bv-cv\ 

(II) p 2 (u) = bv, 

(III) p 3 (v) = cv 2 , 

when the frequency is small This shows that the classification suggested is 
correct In the case where c 12 4= r 44 the coefficients b and c will not be the 
same in the three cases but the form will be unaltered 

Taking the second condition (c u — r 12 )/c u = 0 , c 44 + 0 we see that only 
one of the jK( 45 j ) values is infinite, which moans that R is infinite in throe 
directions Going over to the phase cube of the equivalent lattice, tins 
moans in turn that the ficquency is zero along three face diagonals of the 
cube This happens for only one of the branches, the other two behave 
normally By analogy with one of the cases discussed above we would 
assume in this case a density of the form p(v) = bv — cv 2 , 1 c a two-dimensional 
distribution This case is also similar to the two dimensional case discussed 
in § 1 , where the same relation between the elastic constants held The 
cross-sections of the frequency surface for which p - 0 would be very 
similar to those given in fig 3 



Fio 3— R 0 diagram for the case c u -► c n 

(а) <•„ = c u , c M = c u , 

(б) c„ = 0 98 c u , c lt = c„ 

The difference between the two dotted curves is too small to be indicated Figs 
1, 2, 3 are all drawn on the samo scale for the same value of the frequency 
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The third case to consider is that where (c u + 2c 12 + 4 c 44 )/c u = 0, c 44 + 0 
which can occur only when r 12 is negative Here it is one of the R values for 
p = q = r which becomes infinite This means, in terms of the phase cube, 
that the frequency is zero along the space diagonal lor one of the branches 
only It has hence a two-dimensional density 

We have considered up to the present isolated points on each of the three 
hnes in the c 12 /r n , r 44 /c u diagiam, which denote the critical cases The lines 
cut in two points (i) c 12 /< n = 1, c 44 /c n = 0, (n) c 14 /c 11 = 0, c 12 /c u — — 1/2 
Here the conditions become rather complicated as R becomes infinite (in 
all directions) for two branches in case (1) and for one branch m case (n) 
The third brani h is normal in (i), while in (u) there is a lino along which the 
frequency is zero as m all cases whore c 44 = 0 

Wo have already discussed a similar case in two dimensions, so we know 
that the fact that R is infinite in all directions means that the frequency is 
zero for the whole of the phase cube Hence in (i)* two of the frequency 
branches have the frequency value zeio By analogy with the two-dimen¬ 
sional case we would expect that it should be possible to find some loosely 
packed lattice which has the above property It is found that the diamond 
type will show these features if we consider the forces between neighbours 
only The analysis by Born (1914) shows this clearly, if we neglect m his 
work the forces which resist the change of angle 
In case (11) only one of the three branches disappears H ere the transverse 
waves have the higher frequency (because r 12 is negative) 

The cases intermediate between the extremes will have intermediate 
properties Wo have already shown m two dimensions that one can reach 
the limiting case of a laige heaping up of frequencies at v = 0 by letting the 
constant a in the expression p(v) = a — bv 2 become exceedingly large 
Similar considerations apply here 

The surfaces of constant frequency and the cross sections for various 
frequent les show a similar variation in character (as the elastic constants 
are varied) to the two dimensional case, hence we can dispense with their 
discussion 

3 —One can study the critical conditions for the elastic constants in other 
systems as well as the regular system, but one can easily see that the types 
of anomalies 111 the spectrum w ill belong to one of the three classes as before, 
the large number of elastic constants make matters rather more complicated, 

* It is interest mg to note that tho equation of motion of the continuum goes over 
formally into that of the ideal liquid in case (1) The transverse waves “disappear” 
and only the longitudinal waves remain 
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so we shall discuss only one case—the hexagonal continuum—because 
there are a number of metals which belong to this system 

The equation lor the velocity of waves in the continuum with hexagonal 
symmetry is especially simple because the solutions aie all symmetrical 
about the mam axis We can hence study the determmantal equation for 
the frequency (or velocity) in any cross-sc c tion containing the axis, and the 
solutions will be the same for any other cross section Wo can therefore 
choose one of the direction cosines to be /oro and can express the vcloc it} 
of the waves m terms of the other two direction cosines (Zener 1936) 
The equations for the wave velocities are 

(а) i(c n — c ia )m s + c 44 n 2 -/yc 2 = 0, 1 

(б) I c u m 2 +c u n t -f)c 2 mn(r u + c 44 ) ( = 0 (IK) 

I wiw(c„ + c l4 ) n 2 c M + m 2 c u -f>r 2 | | 

Without going through the detailed calculations for tho ladius vector R 
we can see from ( 18 ) what conditions must be satisfied m order to obtain 
anomalies m the spectrum and what type of anomaly results We shall give 
in Table I the most important conditions denoting the anomalies by the 
numbers I, II and III I denotes a one dimensional, II a two dimensional 
frequency distribution w'hile III indie ates that the frequenc y is zero for a 
whole branch Finally N shows that tho branch is normal 


Condition 



Table 1 


Branch (0) 

Bran< h (b) 

Branch (c) 

I 

1 

II 

II 

N 

N 

N 

xV 

I 

ITl 

I 

I 

HI 

IT 

I 

I 

11 

III 


Besides the above there are other jmssibiUties when the constant c 13 has 
appropriate values These are of tyjie II and will belong to one branch only 
4 —It is important to examine the above anomalies more closely from the 
point of view ot the specific heat of the lattices Confining ourselves solely 
to the continuum region, we know that the value (which describes the 
specific heat) will tend to zero when the density of normal vibrations in the 
continuum region becomes very large Now the change from the normal 
density p(v) — av 2 to an abnormal one p(v) = av or p(v) = a is equivalent to 
the Q d value tending to zero Hence we can study how the 0 D value tends to 
zero when the critical values of the elastic constants are reached 
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We shall confine ourselves to the case of the regular crystals as m § 2, and 
again make use of the diagram of c 12 /c u against e 44 /e n 

The 0 D value can be determined from the density of normal vibrations 
and this in its turn from the elastic constants One can write this 0 D value in 
the form (Born 1923) 

0 P = hvpH, v r , = (ln)H<rlM)*(c ll l<r)*f(cJc u ,cJc li ), (19) 

where M is the mean atomic weight, <r the density and/is a dimensionless 
constant The abo\ e relation for v D is prac tirally identical with the Einstein 
(1911) formula deduced fiom dimensional considerations In the formula 
given we can, however, assign a meaning to the constant/(c 44 /c 11 ,c 12 /r I1 ), 
it being a funt tion of the volume in phase space enclosed by the surfaces of 

Table II* 

Substance c n r 4 /r n e u 'i lt 0 V M cr O' 

NaCl 4 77 0 276 0 276 102 29 2") 2 18 168 

KBr 3 127 0 174 0 181 179 69 6 2 49 1 57 

KC1 1 75 0 013 0 171 227 37 25 1 98 1 53 

KJ 2 07 0 16 0 152 132 83 3 08 I 48 

NaBr 4 40 0 299 0 305 236 11 5 3 07 1 70 

CaF, 16 7 0 274 0 206 499 26 02 3 18 1 54 

bob, 36 8 0 118 0 291 682 40 5 01 1 75 

Mg<> 29 9 0 286 0 13 916 20 16 1 64 2 08 

Znb 9 43 0 601 0 46 326 IS 72 4 06 1 71 

Cu 18 6 0 73 0 44 142 63 57 8 94 1 59 

An 12 0 0 75 0 37 212 107 9 10 5 1 55 

An 19 0 0 84 0 2)1 158 197 2 19 12 1 22 

A1 10 8 0 59 0 29 398 27 1 2 0 1 17 

Fo 23 6 0 191 0 481 461 15 84 7 80 1 80 

Li 1 51 0 778 OM>8 114 6 94 0 53 171 

Na 0 972 0 811 (1596 143 23 0 97 1 43 

K 0 447 0 861 0 182 77 39 1 0 80 1 11 

W 51 2 0 40 0 298 384 184 19 12 1 67 

Cd 16 1 — -- 305 112 4 7 0 1 48 

Zn 12 1 - — 189 65 38 8 7 1 31 

Mg 1 18 — — 300 24 32 1 76 1 75 

Hg 3 6 - — 68 6 200 6 14 19 1 14 

* Cn is given in units of 10 u d\nes/cm 2 Tho majority of the elastic constants are 
taken from Landolt Bomstem, “Phjsikalisch C'hemische Tabollcn” A few are from 
recent papers Those for Li, Na and K are theoretical olastic constants calculated by 
Fuchs (19366) as are also the 0 P values (1936a) 0 D for NaBr, KBr and K J as well 
as that for Mg woro calculated by the author as none of those could be found m the 
literature 
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constant frequency when scale factors are removed We can write 0 D in 
the form* 

Q D = 0'c 11 i M-i<T-lhlk (20) 

We can now think of 8' as a surface in a space m which c u /c iv c 44 /c u are 
variables This suiface will be bounded by the hnes cj'n = 1 c « = 0. 

ia/ c n + 4 c 44 /cn = - 1, for which O' — 0 It is in general difficult to calculate 
O' values but there are cases for which this tan be done without much 
trouble, e g the isotropic case f Furthermore we can utilize tho available 
data on 0 lt values from elastic data A number of these hat e been calculated 
by different investigators for various substances One can reduce these by 
means of ( 20 ) to the O' values It should be emphasized that the accuracy 
of the determination of tho elastic constants does not enter into the discus¬ 
sion, we are concerned solely with the calculation of the 0 n value ftom a 
given set of data A comparison of the results obtained by different invest! 
gators (using different methods) shows a variation of several pu cent so 
that the 6' values may be mcoirect by 0 03 or so These O' values have been 
plotted for other purposes m hg 4 

The investigation of the O' surface shows that there is initially a sharp 
rise from tho value zero till a value of about unity is reached after which 
thero is a slow increase The limiting value tor large values of c u /< n , r 44 /c n 
depends very much on the direction from which it is approached, it may be 
zero (along the critical lines) a constant (in the isotropic < ase) or infinite 
5 —Tho distribution of crystals in fig 4 shows an interesting icgulanty 
namely the tendency of crystals of a particular type to gioup together 
The metals occupy the top section, the salts tho lower left hand section If 
we devide tho region ()<c 12 /r 11 < I, 0<r, 4 /c u -' 1 mto four blocks by means 
of the lines c l2 lc n - 0 5 , c 44 lc n — 0 5 then we can put the polar cry stals into 
the region I (0 < r 12 /r n < 0 5,0 < r 44 /r u < 0 5 ), the face-centred metals into 
region II (0 5 < c 12 /r n < 1,0 <c 44 /r n < 0 5 ), the body-centred metals into 
region III (0 5 < c 12 /r u <!,()'>< r 44 /r n < 1), while region IV (0 5 < r, 2 /r u < 1 
0 < c 44 /c u < 0 r >) is bare This classification applies actually only to the 
majority of cases, there are exceptions which encroach into adjoining 
regions 

A more important point from our standpoint is the c loseness of approach 
* In this form O' is not an invariant as it would bo if we chose tho c omproKsibility 
instead of 1 fc u , but as it is usual to express tho elastic constants m tho above form 
this does not appear to bo a disadvantage 

| Other cases are those where the condition for isotropy arc noarlv fulfilled, then 
one can use the formulae developed by Born and v K&rm&n (1913) Further, when 
°u = — C44 the equations of motion have a particularly simple form and the O' value 
is easily found 
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of the various crystals to the critical regions It would be difficult to obtain 
an exact cri tenon for this, but some idea might be obtained by considering 
the O' value It gives some measure of the approach because the density of 
normal vibrations must become large when the elastic constants are near 
the critical values and hence the O' value small, it being zero in the limiting 


U/Cr 



Fio 4—Diagiam of o, t /c u against rj,/c u for the regular crystals Two of the critical 
lines arc shown, c lt /c n = 1, and c 44 /c u = 0 The third lies off the figure Each point 
is labelled with the corresponding O' valuo The dotted line is a rough representation 
of part of tho curve O' = 1 57 

If we examine fig 4 from this point ol view we see that the lower limit of 
O' is independent of the particular structure, eg KJ (1 48 ), Au (1 22), 
K (1 33 ) The case of the alkali metals is interesting because it has been 
suggested that these are somewhat exceptional in their elastic behaviour 
and spec lal features of the specific heat* were attributed to this cause This 

* See Fuchs (19366), also Mott and Jonos (1936) Tho 0 n value of lithium shows a 
variation of about 30 % It is pulling to know why sodium and potassium should 
also be considered exceptional in tins respect as the 0 J} values are practically con 
stant as far as they havo been measuied (Simon and Zeidler 1926) and this over a 
range of 0 u jT for which lithium shows a 0 D variation of 12% 
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was obtained by studying the ratio 2c 44 /(c u — c 12 ) (the “anisotropy ratio” as 
it is termed) which is large for the alkali metals (about 8) on account of the 
smallness of c n — c ia The face centred metals give a value for this ratio of 
about 4 If one were to adopt this ratio as another c nterion of the approac h 
to the critical region, it would have the value oo for c n — c 12 , and 0 when 
c 44 = 0 If one considers substances for which r 44 is small one finds, e g , for 
KC 1 a value 0 4 It would seem difficult to compare su< h values with those 
for the alkali metals but none appear to bo particularly close to the limiting 
values 

It will bo seen that the points he m a comparatively narrow range of O' 
values compared with the corresponding range of 0 D , these being 1 22-2 08 
and 90-900 respectively, furthermore a large number are grouped about 
the value O' = 1 57 One can construct the cui ve O' = 1 57 over part of the 
range—it is the dotted cuivo in fig 4 One notices that it runs parallel to 
the axes over small regions for which O' is independent of c 12 /c n or of 
( W r i i 

Although none of the known ciystals are near enough to the ciitical 
regions for any of them to bo regarded as exceptional, it is quite likely that 
the vibrational spectrum of those whi< li lie nearest the critical linos shows 
the approach to the critical region even if the specific heat does not The 
s|>ecihc heat is controlled by largo portions of the spectrum simultaneously, 
and not by any particular region except at low temperatures The approach 
would show itself m a flattening out of the spectrum m case I os the density 
must eventually become constant, in case II the density curve would tend 
to approach a line p(v) — av at the low frequency end As an example of a 
lattice approaching case I, we can take that of a Born-v K&rman lattice 
the spectrum for which has recently been worked out (Blackman 1937) 
Here we are rather nearer the critical line than for actual crystals 
( c i2 l c n — ^ 10 , r 44 /c n = 0 10 ) but the difference is not very great The 
flattening out of the spcctium is very apparent (as shown by fag 2 in the 
paper quoted) though we must allow for the fact that the lattice chosen is a 
very favourable one going over into the one dimensional case directly when 
the force constants are suitably chosen This feature of the spectrum is all 
the more interesting because the specific heat curve for the lattice shows 
little evidence of this one-dimensional charactei The initial value of 0 V 
is httle lower than the high temperature value (see fig 4 in the paper quoted) 
for instance, nor are there any features of the 0 n -T curve which one could 
attribute to the one-dimensional character of the spectrum We see therefore 
that substances like KC 1 or sodium may show a one-dimensional or two- 
dimensional effect in the spectrum even if the specific heat is quite normal 
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6 —In the previous section we have discussed the properties of substances 
with regular symmetry The only other case where some information is 
available is the hexagonal, the data for which has been given in Table II 
It will be seen that the O' values are of the same order as the majority of the 
regulai c i v stals It has also been shown in § 3 that the anomalies for the 
hexagonal case aio ot exactly tho same type too One would therefore not 
expect anything new from a discussion of the O' values for the hexagonal 
crystals This point is woith emphasis One might think that the fart that 
the forces in the direction ot the main axis are sometimes diffeient to those 
at right angles to it (as indicated by the smallness ot compared with c n 
in the < ase ot cadmium and zme) shows that these substances cannot be put 
in the same class as the tegular crystals, this is however erroneous The 
smallness of c, 3 indie ate s an appioac h to the condition III (see Table I) and 
is hence analogous to the approach to the relation c 11 = r 12 , c 14 = 0 in the 
case of legulai crystals 

One would expect the sjHnihc heat < urves tor the hexagonal crystals to 
be ot the same type as those of the other metals Actually zinc and cadmium 
show a i ather large v anation ui 0 D , but this is not larger than that of lithium, 
while magnesium has a 0 D -T curve using with temperature which can be 
matched by the case of tungsten 

I should like to express my thanks to Professor R H Fowler and to 
Dr R Peierls for their interest I am indebted to tho Department of Scien¬ 
tific and Industrial Research tor a ‘Senior Research Award” winch has 
made the above woik possible 


Suwmabx 

The equation of motion ot an elastic continuum is investigated, and it is 
shown that the continuum becomes unstable when the elastic constants 
obey ceitain lelations The vibiational spectrum ot lattices for which these 
relations hold is shown to undeigo a characteristic change, the density of 
noimal vibrations going over into the one-dimensional or into the two- 
dimensional form The significance of this is considered from the point of 
view of the specific heat and the vibrational spectrum ot actual crystals, 
it is found that no actual crystals are near enough to the critical regions for 
the effect ot the approach to be apparent in the specific heat, but in some 
cases this should be noticeable in the vibrational spectrum 
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Ciystal Growth fiom Solutions 

By W F B*ru, PhD (Berlin), Ph D (Manchester) 

('Communicated by ll r L Bragg, FR S —Received 21 August 1937 ) 
LPlalo 2] 

Introduction 

The puipose of the piesent paper is to provide an experimental contri¬ 
bution towards the knowledge of the mechanism of crystal growth from 
solutions 

Certain details about the mechanism of crystal growth have been studied 
in the case of one component systems, 1 e crystals growing from the melt 
or from the vapour Very little is known about crystal growth from 
solutions Yet, although the one component system is the simpler one, 
special interest is attached to the two-component system, because of its 
technical applications In chemical industry crystals are grown from 
solutions on a big scale A closer knowledge of the mechanism of crystal 
growth would enable one to apply the conditions, eg temperature or 
degree of supersaturation, most favourable for the process m question 
This is, as yet, dono purely empirically 

The problem covers a wide field, and an attempt to answer what was 
thought to be one of the first questions to be asked will be described below 
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This is the question of the connexion between the rate of growth and the 
concentration of the solution in contact with the growing crystal faoe 
It will be seen that this question cannot be answered yet, mainly because 
impurities play too big a part in determining the rate of growth But the 
method applied seems to reveal certain facts about the mechanism of 
crystal growth from solutions 

The concentration in actual contact with a dissolving or growing crystal 
has, smce Nernst (1904, see also Brunimer 1904), always been thought of 
as being the saturation concentration The rate of growth was then 
supposed to be proportional to the degree of supersaturation Several 
investigators have tnod to prove these ideas experimentally Their method 
generally consisted of putting a known amount of seed crystals into a 
solution of known supersaturation and of separating the crystals from the 
solution after a certain tune and of analysing it The solution was kept m 
rapid motion, and it \saa hoped to get solution of the measured con¬ 
centration right up to the crystal faces, so that the concentration gradient 
became very big and diffusion pi oc esses could be neglected It seems very 
difficult to judge whether this has been achieved or not It is still possible 
that in these experiments the rate of growth was mainly governed by the 
rate of diffusion through a thin stagnant film of solution adhering to the 
crystal surface The results of the different papers are not m agreement 
The rate of dissolution was found by Noyes and Whitney (1897) to be 
proportional to the degree of unsaturation Marc (1905, 19080) found the 
rate of growth to be projiortional to the square of the supersaturation 
His results were not confirmed completely by later investigators (Le Blanc 
and Schmandt 1911, 1913, see also Jenkins (1925) and Roller (1932)) 
Experiments on the influence of dyes on crystal growth led Marc (19086, 
1910, 1911a) to assume the existence of an adsorbed layer on the surface 
of a crystal in contact with its solution This layer forms an intermediate 
state between the liquid and the solid Molecules go into this layer and 
stay there until the conditions become favourable for them to freeze into 
the lattice Dye molecules are adsorbed by the crystal, thereby changing 
the rate of growth of the particular faces adsorbing them and thus changing 
the habit of the crystal 

Experiments by Volmer (1932) performed, however, on crystals growing 
from the vapour or from the melt, demonstrated the existence of such an 
adsorbed layer and its importance for the mechanism of crystal growth 
It was shown that the molecules m the adsorbed layer have a much higher 
mobility than m the melt 

It appears that many questions concerning crystal growth need clearing 
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up, especially in view of the existing discrepancies Complete changes in 
the method of attack and experiments on Bingle crystals seem to be called 
for, since diffusion effects have to be eliminated or taken into account 


Method 

A method in which the concentration can be measured everywhere m 
the neighbourhood of a growing or dissolving crystal has been suggested 
to the writer by Mr T R Scott, of I C I (Alkali), Ltd , Winmngton In 
this the problem is first reduced to a two-dimensional one, by placmg a 
thm pnsmatio crystal of rectangular cross section between two horizontal 
glass plates, which stop growth m the third dimension Secondly, con¬ 
vection currents are eliminated by domg the experiments on a microscopic 
scale Thus the transport of molecules is purely a two dimensional diffusion 
process Thirdly, the two glass plates, formmg a slight wedge, are half- 
silvered and illuminated with semi-parallel monochromatic light, thus 
producing a system of interference fringes These Innges are straight if 
the wedge is optically perfect and if the refractive index of the matter m 
the wedge is constant They are curved if the refractive index changes 
from place to place and thus provide a simple means of measuring the 
refractive index The refractive index will vary if a growing crystal takes 
molecules from the surrounding liquid Since top and bottom of the 
crystal touch the glass plates, symmetry c onsiderations show that the 
diffusion process will be identical in layers parallel to the plates Thus the 
concentration distribution can be measured right up to the crystal face, 
if the refractive mdex is known in terms of the com entration Measure¬ 
ments by Miers and Isaac (1906) give the necessary figures for sodium 
chlorate the refractive index vanes linearly with the concentration 
Sodium chlorate was chosen for the following experiments, because it 
crystallizes m rectangular pnsms, and is a cubic crystal Supersaturated 
solutions of it are also easily obtained 

Apparatus 

The apparatus consisted essentially of a photomicrographic outfit There 
are, however, details which seem worth mentioning (fig 1) 

A “Patna” microscope by Watson was used, which had a specially made 
short and wide body tube, to avoid cutting down the field of view Micro¬ 
scope, camera, and source of light were all mounted on the cyhndncal bed 
of a 4 m Drummond lathe This lathe proved extremely convenient for 
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optical purposes The lens used for photographing was a F 3 5 Ross 
Xpre8s of 5 cm focal length No eyepiece was used for photographing 
It appeared desirable to photograph a system of fiducial marks at the 
same time as the growing crystal and its surrounding frmge system This 
would facilitate comparison of different plates and would also give at once 
the magnification For this purpose a luminous graticule was used, which 
was obtamed by contact printing from an eyepiece micrometer graticule 



Flo 1—Shows the apparatus for photographing the growing crystals and the 
surrounding interference systom A is the mercury arc, Co a condenser, F a filter, 
M ani tho two half silvered mirrors with the crystal Cr and the solution So between 
them L is a poa lamp, Co another condenser, O the graticule with light linos on a 
dark ground D-F is the double prism acting as transparent mirror O the object 
glass, F a right-angle prism and Ca the camera 

A slightly silvered mirror was fixed underneath the objective so that the 
object and the graticule could be seen at the same time The mirror 
consisted of two right-angle prisms, one of which was slightly silvered, 
stuck together with canada balsam The graticule was fixed in front of 
a small condenser and a pea lamp, and the whole system could be moved 
towards the mirror to focus it at the same time as the object 

The illumination for the interference phenomenon was provided by a 
small mercury aro taking 0 25-0 4 amp The light was made monochromatio 
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by the use of filters The actual arc burned m a capillary which was so 
narrow that a symmetrical achromatic condenser made a beam of light 
sufficiently parallel to produce sharp interference fringes 

Photographs were taken on Ilford Hypersensitive Panchromatic plates, 
because of their high speed for the mercury green line A = 5461 A For 
visual observations when adjusting the apparatus this hne was the 
brightest and most convenient one Exposure times ranged from 2 to 
30 sec , applying a magnification of about 10 linear 

The good quality of the interferometer plates and their silvering was 
essential to success The plates were 1 by 3 m and J in thick, worked by 
Bellingham and Stanley “correct to J wave-length” The silvering was 
done by cathode sputteung (Tolansky and Lee 1936) 

Experiments 

The actual experiment consisted in placmg one seed crystal 111 a drop 
of supersaturated solution between the two optical flats and taking a 
series of photographs of the crystal and the interference system at known 
times 

Flat rectangular seed crystals about 1 mm square and 0 1 mm thick 
were obtained by slowly evaporating a drop of sodium chlorate solution 
on a piece of glass plate The degree of supersaturation of the solution 
was obtained by weighing The crystalline material was supplied by the 
British Drug Houses as having the following analysis 

Chloride 0 02 % 

Sulphate Nil 

Calcium Nil 

AsjOj 0 8 part per million 

Heavy metals, etc Extremely faint trace 

The mam difficulty in the experiments was to avoid the formation of 
unwanted nuclei To stop this several precautions were applied The 
material was recrystalhzed twice, always discarding the first and the last 
portion It was hoped that physical impurities would thus be removed 
All the water used was distilled water and was filtered through filter 
crucibles before being used Ordinary filter paper caused trouble by giving 
off fluff 

Despite all these precautions it was extremely difficult to conduct an 
experiment so that the seed crystal was the only one present After many 
trials it was found that these unwanted crystals came from the surface 



84 


W F Berg 


of the seed crystal It appears that when the solution round the growing 
crystal dries up on preparation of the seed crystal, the material of the last 
drop does not freeze into the structure of the crystal, but forms many very 
small c rystals on top One might perhaps get over this by making evapora¬ 
tion extremely slow Another procedure was applied here It consisted m 
washing the seed crystal just before it was used in a drop of veiy slightly 
unsaturated solution The wet crystal was then transferred to one of the 
mirrors, the unsaturated solution soaked away with a piece of filter paper, 
the supersaturated solution applied with a small pipette and the whole 
covered with the second mirror The utmost speed was necessary, otherwise 
more nuclei were formed 

The obvious disadvantage of getting rid of unwanted nuclei in this way 
is that the degree of supersaturation of the liquid surrounding the crystal 
at the stait of the experiment is unknown, since it is not the same as the 
supersaturation of the solution one applies Some of the unsaturated 
solution may still stick to the crystal and mix with the supersaturated 
liquid It will be seen below how this difficulty was overcome by measuring 
the refractive index far away from the crystal 

Although few precautions were taken the room temperature during the 
experiments only changed a few tenths of a degree centigrade The room 
temperature was measured each timo a photograph was taken 

When the seed crystal with its surrounding supersaturated solution had 
been placed between the two mirrors, the whole arrangement was trans¬ 
ferred to the microscope stage and observed, usmg monochromatic light 
The illumination was adjusted till the fringes were sufficiently sharp, and 
when it was ascertained that no unwanted crystals were present the 
eyepiece used for visual observations was taken out and fringe system and 
graticule focused on the screen of the camera The first photograph was 
usually taken 3-4 min after the experiment was begun This and the last 
photograph always included the boundary of the drop Fringes appeared 
in the solution and m the neighbouring air, and by counting them over 
a distance the ratio of the refractive index of air and of the solution could 
be obtained This is a simple means of measuring the absolute value of the 
concentration far away from the crystal, which had to be done, because 
owing to the method used the degree of supersaturation was not known 
at the start and would most certainly change during the experiment The 
other photographs, six or eight in the course of 1 or 2 hr , were taken at 
different measured intervals with the crystal in the centre of the photo¬ 
graphs 

The thickness of the wedge was found by measuring the thickness of the 
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crystal after the experiment This was done by removing the top mirror, 
drying the crystal superficially and focusing on the top and bottom of the 
crystal, using high magnification and the fine adjustment of the micro¬ 
scope By comparing the photographs taken at different times it could be 
ascertained whether the thickness of the wedge had changed, 1 e whether 
the crystal had grown in the third dimension, and if so by how much Tho 
fringes will move twice the number of fringe distances as the thickness 
changes m wave-lengths, thus providing a rather sensitive test No 
appreciable change in thickness of the wedge was ever found 


Evaluation of the photographs and sourcfs of error 

Fig 2 (plate 2) shows typical examples of tho photographs obtained The 
curvature of the fringes as they approac h the crystal is clearly visible 
The shift of the fringes is now to be evaluated in terms of changes m 
refractive index and concentration The optical path difference between a 
ray going straight through the wedge and one reflected once at the upper 
and once at the lower mirror is 2fi 0 d and this has to equal A T A for a bright 
fringe 

2 // 0 d = ,VA ( 1 ) 

If the fringe system is displaced by n fringe distances because /i 0 has 
changed to /i lt we have 

2 // 1 rf = (x\+n)A ( 2 ) 

and thus // 0 —//,— — n\/2d, ( 3 ) 

where /c 0 =the refractive of tho supersaturated solution 
at a distance from the crystal, 

//, = the changed refractive index, 
d — the thickness of the wedge, 

N = an integer, 

A = the wave-length of the light 

A is known and d is obtained experimentally Thus, to obtain the con¬ 
centration at any point on a fringe, it is only necessary to determine the 
cbsplacement of the fringe at that point from the straight line formed 
when no crystal is present If only relative concentrations are wanted, as, 
for example, if only the concentration gradient distribution is interesting, 
it is sufficient to measure and discuss the fringe displacement only without 
knowing the absolute value of the refractive index and of the concentration 
The concentration gradient can also be obtained more directly than by 
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measuring the concentration distribution One has only to measure the 
angle between the tangent to a deviated fringe at the required point and 
the original straight line, and the distance of the fringe from its neighbours 
Since this method will lie applied most frequently close to a crystal 
boundary it is more convenient to measure the spacing of the fringes along 
the crystal surface and the angles between the crystal and the fringes 
(see fig 3 ) Let 

= ^-coordinate of the JVth fringe, 
a = a constant, 

ft = spacing of the fringes in the ^-direction (undeviated), 
y = tan of the angle a between the z-axis and the undeviated fringes 



t in 3—Illustrates tho calculation of the normal concentration gradient from the 
curvature and the distance of the fringes Tho crystal Cr and two fringes N and 
N + 1 are drawn, whose distance (undeviated) measured parallel to the x axis is b 
If tho fringes woro not doviatod they would make the angle a with tho z axis 

We can then derive a formula for the component of the concentration 
normal to the crystal face dc/dz This component is of greatest interest, 
since it will be shown below that it is proportional to the current of 
molecules going into the crystal We find 

= _ * _ (4) 

dz a a \dz / e _o (x N — # v-i)s-o 

Thus we have to measure the inclination of the fringes with respect to the 
crystal face and the fringe distance x w -x N - lt and the distance of 
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the undeviated fringes b which can be obtained far away from the crystal, 
where the concentration is still the original one The distribution of dc/dz 
is then known apart from an unknown constant a This method will not 
be used for quantitative results, since the accurate measurement of the 
angle is rather difficult, but it enables one to judge at a glance how the 
concentration gradients are distributed 

The measuring up of the diagrams was done in tv o ways At first the 
diagram was brought mto contact with a graticule of twenty one horizontal 
“linos” and twenty-one vertical “columns”, the lines being made to run 
parallel to the undeviated fringes far away from the crystal (see fig 2) 
The positions of the fringes with respect to this graticule were measured 
by means of a microscope and an eyepiece micrometer scale Later on 
more accurate measurements were done by means of a tv o-dimensional 
comparator The eyepiece of the microscope of the comparator contained 
two parallel lines of vanable distance, and m measuring the fringe was 
“caught” between those tvo lines This procedure increased the accuracy 
appreciably, but produced no qualitative changes from the earlier method 
in the results given below 



Fio 4—Gives an example of tho concentration distribution along a “line” Eaoh 
point represents the position of a fringe against which is plotted the deviation of 
this fringe from straight line configuration 

The deviations of the fringes, i e the difference between their position 
and the straight-line configuration as determined far away from the crystal, 
where the fringes were not yet shifted, was plotted against the position of 
the fringes along the lines Fig 4 shows a typical example The positions 
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of the fringes were also measured along the crystal surface (fig 5) 
Obviously the latter values are of special interest 

Relative concentration diagrams were obtained from these curves in 
the following way Those coordinates on a certain line were found, where 
the deviation had certain arbitrarily faxed values, the difference between 
these values being constant Thus, for example, the coordinates may be 
found, where the deviation is 1, 2, 3, etc , fringe distances The coordinates 
obtained in that way were plottod on a graph, which was a reproduction 
of the graticule with its twenty-one lines and twenty-one columns, and 



Position on crystal surface 

hii. )—bhows the com entration distribution in arbitrary units (fnngt> deviations 
of tho solution in contact with tho four faces of a crystal 


with the crystal drawn m in its proper position Thus a system of points 
of constant concentration was obtained and lines of constant concentration 
could be drawn through these points There were, however, places in the 
diagram wheie the points were too far apart to draw curves through them 
with any certainty, namely, where the lines of constant concentration run 
parallel to the lines of the giaticulo To fall up such gaps the concentration 
distributions along the columns were wanted Those were obtained by 
taking the concentration values for a certain column from the curves for 
the various lines 

In the final concentration diagram the different sorts of points were 
marked in a different way, because they carry a different weight The 
points on columns (#) are obtained by a twice-repeated smoothing out 
process (drawing a curve through points) and therefore carry the biggest 
w eight, assuming that there are no systematic errors Points on lines are 
subject to only one such process (o) Points on tho crystal surface ( ) carry 
even less weight, because each of them was measured separately and is 
therefore subject to the error attached to a single measurement 
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The accuracy of these concentration diagrams is not as high as is 
desirable This is mainly due to the fact that the flats used were only 
accurate to J of a wave-length Much trouble was caused by this fact, 
particularly in one case, where an inexplicable distortion of the fringe 
system was finally traced back to the existence of a pit m one of the flats 
As soon as the crystal had grown across the pit and the fringes were m 
a different part of the wedge the distortion disappe ired It would have 
been quite impossible to obtain any results at all if the accuracy of the 
flats over the small areas used had not been actually much higher The 
necessity of using the highest grade flats obtainable for any future experi¬ 
ments is emphasized by the fact that the accuracy of measuring the 
position of a fringe may under favourable c onditions be as high as 5 V of 
a fringe distance, le changes m the wedge thickness of of a wave¬ 
length would be detectable 

Systematic errors may arise from tho heat of crystallization The 
boundary of a growing crystal is a source of heat Any local change in 
temperature would distort our fringe system It can be shown by simple 
calculations, however, that in our case tho rise in temperature on the 
crystal boundary will be between 10~ 4 and 10 20 C only 

Other errors may anse from the heat from the llluminant being absorbed 
by the crystal and its surroundings, resulting in a distortion of the fringes 
As a check e\|>eriment a crystal was put into saturated solution, and it was 
found that the fringes showed hardly any obseivable curvature What 
little shift there was was explained by evaporation from the boundaries 
of the drop, and the shift was the same all over the crystal, a point which 
will be important later on 

It seems justified to treat our concentration diagrams as if thore were 
no systematic errors 


Disc ussion of the results 

Fig 6 shows a typical example of tho concentration diagrams obtained 
We are now in a position to discuss our ongmal question of how the 
rate of growth depends on the degree ol supersaturation in contact with 
the crystal surface It becomes clear at once by looking at the diagram 
fig 6 and at fig 5 that the question put forward in this simple w ay has no 
meaning, because the concentration in contact with the crystal varies from 
place to place This has been found to be always the case and is of great 
importance in view of the older suggestion that a layer of definite concen¬ 
tration surrounds the whole crystal (Nemst 1904) The concentration was 
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always found to be greater near the comers of the crystal than at the 
< ontres of its faces Thus it seems a more appropriate question to ask how 
the rate of growth depends on the maximum, or minimum, or average, 
concentration in contact with the crystal face But even such a question 
is, for experimental reasons, extremely difficult to answer An example 
may illustrate this 

It has occasionally been found that two opposite, 1 e in our case 



Fig 6 —Shows a typical concentration distribution round a growing crystal The 
circles are points on “lines” (O), the large dots points on “columns” (•), the small 
dots( ) points measured on the crystal surface “Lmes”runhonzontally,“ columns” 
vertically in the diagram Lines of flow are drawn in the lower part of the diagram 
Note that the spacing of the lines of flow and of the lines of constant concentration 
is practically the same near the comers as at the centres of the faces The photograph 
from which this diagram was obtained is shown in fig 2a 
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geometrically and crystallographically equal, faces of the same crystal, 
which were m contact with solution of the same degree of supersaturation 
at the start, grew at different rates For this very reason the slower 
growing face was after a time in contact with more highly supersaturated 
solution than the other one Small crystallization velocity means higher 
concentration on the crystal surface under otherwise similar conditions 
The explanation is that the crystallization velocity is influenced by minute 
traces of impurities Hence consistent results have not yet been obtained 
and it will not be easy to obtain them 

More interesting results were obtamed when the diffusion gradients at 
different parts of the same crystal fa< e were t ompared In this connexion 
it was interesting to note that in our experiments stationary conditions 
were reached almost at once Only during the first moments after the 
experiment had been started was there any appreciable movement of the 
fringes The graticule photographed on each plate proved very useful here 
Two successive photographs could bo laid on top of each other, the 
graticules registering, and the shift of the fringes observed If such a shift 
had occurred at all it was slight compared with the deviation of the 
fringes from the straight-lme configuration Exceptions were cases where 
the boundary of the drop of supersaturated solution was quite unsym- 
metncal with res{>ect to the seed crystal Then the solution on the one side 
lost its supersaturation much quicker than on the other side, and the 
fringes moved accordingly It is self evident that there will be a slight 
continuous shifting of the fringes all the time, since the dimensions of the 
drop are finite and the supply of molecules is therefore limited The fact 
that stationary c onditions prevail makes it quite simple to work out from 
our concentration diagrams the currents of molecules diffusing towards 
the crystal A two-dimensional diffusion equation 


dc_ 

dt~ 


-z>vv 


( 5 ) 


holds for the general case, but this is reduced to 

V 2 c = 0 (6) 

for our stationary conditions The flow of molecules j is given by the 
equation 

J=-D grade ( 7 ) 

The diffusion coefficient for sodium chlorate has not yet been determined, 
but it can m principle be found from any set of concentration diagrams 
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For the results described below the knowledge of the diffusion coefficient 
is not necessary 

The fact that stationary conditions can be assumed provides us with 
an easy means of checking the validity of the diffusion equation in our 
case, ensuring that no systematic errors fake our results According to 
equation (0) the lines of flow and the lines of equal concentration are 
perpc ndicular to each other, and the spacing of the lines of flow is pro¬ 
portional to the spacing of the lines of equal concentration The density 
of the lines of flow gives the flow per unit area 

These relations can, of course, only be venhed graphically, since the 
equation cannot be solved analytically except for a few special boundary 
c onditions To prove the relations lines of flow were constructed as indicated 
above They were found to run perpendicular to the lines of equal con¬ 
centration fairly satisfactorily if their spacing was made proportional to 
the spacing of the lines of equal concentration The lines of flow in fig 6 
were obtamed in this way The accuracy with which this law was fulfilled 
gave little reason to doubt the validity of the diffusion equation for our 
case or of the concentration measured m the way described Any deviations 
from the law were not of a systematic nature Sometimes the lines of flow 
were a little too close, sometimes a little too far apart, which was explained 
by imperfections of the wedge It seems thus justified to work out the 
flow of molecules from the concentration diagrams by applying the 
diffusion equation But this result means more It should be possible to 
construct the whole concentration diagram from the knowledge of the 
position of two neighbouring lines of constant concentration Although 
one would never push it thus far this conclusion is certainly a great help 
in evaluating concentration diagrams, if due to local imperfeotions the 
diffusion equation does not seem to hold over the whole diagram 

We can now proceed to work out the current distribution over the 
crystal faces A crystal face has generally the same rate of growth all over, 
as is evident from the fact that it remams plane, and only such faces were 
considered This supposition is easily verified by inspecting the different 
photogiaphs taken It will be interesting to see whether the current of 
molecules flowing towards a crystal face is the same all over or not If the 
flow of molecules per unit area of the crystal is the same at every jxnnt 
one would say that the molecules are taken out of the solution by the 
growing crystal just where they are wanted to produce plane crystal faces 
If the flow is found to differ from place to place there must be another 
mechanism to make an even speed of growing possible 

The flow per square centimetre or, m our two-dimensional case, per unit 
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length of the crystal is the quantity to be compared, this is proportional 
to the component of the concentration gradient normal to the crystal face 
The concentration gradient is m turn inversely proportional to the spacing 
of the lines of constant concentration 

The result of such a comparison is, as is easily seen from the concen¬ 
tration diagram reproduced, that the component of the concentration 
gradient normal to the face does differ from place to place We see that 
this concentration gradient is smallest near tho corners and rises to a 
maximum at the centre of a face The absolute value of tho gradient itself 
does not differ much from place to place, at least not over one face, so 
that one is tempted to assume as boundary condition that the absolute 
gradient is constant Higher accuracy will be necessary to confirm this 
Since the lines of constant concentration cut the crystal at about 45 ° at 
the corners, the normal component of the gradient, 1 e the flow of molecules 
per unit area of the crystal surface, is deficient at the corners 



Flu 7—Shows a much ciliary <1 portion of a photograph of a crystal and its sur 
rounding fringes to demonstrate the difference in angle between the fringes and tho 
crystal surface near the cornt r and at tho nnddh of the fact 

The suspicion may arise that a systematic error in the evaluation has 
caused these results But, apart from our discussion on possible errors, 
as has been shown above, there is the possibility of estimating the normal 
component of the concentration giadient from the curvature and the 
distances of the fringes, and if the results are true we should notice that 
the curvature and the spacing of the fnnges is smaller near the corners of 
the crystal than at the centres of its faces This is indeed the case as is 
demonstrated m fig 7 
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A new mechanism has to be assumed which enables the crystal to 
produce plane faces, although the current of molecules arriving at the 
corners is smaller than at the centres of the faces The only possibility 
seems to assume a lateral surface flow of molecules from the centre of 
a face towards the corners This current must flow in a very thin layer, 
because otherwise it would cause optical effects and would show up in 
our photographs by a shift of the fringes Tins result has been obtained 
on all crystals so far measured The decrease in the flow of molecules near 
the corners was found to be of the order of 26-50 % of the flow near the 
centres That means that this percentage of the molecules going into the 
corner of a crystal must flow part of their way m the thin layer 

We are thus led to assume the existence on crystals in contact with 
their solutions of a layer which constitutes a transition between the solid 
and the liquid state We may call it an adsorbed layer in order to signify 
that it is very tlnn without implying that it is a monomolecular layer as 
seems to be quite often the case with adsorbed layers This adsorbed layer 
seems to be all-important for the mechanism of crystal growth Its 
existence has already been postulated by Marc (19086, 1910, 1911a) and 
has been demonstrated by Volmer (1932) m the case of metal crystals 
growing Irom the melt or from the vapour 

There seem to be certain discrepancies in these results One would be 
inclined to assume that the exchange of molecules between the solution 
and the adsorbed layer would be governed by laws of probability the 
probability that a certain number of molecules goes over in a certain direction 
per umt time should be proportional to the number of collisions, 1 e to 
the concentration of the molecules, all other factors being equal But here 
we find that more molecules go into the adsorbed layer at the centre of 
a face, where the concentration of the solution is smaller than at the 
corners, and where the concentration m the adsorbed layer must be 
greater than at the corners to produce the requisite lateral flow If our 
interpretation of the concentration diagrams is correct the only solution 
out of this difficulty is to assume that there exists a hitherto unknown 
effect which makes the molecules in the solution and m the adsorbed layer 
react differently on the corners and at the centres of the faces Lacking 
further experimental material no speculations will be made here as to 
the nature of this effect 

The writer's thanks are due to Imperial Chemical Industries, Ltd , 
London, for a grant which made this research possible, and to Mr T C 
Swallow and Mr T It Scott, of ICI (Alkali), Ltd , Wmmngton, for 



Crystal Growth from, Solutions 95 

suggesting the problem He also wishes to express his gratitude to 
Professor W L Bragg, F R S , for his permission to work m his laboratory 
and for his helpmg advice concerning the research The writer is indebted 
to Dr J Brentano and Dr S Tolansky for experimental advice and to 
Dr R Peierls for his help m the theoretical discussions 


Summary 

An optical method of measuring the concentration distribution round a 
growing crystal is described The flow of molecules at every point of the 
crystal surface can be determined The results obtained on sodium 
chlorate are 

1 — The concentration is not constant all over the crystal surface, but 
is highest at the corners 

2 — One has to assume the existence of ail adsorbed layer on the crystal 
surface, and that a lateral flow of molecules takes place in this layer 

3 — There is a hitherto unexplained effect influencing the transition of 
molecules from the solution into the different parts of the adsorbed layer 
The influx is smaller at the corners than at the centres of the faces, although 
the concentration of the solution is higher on the comers 
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Studies ot Region E of the Ionosphere 
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J A Ratcufff, M A 

(Communicated by E V Appleton, F E 8 —Received 9 September 1937 ) 

1—Introduction 

Many investigations of Region E of the ionosphere have been described, 
m the more detailed of which the critical-frequency technique of Appleton 
has been used to determine the penetration frequency ot the region In the 
latest work this has generally involved continuous variation of frequency 
and photographic recording so that the finer details of the P'-J curve, 
relating equivalent path (P') to frequency (/), could be obtained It has 
usually happened, however, that these records have been obtained at con¬ 
siderable time intervals, sue h as half an hour ot an hour, so that the finer 
details of the temporal variations m the behaviour of the region could not 
be followed 

The present paper describes observations made in su< h a way as to exhibit 
the finer details of the temporal vanations The Breit and Tuve pulse method 
was used, m < onjuwtion with a cathode-ray oscillograph employing a time- 
sweep in the usual way at the receiver The oscillograph, was, however, 
observed visually, and the observer could alter the fiequenoy of the trans¬ 
mitter (situated about 1 mile away) by means ot a remote control In this 
way it was possible to keep a continuous detailed watch on the temporal 
vanations of any particular feature of the P'-f curve The observations were 
made in Cambridge dunng the second half of 1036 

Until very recently it has not been clear what should be taken as the 
critical penetration frequency for Region E, particularly when waves are 
reflected simultaneously from Regions E and F over a considerable range ot 
frequency Appleton and his collaborators (1935, 1936) have recently 
described m detail the form of P'-J curve obtained by photographic recording 
under these conditions, and a sketch of an idealized P'-J curve constructed 
from their examples is given m fig 1, where the thickness of the lines is 
meant to indicate the amplitudes of the reflected waves Appleton supposes 
that the frequencies marked c and c' are the true penetration frequencies for 
Region E, and that the frequency a at which the F echo is first seen as the 
frequency is increased and the frequency b at which the E echo is last seen, 

[ 96 1 
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are not, in general, simply related to the penetration frequency of the 
region P'-f curves observed m the summer of 1936 were usually of the 
type shown in fig 1, but in the winter curves of the type shown m fig 2, 
exhibiting clearly marked critical frequencies, were usually observed 


P 



Fio 1—Idealized P r f curvi for summer Continuous lino represents ordinary 
wave, dashtMl line represents extraordinary wait' 
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Fio 2— P' f curve for winter Ordinal y wave 
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Wlien using the visual method of observation, as explained above, for the 
purpose of repeating observations rapidly, it was found that in the summer 
the small changes in equivalent path, corresponding to the critical fre¬ 
quencies c and c', were not easily observed, and it was more natural to observe 
the frequencies a and b at which the amplitudes of the two echoes changed 
rapidly as the frequency was altered It is convenient to speak of these two 
frequencies as “threshold frequencies” In §2 an account is given of the 
results of observations of these threshold frequencies in the summer, and 
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particularly of their variation with time On some occasions they were 
found to vary very smoothly, we call these occasions lonosphencally quiet 
and they are discussed in § 2 a Occasions on which the threshold frequencies 
varied rapidly and irregularly are called disturbed, and are discussed in § 26 
The opportunity was taken of making as many observations as possible 
durmg thunderstorms, in view of the fact that it has often been suggested 
that thunderstorms may influence Region E The summer of 1936 presented 
a very favourable opportunity for studying this question These observa¬ 
tions are discussed in § 4 

In the winter the visual method of observation is suited for following 
the changes of the true critical frequencies marked/, and/ 2 in fig 2 Ob¬ 
servations of these frequent ies, extending over 24 hours, were earned out on 
a senes of winter days and from the results a mean curve for a “quiet” 
winter day was constructed This curve is discussed m § 3 a In that section 
also the true critical frequencies observed in winter are compared with the 
threshold frequencies observed in summer 


2 — SlJMMH R OBSfcRV4TIONS 
a—Quiet Da i/s 

Observations show that the tlueshold frequency a is usually fairly well 
marked, frequency 6 is sometimes clear-cut, and determinable with consider¬ 
able accuracy, but on other occasions is very vague and difficult to deter¬ 
mine When it is not clear-cut it is often found to be varying rapidly (large 
changes in 15 min ), and the lndetcrnnnancy in the observations is not large 
compared with the changes occurring naturally m 5 or 10 mm In deter¬ 
mining these “threshold” frequencies there is no sudden drop of the ampli¬ 
tude to zero, and it might be thought that the determination is very vague 
Experience has shown that, by comparing the amplitude of the ei ho under 
consideration with that of one for which the amplitude is not changing 
rapidly with frequency, it is nearly always possible to assign a “threshold” 
frequency within fairly narrow limits Five separate observers obtained 
concordant results, and if one took over the observing from another there 
was no apparent break in the tvpe of phenomenon observed 

On a few special on asions the threshold frequencies were found to behave 
extremely smoothly, and to be very clearly marked Detailed observations 
were made on these occasions, and led to results of the type shown in fig 3, 
which represents the observations of II July 1936 We have not observed 
many occasions when the threshold frequencies varied so smoothly or were 
so clearly marked as those repiesented in this figure We suggest that under 
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conditions such as those of fig 3, the two threshold frequencies represent 
the penetration of Region E by the ordinary and the extraordinary waves 
respectively, so that for intermediate frequencies the extraordinary wave 
is reflected from Region E and the ordinary Irom Region F * On this 
supposition we should not expect to observe threshold frequencies separated 
by smaller differences than those of fig 3 except in the case of very strong 
absorption, or very weak Bignals, when the extraordinary wave (threshold 
b) might not be clearly marked This has, m fact, been found to be the case, 
all the really well-marked and smoothly varying threshold frequencies have 
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Fro 3—Observations of 11 Julv 1930 Very qmot <ondi turns 


behaved similarly to those of fig 3, while occasionally at midday in summer 
(strong absorption) the a- and b thresholds have coincided The many 
occasions when the separation betw eon the a- and 6 -frequenc ies is greater 
than that shown in fig J are discussed separately in § 2 b 

If the two threshold frequencies a and b shown in fig 3 are coincident with 
the penetration frequencies foi the ordinary and the extraordinary waves, 
then the following relation should hold between them (Appleton and Builder, 


*933) 


fl ' 
fl l-fnlfl’ 


( 1 ) 


where 


Ih — 


He 

2mnc ’ 


H = earth’s magnetic field, c = electronic charge, m = electronic mass, 
c = velocity of light Taking H = 0443 Gauss at the level of Region E 
(Appleton 1934 ) and inserting the mean observed value oif b from fig 3 into 

* Referring to fig 1, this means that the points a and c coincide, as also do the 
points 6 and c' 




100 


J E Best, F T Farmer and J A Ratchffe 


the nght-hand side of (1), we calculate /§//* = 145, whereas the mean 
observed value of this ratio is 148 Appleton and Builder ( 1933 ) have 
pointed out that the closeness of agreement between the theory and this 
type of exjienment means that the reflexion conditions are very accurately 
“quasi-transverse”, which in our case requires the colhsional frequency at 
the level of reflexion to be less than 6 5 x 10 ® c /sec The agreement also shows 
that the charged paitides in Region E responsible for the deviation of the 
wave are predominantly electrons rather than 10 ns Berkner and Wells 
(1934) have shown how to modify equation (1) to include the case where 
there are an appreciable number of 10 ns of molecular mass in addition to 
electrons Using their expression it is possiblo to use the nine pairs of 
observ ed frequencies plotted m fig 3 to deduce the magnitude of the quantity 

_ Ntjmt 
NJm c ’ 

where N t and N e are the numbers per c t of 10 ns and electrons of mass m t 
and m e We deduce values of r lying between + 0068and —0 061, with a mean 
value of - 0 005 The negative value is meaningless, and is presumably due 
to experimental error, and we interpret our result as indicating that the 
number of ions of molecular mass is so small that it cannot be measured by 
this method If we take our extreme value r — 0068 and assume 
mjirig = 1840 x 32 

for molecular oxygen ions, we find N ( < 4000iV e * It is to be noted that if 
the 6 -threshold frequency as observed is a little greater than the true 
penetration frequency for the extraordinary wave (as it often is under 
disturbed conditions), then the deduced value of r will bo too low 

b—Disturbed Conditions 

We now turn our attention to the occasions on which the threshold 
frequencies do not vary smoothly with time we shall call these occasions 
“disturbed” Fig 4 shows the results of observations made under disturbed 
conditions, and should be compared with fag 3, which is characteristic of a 
very quiet period f Inspection of fig 4 reveals the following points, which 
are ahva>s found to characterize disturbed conditions 

( 1 ) The difference between the threshold frequencies is often greater than 
the “magneto-ionic” difference observed under quiet conditions 

* Wo notice that the ions may far outnumber the electrons, although on account 
of their greater inertia their effect on electromagnetic waves may be negligible 
t The occasional coincidence of the a and 6 frequencies in fig 4 presumably indicates 
that the extraordinary wave was strongly absorbed 



101 


Studies of Region E of the Ionosphere 

(n) The 6-threshold frequency is more variable than the a-threshold 
(in) The 6-threshold frequency may increase rapidly by a factor of about 
two m a period of about ten minutes to half an hour, and usually decreases 
again to a more or less “normal” value m a period of the order of quarter of 
an hour 

There is, of course, no sharp dividing line between the quiet conditions 
discussed in § 2a and the disturbed conditions exemplified in fig 4, or be¬ 
tween these disturbed conditions and those abnormally disturbed conditions 
which have been styled by different workers “abnormal ionization”, 



Fi <i 4 —Observations of 3 August 1936 Disturbed conditions 


“sporadic ionization” or “intense E” There is such a variety in the possible 
behaviour of Region E that it is somewhat difficult to decide to which of 
these conditions the published work of other investigators refers We think, 
however, that most of tho published work referring to “abnormal”, 
“sporadic’ , or /‘intense” ionization refers to conditions which are con¬ 
siderably more disturbed than thost with which we here deal 

In discussing observations of the typo illustrated in fig 4 we first 
consider the observation (i)in the above list, that the sepaiation between 
the a- and 6-threshold frequencies is often greater than the magneto¬ 
ionic value Several workers* have suggested that this phenomenon le- 
presents a case of partial reflexion from a legion with a sharp boundary The 
a-threshold is then supposed to correspond to the “total reflexion' of the 
waves and is determined by the maximum value of the ionization density, 
and the 6-threshold is supposed to be determined by the sharpness of the 

* E g Kirby and Tudson (1935), (Jilliland (1935) 
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lower boundary of the region We see two objections to this hypothesis In 
the first place, in order to explain the faot that the 6-frequency vanes 
rapidly over a much wider range than the o-frequency we must assume that 
there may be great changes m the sharpness of the lower boundary of the 
layer, while changes in the maximum density of the layer are comparatively 
small Now we believe that on quiet days Region E approximates very 
closely to a simple Chapman region, with H of the order of 10 km , since 
the absorption can bo very completely explained on this hypothesis * It can 
be shown that a Chapman region of this kind has nowhere an ionization 
gradient sufficiently sharp to produce appreciable partial reflexion Let us 
assume that Region E is like a Chapman region on qmet days, and let us 
consider how it might be modified to give appreciable partial reflexion on 



Pig 6—Chapman region with possible modifications to account for observed facts 

disturbed days In fig 5, curve 1 represents the ionization distribution m a 
Chapman region, and curves 2, 3, 4 and 5 represent possible modification of 
this distribution to give sharper gradients of ionization Curves 4 and 6 
would not fit m with the observations recorded m fig 4, since they would 
involve a considerable change in the o-threshold frequency which depends 
on the maximum density It is probable that ionization distributions of this 
kind are responsible for the extreme cases of disturbance known as intense 
(abnormal, or sporadic) ionization Curves 2 and 3 would fit m with the 
observations, since the maximum ionization density is unchanged It can, 
however, be shown that the absorption of a wave traversing a Chapman 
region occurs chiefly at the point of inflexion of the curve, and it is j ust at this 
pomt that the curve has been modified, a rough calculation shows that if the 
gradients in curves 2 and 3 are made great enough to give appreciable 
partial reflexion then the absorption would be very notioeably altered 
Measurements of the Region E absorption of Region F echoes during 

* See a paper in the press by Best and Ratcliffe 
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“disturbed” periods in Region E have shown no variations of absorption 
of the magnitude expected We conclude that it is impossible to devise a 
“sharp-boundary” distribution of ionization which will explam simulta¬ 
neously the observed changes in the a- and 6-threshold frequencies and the 
absorption of echoes traversing Region E 

We would also criticize the partial reflexion hypothesis on the ground 
that it requires the lower edge of the region to be sharp compared mth 
distances of the order of one wave-length (100m ) This appears to us to be most 
unbkely, because an ionized region with the required gradient of ionization 
would rapidly have its gradient reduced by the process of diffusion This 
process is discussed more fully later 

For the reasons given above we do not consider that the Sharp boundary 
theory can give a reasonable explanation of disturbed conditions, we think 
a more satisfactory explanation can be given along the following lines We 
suppose that Region E, under disturbed conditions, is not uniformly 
stratified in horizontal planes, but contains irregularities of the nature of 
electronic “clouds” These “clouds” are regions of more intense ionization 
immersed m a region which, on the average, is like a Chapman region This 
suggestion has been made before, 1 " and it has been shown that it would 
explain the facts of lateral deviation and of the fading of single echo pulses 
It has been pointed out that, on this picture, an lonosphencally reflected 
wave does not travel along a single ray but part of the energy is returned 
from a series of scattering centres distubuted over an area wluch may have 
linear dimensions (in the horizontal direction) of the order of 30 km The 
scattering centres have dimensions of the order of one wave-length (100 m ) 
This hypothesis would explain the observations on the “disturbed” 
Region E very simply The o-threshold frequency would represent ordinary 
waves which could just jienetrate the most feebly lomzed portion of the 
region, while the 6-threshold would represent the penetration of the most 
densely lomzed portion f It is at once evident that there would be no 
definite relation between the two threshold frequencies if some clouds of 
especially dense ionization were suddenly produced the 6-frequency would 
increase, without change m the a-frequency, if a large number of such 
clouds were produced they w ould eventually, by diffusion, add to the general 
ionization of the region, and would cause a (smaller) increase in the o- 
threshold frequency This would explain a curve of the form shown in fig 4 
On our picture when F and E echoes occur together the F echoes may be 

* E g Eokersley (1932), Watson Watt (1933), Ratchffe and Pawsey (1933) 

t In the absence of absorption this frequency would represent penetration by 
an extraordinary wave, but in presence of strong absorption by the ordinary wave 
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thought of as having gone “through the holes” m Region E, while the E 
echoes are reflected “from the opaque parts” * 

We have pointed out that the variations in the 6-threshold frequency 
occur fairly rapidly, in times of the order of 16 min This might be due to the 
fact that electromo “clouds” were produced and dissipated m times of this 
order of magnitude, or that a “cloudy region” drifted past the observing 
point in a time of this order If we take the value deduced later (§3a) for 
the recombination coefficient m the day-time we find that a cloud having 
ionization density twice that of Region E at midday would have its density 
reduced to that of Region E m about 10 mm if all ionizing influences were 
suddenly removed 

Small clouds of electrons would not disappear simply as a result of 
recombination, but would smooth themselves out by a process of diffusion 
To find the order of the time required we consider a plane boundary having 
an ionization gradient such that the electron density drops to e _1 of its 
original value in a distance of 100 m We assume that, at a level of 120 km 
(average level of Region E) the mean free path of the ionsf is 10 cm and the 
ionic velocity is 6 x 10 4 cm /sec ,t and then ordinary diffusion theory shows 
that the electron gradient would decrease with a time constant of about 
10 min This calculation is also of interest in setting a limit to the possible 
sharpness of the lower edge of Region E It shows that a region sufficiently 
sharp to reflect by the process of partial reflexion would very soon lose its 
steep gradient by a diffusion process 

It is difficult to envisage a mechanism which might be responsible for 
the production of clouds of electrons They might be due to small groups of 
ionizing particles incident from outside the atmosphere If this is the case 
it is pertinent to ask why these particles produce their ionization at the 
level of the already existing (Chapman) layer, the answer may be that in the 
existing layer there are already a large number of negative molecular ions 
or of excited atoms or molecules from which the electrons are easily removed 
by the incident particles 

Experiments of the same type as those described above have shown that, 
although there are small rapid and irregular changes in Region F ioniza¬ 
tion, their magnitude does not at all approach those observed m Region E , 
and in particular the small changes which are observed in Region F appear 

* An analogy in sound would be the double echo produced by a line of trees standing 
some distance m front of a vertical cliff face 

t The electrons cannot diffuse more rapidly than the ions if they did the resulting 
space charge would prevent further diffusion 

J These values accord with the suggestions put forward by Martyn and Pulley 
(1936). which we have found to be m agreement with absorption measurements 
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to be unrelated to those observed in Region E In connexion with this 
observation it is important to note that on account of the larger mean free 
path and possibly greater temperature the rate of diffusion of an electron 
cloud in Region F would be considerably more rapid than that in Region E, 
so that the clouds might diffuse as rapidly as they were formed 


3-DlCRNAJL VARIATIONS 

a—Winter Observations 

We have previously pointed out that in winter it was often possible to 
follow the variations of the true critical frequencies marked / x and f 2 m 
fig 2, though sometimes these were not clear and only ‘ ‘threshold’ ’ frequencies 



could be observed A senes of experiments was made on lonospherically quiet 
days near 16 December 1936 with the purpose of investigating m detail the 
diurnal vanation of the cntical frequencies 

On these days observations were made, as far as possible, during the whole 
24 hours, but, owing to the overlap of the cntical frequencies with the 
broadcast band, it was not possible to observe dunng the penod 1530-2400 
GMT Fig 6 shows the results obtained on 18 December 1936, and is typical 


it A 1 
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of the behaviour on these days The triangles and dots plotted m this figure 
refer to the critical frequencies marked/! and/, in fig 2 It was not possible to 
observe these frequencies separately dunng the night hours Between 0900 
and 1000 G M T there are shown some abnormal readings representing a 
change to the “threshold frequency” type of behaviour, after one hour the 
readings became more normal Whenever short-lived abnormalities of this 
kind were observed they were neglected in drawing Bmooth curves through 
the points 

From a set of observations such as those shown in fig 6 a smooth 
curve was drawn for each separate day Fig 7 shows the kind of agree¬ 
ment between the different days In this figure the individual points are 



GMT 

Fig 7—Points from smoothed curves similar to those of 0 
• ® 15 December, -bd) 10 Doc< mber, x0 17 December, A® 18 Dot ember 


taken from smoothed curves plotted for each day as m fig 6 The good 
agreement between the different days lends support to the assumption that 
these days can be used m investigating the behaviour of the ionosphere on 
quiet days Smooth curves have been drawn through the points in fig 7, and 
we shall take these curves to represent the average quiet day behaviour near 
16 December 

In considering the results theoretically we first take the night-time 
portion of the curve and consider the rate of eleotron loss Appleton and 
Naismith ( 1935 ) have shown that at midday the loss of electrons is due to 
recombination, and from the night-time curves the coefficient of recombina¬ 
tion a can be calculated We first notice that the ionization begins to increase 
m the early morning about 3 hr before sunrise This would not be expected 
on a simple theory, even when the curvature of the earth is taken into 
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account, and it is difficult to see how it could be due to diffusion of electrons 
laterally from the illuminated part of the atmosphere In order to calculate 
a value for a we consider the interval from sunset to the time of the minimum 
before sunrise and find that the experimental curve oan be fitted reasonably 
well with a value of a = 4 x 10 -® This is somewhat greater than the theoretical 
value for recombination of electrons and positive ions at those pressures for 
which a is independent of pressure Chapman ( 1931 ft) calculates a to be of the 
order 10~ 10 for these conditions It is of interest to note that if electron 

attachment is assumed so that ^ = — fivN (/? = probability of attachment, 



F10 8 —Comparison of theoretical curves with smoothed 
observations of critical frequency in wmtt r 

v ~ collisional frequency) then, taking v = I0 5 per sec we find /? = 5 x 10 ~ 10 
This value of /? is very different from the generally accepted value of about 
10- 6 (Bailey 1925 ) 

Turning now to the day-time portions of the curves, we first note that the 
winter P'-f curve shows two clean-cut jumps, one from a level of about 
130 km to a level of about 1 50 km , and the other from 150 km to Region F 
(see fig 2 ) We first restrict ourselves to the higher critical frequency (Region 
E % ) represented by the upper curve m fig 7 Chapman ( 19310 ) has shown 
that in a simple ionospheric region m which the ionization density (N) is 
always in equilibrium with the ionizing agency, N should be proportional to 
( 00 s x)K where x is the sun’s zenith distance, if recombination is the cause of 
electron loss In fig 8 the dotted line represents the diurnal vanation of 
(cos x)* on 10 December, and the crosses represent the smoothed experimental 
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values from fig 7 In fig 8 the values off 3 are shown, since/* is proportional 
to N, and the ordinates have been adjusted so that the valueof (cosy) 1 at mid¬ 
day coincides with the observed value of/ 9 Fig 8 illustrates the point, men¬ 
tioned by other workers (Kirby and Judson 1935, Appleton 1935), that the 
observed values agree fairly closely with the curve of (cos y) 1 during the period 
from sunrise to sunset If the observed points coincided accurately with this 
curve it would mean that there was equilibrium between the ionization 
density and the ionizing agency throughout the day It is of interest to find 
out how far the finite value of a would cause the ionization to depart from the 
equilibrium value, and hence cause the ionization curve to depart from the 
(cosy) 1 curve This involves the solution of the equation 

^{N(z,t)} = q(z,t)-a{N(z,t)}\ ( 2 ) 

which relates the value of N at the height z and time t to the number 
q(z, t) of 10ns produced per second at that height and time Chapman has 
given data from which q(z,t) can be calculated for a spherical earth 
Equation ( 2 ) has been solved for us, for various values of a, by Mr M V 
Wilkes * When numerical solutions have been obtained for a senes of given 
heights using a constant value of a it is possible to construct curves showing 
maximum ionization density as a function of time of day (the level at which 
the maximum occurs vanes, of course, throughout the day) The curves to 
which w e shall now refer m fig 8, and also those in fig 11, have been calculated 
m this way, and we would like to take this opportunity of expressing our 
thanks to Mr Wilkes for the help he has given by performing these 
calculations for us f 

The dashed curve of fig 8 was calculated using the value of a (4 x 10 ~®) 
deduced from the night-time observations It is at once obvious that the 
finite value of a does not cause any very large departure from the (cosy) 1 
curve, but, in view of the fact that the observational points represent the 
mean of 4 days chosen to be specially quiet, we consider that they are 
sufficiently accurate to indicate better agreement with the equilibrium 
curve than with the curve for a = 4 x 10 -9 We therefore try the effect of a 
larger a, and the continuous curve, calculated for a = 1 2 x 10 -8 , shows the 

* The calculation was performed by moans of a “differential analyser” of the 
Bush type, kindly lent for the purpose by Professor Lennard Jones Mr Wilkes 
hopes to give an account of the method of calculation in a forthcoming paper 

t It 18 to be noted that the dotted curve of fig 8, which represents the funotion 
(°ob y)l, would only bo expected to be proportional to N for a plane earth, whereas 
the continuous curve and the dashed curve have been calculated by using Chapman’s 
data computed for a spherical earth 
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result This curve agrees better with the experimental points, although an 
even larger value of a might fit better still If we confine our attention to the 
interval comprised between 1 hr after sunrise and 1 hr before sunset" 1 it 
appears that the results agree, to the order of experimental accuracy, with 
a value of a a httle greater than 12 x 10 ® We have previously noticed that 
the decay of ionization during the night, in the interval between sunset and 
the early morning minimum, can be explained if we take a = 4 x 10 ~®, the 
assumption of a = 1 2 x 10~® w ould require the observed decay to take place 
in a time which is only one third of the observed time We are therefore 
driven to conclude that the day-time value of a is greater than the night¬ 
time value, and considerably greater than the usually accepted value for 
electrons recombining with positive ions at low pressures (10 -10 ) 

The effect of any lagging of ionization behind the variations of the 
ionizing agency would be exjiected to be even more marked in the case of 
eclipses, where the rate of change of ionization is greater than m the ordinary 
diurnal variations Examination of the Region E curves obtained by Kirby, 
Gilliland and Judson (1936) on the occasions of the eclipses of 31 August 
1932 and 5 February 1935 shows no apparent lag, which again points to a 
very large value of a in this region 

These conclusions about a are in accord with those which we have drawn 
elsewhere from a study of the absorption of waves and also agree with the 
views recently expressed by Appleton (1937) 

Several workers have calculated the value of q (equation ( 2 )) at the level 
of maximum ion-production (q m ), by writing for the midday (equilibrium) 
conditions q m = aN*, a being taken as equal to about 10 10 , and have then 
proceeded to discuss the intensity of the ionizing radiation outside the 
atmosphere and to relate it to the radiation from the sun, considering it as 
a blaok body These calculations need revision in view of the large value of 
a which is here suggested 

b—Summer Observations 

We have already pointed out that the threshold frequencies observed in 
the summer are not necessarily the true critical frequencies for Region E 
In an attempt to relate the summer threshold frequency to the winter 
critical frequency, observations were made of the a-threshold frequency 
throughout an extended period on several lonosphencally quiet days in 
summer, and m winter similar observations were made on the greater critical 
frequency (/ a in fig 2) All these observations are collected in fig 9 in which 

* Ground sunrise and sunset correspond to the intersections of the dotted curve 
with the axis 
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the observed value of f* is plotted against cos x It is seen that the summer 
values for o-threshold frequencies agree well with the winter values for 
critical frequencies and that all show a proportionality between/ 4 and coax, 
this leads us to suppose that, on the quiet days chosen, the a-threshold fre¬ 
quency represents the Region E critical frequency in summer In this 
connexion it is to be noted that the greater critical frequency (/,) m winter 



a Threshold 
frequencies 


Critical 

frequencies 


Fio 9—Observed values of cntioal frequoncy (during winter) and a threshold 
frequency (during summer) compared with theoretical relation / 4 oc cos X The vana 
tions of x in this figure represent partly variation throughout a given day and partly 
variation throughout the year 


is compared with the o-threshold frequency in summer, if the smaller critical 
frequency had been taken the points for the 4 days near 16 December 
would have given the hne shown dotted m fig 9 
The agreement between the summer a-threshold frequency and the winter 
critical frequency prompts us to make a detailed investigation of the diurnal 
variation of the summer threshold frequency Experiments were made on 
several days and nights near 31 July, occasions which were lonosphencally 
quite alone being investigated Fig 10 shows the results This figure is 
analogous to fig 7 for winter, the points are taken from smoothed curves for 
each separate day, and the smooth curve is drawn to represent an average 
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for days near 31 July Fig 11 [analogous to fig 8 for winter] shows how the 
smoothed experimental results (crosses) compared with the calculated values 
for (cos#)* [dotted], for a = 4 x 10 _ * (dashed) and for a, = 1 2 x 10 -8 (con¬ 
tinuous) It is first noticeable that the difference between the theoretical 




Flo 11—Comparison between theoretical curves and smoothed observations 
of a threshold frequency near 31 July 1936 
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curves is not acf great as m winter, so that the experimental results cannot 
be used to discriminate between different values of a, particularly since the 
nature of the observations renders them less acourate than the winter ones 
The acouracy is, however, sufficient to show that the fit with any of the 
theoretical curves is fairly close An exammation of the night decay leads 
to a = 4 x 10-* as in winter It is again noticeable that the ionization begins 
to increase some considerable time before ground sunnse, though the interval 
appears to be a little less than m winter 

The close agreement between the observed and calculated diurnal varia¬ 
tion of the threshold frequency, the agreement between the summer a- 
threshold frequency and the winter critical frequency exhibited m fig 9, and 
the agreement of the two threshold frequencies with the magneto-ionic 
theory on very quiet days, as pointed out m § 2a, all support the suggestion 
that on quiet days the a-threshold frequency represents the ordinary wave 
penetration frequency for Region E 

4— Region E and meteorological phenomena 
a — Thunderstorms 

In 1932-3 one of us m collaboration with E L C White (Ratcliffe and 
White 1934 ) made an investigation of the possible effect of thunderclouds 
on Region E ionization The data were obtained from records of equivalent 
height on a fixed frequency ( P'-t records), and a “disturbed” day was 
identified by the occurrence of Region E reflexions at times when they 
would not normally occur A statistical study of the results appeared to 
indicate a correlation between the occurrence of thunderstorms and of 
abnormal Region E reflexions 

Several other workers* have investigated the matter, but there does not 
yet seem to be any agreement between the different results Since the 
summer of 1936 was particularly nch in thunderstorms in south-east 
England the opportunity was taken for adding to the rapidly accumulating 
data on the subject 

Observations were made on as many occasions as possible during thundery 
weather, including 6 days when a storm was actually m progress at 
Cambridge Measurements were made of the 6-threshold frequency described 
above The observations descnbed in previous sections provided comparison 
data for days of a non-thundery character For the purpose of a statistical 

* A summary of work on this subject is given by Mimno (1936) and some more 
recent work is descnbed by Bhar and Syam (1937) and by Appleton, Naismith and 
Ingram (1936) 
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analysis two different numbers were used to represent the amount of 
disturbance m Region E In the first case a number 0 to 3 was attributed to 
the day according to the degree of variability of the 6-threshold frequency 
thus in the case of fig 3 the number would be 0, and of fig 4 it would be 3 
In the second case the number used u as the greatest 6-thresheld frequency 
occurring during any one period of observation In order to indicate the 
degree of “ thundenness ” a figure on the scale 0 to 3 was derived from the 
daily reports of the meteorological office This figure was assigned on the 
basis of the location and time of occurrence of thunderstorms reported in 
the British Isles The higher numbers were assigned to storms occurring in 
south-east England during the 8 hr interval which contained the wireless 
observations The results are collected in Table I, which represents observa¬ 
tions on 21 days between 1 June and 3 August and 2 days m September 
on which local thunder occurred 


Table I—1930 

Thunder character figure 0 

Mean value of the highest threshold 0 5 

frequency observed 

Mean value of the variability figuro 1 5 

for the threshold frequency 
Number of days in the group 7 


5 1 


1 2 


2 

a o 
1 2 


3 

50 
1 7 


6 


Since these results do not show any correlation of the type noted m the 
1932 experiments, the recent results have also been analysed m a different 
way in order to provide a basis for direct comparison with the fixed frequency 
data of the earlier experiments For this analysis the days of observation 
were divided according to whether the highest threshold frequency was 
greater or less than the fixed value 5 Me /sec The following figures were 
obtained (Table II) 


Table II—1936 

Mean thunder 

Days with threshold frequency greater 1 2 

than 5 Me /sec (10 days) 

Days with threshold frequency less than 1 6 

5 Mo/sec (13 days) 

All three methods of analysis appear to indicate no correlation between 
the disturbed Region E conditions and the presence of thunder Since the 
old (1933) observations gave the opposite result it is important to re- 
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examine them, m a way as nearly as possible the same as that used for the 
1936 results 

For this re-examination some later results obtained in the seoond half of 
1933 and 1934 by the P'-t recording method of 1932-3 were included m the 
data The thunder index figure was assigned as explained for 1938, and 
Region E was considered to be “disturbed” during the night if the 6 - 
threshold frequency rose above 4 Me /sec Table III shows the result of this 

Table III—1932-4 

Nights with threshold frequency greater 
than 4 Me /sec (77 nights) 

Nights with threshold frequency loss 
than 4 Me /seo (83 nights) 

analysis The difference between the thunder figures is not great enough to 
be considered significant, and we conclude that when the results are analysed 
in this way they do not show any correlation The difference in the results 
of this method of analysis and the older method is due partly to a stricter 
selection of thunderstorms so that more weight is given to those occurring 
in south-east England near the time of the observations, and partly to the 
inclusion of the newer data for 1934 and the second half of 1933 Taking our 
results as a whole there does not now seem to be much evidence that thunder¬ 
clouds can influence Region E ionization 


Mean thunder 
figure 
0 55 

0 45 


b—Barometric Pressure 

Martyn and Pulley ( 1936 ) have drawn attention to an interesting correla¬ 
tion between the occurrence of nocturnal Region E ionization and the 
barometric pressure observed at the ground next morning Their observa¬ 
tions refer to Australia, and they point out that a similar correlation has 
not yet been reported from the northern hemisphere It is of interest to 
examme the observations made during the 1932-4 senes of expenments in 
order to see whether there is any correlation The conditions laid down for 
the occurrence of nocturnal ionization were that the 6 -threshold frequency 
should nse above 4 Mo /sec or that the o-frequency should nse above 
2 Me /sec for a penod of more than 15 mm m each case These conditions 
are approximately the same as those used by Martyn and Pulley The 
barometnc pressure as observed in Cambndge at 9 a m on the morning 
following each night’s observations was noted, and the mean pressures for 
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the nights showing nocturnal Region E ionization and for those showing no 
such ionization are given in the following table 

Moan value 
of barometric 
pressure 

Nocturnal E ionization 1017 8 m b 

present (131 nights) 

Nootumal E ionization 1016 0 m b 

absent (100 nights) 

The difference of the mean is 1 8 and comparison with the standard 
deviations indicates that the difference has no significance It appears 
therefore that the conditions are not the same in England as they are in 
Australia 

In conclusion we wish to express our thanks to Professor Appleton for 
several helpful discussions and particularly for advice m connexion with the 
presentation of the paper, to the Department of Scientific and Industrial 
Research for grants which enabled us to carry out this work, and to Messrs 
K G Budden and K Weekes for valuable help with the observations 
Our great indebtedness to Mr M V Wilkes, who made the calculations of § 3, 
has already been mentioned 


Standard 
deviation of 
the mean 
0 65 

0 31 


Summary 

Investigations of Region E of the ionosphere have been made using a 
Breit and Tuve pulse sender of variable frequency By using visual observa¬ 
tion at the receiver and a remote control of the sender it was possible to 
follow the variations of frequencies characteristic of the ionosphere even 
when ionospheric conditions were changing rapidly 

In the winter it was possible to observe true critical frequencies for 
Region E and a curve is given (fig 7) which represents the mean of observa¬ 
tions taken on “lonosphencally quiet” occasions near 10 December 1936 
From this curve it is deduced that the night-time value of the recombination 
coefficient is 4 x 10 ®, whereas the day-time value is of the order of three 
times greater 

In the summer it was more natural to observe certain “threshold fre¬ 
quencies” at which the amplitudes of the Region E and Region F echoes 
underwent marked changes Reasons are given for supposing that, on lono- 
sphencally quiet days, one of these threshold frequencies approximates 
closely to the true critical frequency of Region E The diurnal variation of 
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this threshold frequency was studied for “ quiet” days Observations of the 
threshold frequencies on days which were lonosphencally disturbed can be 
explained on the supposition that Region E ib then not uniformly stratified 
in horizontal planes but contains “clouds” with electron density greater 
than that of their surroundings The simultaneous reflexion of waves from 
Regions E and F over a considerable range of frequencies is explicable on 
this hypothesis The conditions here considered are supposed to be inter¬ 
mediate between those which we call “quiet” and those which are cha¬ 
racterized by the occurrence of “abnormal”, “intense”, or “sporadic” 
Region E ionization 

An investigation of Region E during thunderstorms and thundery weather 
m 1936 showed no correlation between the storms and the behaviour of the 
region 

An examination of some data obtained between 1932 and 1934 shows no 
correlation, such as Martyn and Pulley ( 1936 ) found in Australia, between 
the occurrence of nocturnal Region E ionization and barometric pressure 
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Introduction 

In a previous paper (Jahn and Teller 1937 ) the following theorem was 
established A configuration of a polyatomic molecule for an electronic state 
having orbital degeneracy cannot be stable with respect to all displacements 
of the nuclei unless in the original configuration the nuclei all lie on a straight 
line The proof given of this theorem took no account of the electronic spin, 
and m the present paper the justification of this is investigated An extension 
of the theorem to cover additional degeneracy arising from the spin is 
established, which shows that if the total electronic state of orbital and spin 
motion is degenerate, then a non-linear configuration of the molecule will be 
unstable unless the degeneracy is the special twofold one (discussed by 
Kramers 1930 ) which can occur only when the molecule contams an odd 
number of electrons The additional instability caused by thespm degeneracy 
alone, however, is shown to be very small and its effect for all practical purposes 
negligible The possibility of spin forces stabilizing a non-linear configura 
tion which is unstable owing to orbital degeneracy is also investigated, and 
it is shown that this is not possible except perhaps for molecules containing 
heavy atoms for which the spin forces are large Thus whilst a symmetrical 
nuclear configuration in a degenerate orbital state might under exceptional 
circumstances be rendered stable by spin forces, it is not possible for the 
spin-orbit interaction to cause instability of an orbitally stable state 


1—General theorem for molecules with spin 

Just as before we must see how the symmetry of the molecular framework 
determines whether the energy of a degenerate electronic state with spin 
depends linearly upon nuclear displacements This is again determined by 

\ in ] 
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the existence of non-vanishing perturbation matrix elements whioh are 
linear in the nuclear displacements These matrix elements are integrals 
involving the electronic wave functions with spin and the nuclear dis¬ 
placements, and we deduce as before from their transformation properties 
whether for a given molecular symmetry they can be different from zero 

We will see that if the molecule contains an even number of electrons then 
the transformation properties of the integrals involving the electronic wave 
functions with spin are identical with those of the corresponding case 
involving only orbital wave functions Thus the previous theorem proven 
for orbital degeneracy holds also for spin degeneracy if there is an even 
number of electrons For an odd number of electrons with spin, however, 
the transformation properties of the integrals differ owing to the two- 
valuedness of the spin wave functions A special investigation is needed here 
and shows that in the case of an odd number of electrons with spin electronic 
states with twofold degeneracy can exist which are Btable with respect to all 
nuclear displacements This is in accordance with the results of Kramers and 
Wigner, who have shown that such twofold degeneracy cannot be split by 
any electrical forces For electronic states which are more than twofold 
degenerate, however, we show that there always exist non-vanishing 
matrix elements which are linear in at least one set of non-totally symmetrical 
nuclear displacements, unless all the nuclei in the molecule lie on a straight 
line Thus even if the degeneraoy arises from the spin a non-hnear poly¬ 
atomic molecule cannot be stable in a degenerate electronic state, excepting 
this degeneracy be the special twofold one of Kramers and Wigner 

2—Mathematical formulation and group-theoretical 

CONSIDERATIONS 

The linear matrix elements whose transformation properties we have to 
investigate are integrals of the form 

JV?wt, 

where the <f>„ are electromc wave functions with spin and the V r are 
functions of the electronic space co-ordinates alone (A star is used in the 
following throughout to denote the conjugate complex ) The indices p, <r 
refer to independent wave functions of the degenerate energy level and we 
denote as before the representation of the molecular symmetry group sub¬ 
tended by these functions by 0 The index r refers to the independent 
normal nuclear displacements and we denote the representation subtended 
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by the V T by V In the case of orbital degeneracy the wave functions <j> p 
could be chosen real and the integrals transformed according to the repre¬ 
sentation F[ 0 S ], where [ 0 s ] denotes the representation of the symmetrical 
product of <t> with itself It is our purpose to show that m the case of an even 
number of electrons with spin the integrals still transform according to the 
representation F[0 S ], whilst in the case of an odd number of electrons with 
spin they transform according to the representation F{0 S }, where {0 s } 
denotes the representation of the antisymmetncal product of 0 with itself 

To establish this we make use of the properties of the symmetry operation 
of time reversal which have been investigated by Wigner ( 1932 ) He showed 
that for electrons with spin this operation has different properties according 
as the number of electrons in the system is even or odd, and it is this fact which 
gives rise to the different behaviour of the integrals m the two cases We will 
further make use of the results of the fundamental work of Frobemus and 
Schur ( 1906 ) on the real representations of finite groups They investigate 
the properties of representations which leave a certain form G invariant, 
and we will show that this form G has the same properties as the matrix (K) 
representing the operation of time reversal This enables us to write down 
almost at once the relations we need from the results of Frobemus and 
Schur 

Wigner shows that the operation K of reversing the time is a non-hnear 
operator for the wave functions, acting as follows upon a linear combination 
of any two wave functions <j> and ijr 

K{a<f> + bi/r) = a*K<j> + b*K\Jr 

He further shows that the operator K commutes with the operator if of any 
spatial rotation or reflexion (1 e symmetry operation) 

KR = RK 

Using any complete set of independent wave functions of an energy level 
the operator K can be represented by a matrix which we will denote by 
(K) Owing to the non-hneanty of K the operator K and its matrix (K) do 
not obey the same commuting rules Thus if 

= JXp&r 

and K<j> p = 2(iT) ff/ A, 

KR<P p = = IIKWrrtr 

RK<t> p = RBK)„ p <j>, = 


we have 
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from which we deduce, since KR = RK 

or {(K) R*} rp = {J?(A)} r< „ 

1 e (K) R * = R{K) 

(There is no need to distinguish between the operator R and its corre¬ 
sponding matrix since R is a hnear operator ) 

Now Wigner shows that if the number of electrons is even then 

(a) A 2 = +1, 

whilst if the number of electrons is odd 

(b) A 2 = -l 

The relation (A)A* - A(A) 

gives (A) 2 A*(A) = (A)A(A) 2 , 

from which we deduce in both cases 

R*(K) = (A) R 

or (c) R'(K) R = (A), 

where R' denotes the transposed matrix and we have R*R' = E, since R is 
unitary 

The relations (a), ( 6 ) and (c) are identical with thoee postulated by 
Frobemus and Schur for their invariant form O, and we can hence make use 
of tlioir results directly by identifying our (A) with tlieir 0 They show that 
m case (a) i e when (A) 2 = E the independent vectors subtending the 
representation (or the wave functions of the energy level) can be so chosen 
that (A) is identical with the unit matrix E and the matrices R (and con¬ 
sequently the wave functions) can at the same time be chosen all real Thus 
in the case of an even number of electrons with spin the results are the same 
as when there is no spin present and the hnear matrix elements 

= j<f> p <f>} r d T = 

subtend the representation F[0 2 ] as described in the previous paper In 
case ( 6 ), where (A ) 2 = - E, Frobemus and Schur show that the independent 
vectors subtending the representation 0, which they show must now have 
an even number of dimensions (say 2 n), can be chosen so that 
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First, (K) is the matrix 


0 

-E 

E 

0 


where E and 0 denote the unit and zero n-dimensional matrices respectively 
We may express this by putting 

K<t>„ = P<f>- p > 

where p = + 1 if p is positive and = — 1 if p is negative (Positive values of p 
number the first n rows and columns of the representation, negative values 
the last n rows and columns ) 

And secondly, the matrices R„ p for the rotations or reflexions R of the 
group 

ft = 

tr 

can be so chosen that 


A 

B 

- B* 

A* 


or K P = - P 

Now from Wigner’s results we deduce that since the V r in his terminology 
are real (they do not involve the spins) we have the relation 


(ft>W = (K^KV, </>„)*, 

i e JftVrfcdT = J*(A0„)* V r (K<f> p ) dr 

But from the above relations we find 
j(K^)*V r (K^)dT = 

Thus the integrals satisfy the relation 

j<f>*<t>„V r dr = pd-j<p*_r<t>^V r dT 
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This relation can be written in the form 

fr-rWrdr = -pcrj^^VrdT 

or </> a V r dT « &j<j>* a <f> p V r dT 

Introducing the abbreviation 

= ~P<t>- P 

we then have 

JV/A^<*r = -^„<f>pV r dr = 

Hence if we can show that the rp p transform according to the same representa¬ 
tion <P as the <j>„ we can conclude that the integrals transform according to 
the representation V{0 i } 

Now from the transformation formulae 

Vp-lKpt, 

follows, since R* p = 9pR_„ , 

(<ftY = lKp<K 

= Pl&R-« - P ti 

= Pl(-*)Rr -p<t>*-„> 

SO that (<**/ = -PZ(-V)R<r p </>* v 

or i-Pf-p)'= 2 

16 = IKp'I'n, 

so that the ijr p = -p<j>*_ p do transform according to the representation 0 
One verifies then easily that 
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bo that the spur of the representation subtended by the products 


is given by 


*,,-*.,**) = U1 -1#») 


- Ux 2 (R)-xm 


ThiB is the spur of the antiaymmetncal product representation {0*} 

We have thus shown that the integrals ji/r p <j> a V r dr and consequently the 
integrals j<j>*<l>„V r dT transform according to the representation V {0 2 }, for 
an odd number of electrons with spin 


3—Proof of general theorem for molecules with spin 

We have seen that if the molecule contains an even number of electrons 
with spin the results obtained in Part 1 apply without modification Thus 
we need consider only molecules containing an odd number of electrons 
For these the electronic wave functions with spin transform according to 
two-valued irreducible representations of the group of symmetry and for 
the purpose of establishing our theorem we list below in Table I the two¬ 
valued irreducible representations of all the point groups The two-valued 

Table I— Two-valued irreducible representations of the 

POINT GROUPS 


IP 

E R 20(4) C t 

c„ 

E R 2C($) <r. 


2 -2 2cos| 0 

*» 

34 

2 -2 2cos 0 


21+1 , 

jpi+i 

2 -2 2cos— -— <f> 0 




(0< 0<4w) 
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Table I —( continued ) 


rr, T+l 
c;, +1 v 

E R 2(7 

E R 20 

20 20+» 

20*’ 20’+* 

2 O’ 

20 ff 

2pC t 2 pC t 
2ptr v 2p<r' 

B\ 

1 -1 -1 

(-1)» 1 


X -t 

B'l 

1 -1 -1 

(-1)* I 

(-1) ,+1 

-t t 

E\ 

2 -2 — 2cos (i) 

(— l) 1> 2co8p<i> 2comoj 

(_!)IH- 1 2o08pW 

0 0 

E^ 

2 -2 -2eoa2M 

(- l)*2ooa2p&> 2cos2w 

( — l) ,+1 2cos2pw 

0 0 

K 

2 —2 — 2coapw 

( — l) p 2 coap“ w 2eoapb> 

(-l)» +1 2coap*« 

0 0 


2 n 

2p + I 


B'i and B', t are conjugate complex, taken together they give 
E'„ | 2 -2 -2 2(-l) p 2 2( -!)»+» 0 0 | 



E H 

2 c 


20 

O 

20 +l 

pC, 

pc; 

Cip,. 

E R 

2(7 


20 

O 

20 fl 

po-» 

p< 

B'i, V 

E R 

2S 


20 

S" 

20+‘ 

P<r° 

pC, 

E\ 

2 -2 

2 cos 

2 COS GJ 

0 

2 2 cos ^ 

0 

0 

e; 

2 -2 

2 eo 

3m 

18 T 

2 008 3m 

0 

2 

0 

0 

Kv-X 

2 -2 

2 cos 

2p-l 

2 

2ooa(2p- 1 )m 

0 

„ 2» — 1 

2 cos ^ ^ 

0 

0 



- 

E R 4(7, 

4(7“ 4(7, 4(7“ 0(7, 


2 -2 1 

-1-11 0 

je; 

2 -2 e* 

-e -e* e 0 


2 -2 e 

-c* -e e* 0 


ini 
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Table I—( continued ) 

E' a and E' s are conjugate complex, taken together they give 
| G ' 1 4 - 4 ~ ' +1 +1 - 1 


o r 

E R 8 (7, SCI 

6CJ 

12(7, 

8(7, 

8( J 

T t 

E R 8 (7, SCI 


12<r 

6 S t 

6iS>2 

E[ 

2-2 1-1 

0 

0 

V2 

-V2 

E' a 

2-2 1-1 

0 

0 

-V2 

x/2 

O' 

4-4-1 1 

0 

0 

0 

0 


V 

E R 

12(7, 12(7J 

12CJ 

12 Cl 20(7, 20(1 30(7, 



1—^6 —1 -y/5 

1 + V5 

j j 0 



2 2 

2 

2 110 

El 

2 -2 

1+V« -l+y/6 

2 2 

1-V8 

_ 2 ~ 


O' 

4 -4 

1 -1 

1 

-1 -110 

r 

0 -6 

-1 1 

-1 

l 0 0 0 


irreducible representations ot the crystallographic groups D t , D x , Z > 6 and 0 
have been tabulated by Bethe ( 1929 ), and we have followed his method in 
calculating the characters of the representations of the general groups 
®i P +\ The characters of the two-valuod irreducible representations of 
the icosahedral group I (and of the groups T and O) have been given already 
by Frobemus ( 1899 ) For completeness we include also the axial groups 
D K , C*t v , but following Tisza ( 1933 ) and Bethe we do not include the 
groups which are the direct product of the inversion or a reflexion with a 
group already listed, since the representations of the new group can be 
written down at once In accordance with Bethe’s method we introduce 
a new symmetry R commuting with all the symmetry elements and which 
denotes a complete rotation through 2n about any axis of the molecule This 
element is added to the original symmetry group to form the new “ double ” 
group which we designate by an index r added to the symbol of the simple 
group It is to be noted that the double group is not simply the direct product 
of R with the original group since the relations between the elements of the 
latter are also altered (e g in DJ p we have C\ - R, whilst m D iv f'| *= E, C\ 
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denoting a rotation through n about one of the twofold axes) The two¬ 
valued representations of the symmetry group are then one-valued repre¬ 
sentations of the double symmetry group and their characters can be 
calculated m the usual way 

In order to establish the theorem we have to investigate whether a mole¬ 
cule of a given symmetry possesses at least one set of non-totally sym¬ 
metrical normal displacements transforming according to a representation 
V such that F{0*} contains the identical representation, 0 being any two¬ 
valued representation of the corresponding group of symmetry V is 
excluded from bemg the identical representation, because, as before, the 
molecular configuration is always taken to be stable with respect to all 
totally symmetrical displacements Now it is easy to show (see below) that 
the antisymmetncal product of any two-dimensional representation is the 
unit representation, so that K{0 1 } can never contain the identical represen¬ 
tation for any two-dimensional representation when V itself is not the unit 
representation Thus we need list the antisymmetncal product of only those 
two-valued representations which are more than two-dimensional and these 
are listed m Table II 


Table II 

AntiHymmotncal product of more than 
twofold degenerate two valued 
Group representations 

T {O' 1 ) — A + E + F 

T k {<?;•} = {<?;*} = A, + E, + F, 

T„ and 0 { O '*} = + E + h\ 

o„ {a?} = {o:'} = A u +E,+ F i , 

I {0*} = A + H 

{/'*} = A + 0 + 2H 

I h {0?} = {0'u t ) = A, + H, 

{/;»} ={/;*} = a, +o,+2H, 


The above mentioned property of the two-dimensional representations is 
established as follows The character of any group element R m the anti¬ 
symmetncal product is given by 

{x*}(R) = -*(**)). 

and when R is a two-dimensional matnx 



R 
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-ft* = /ah + a n a 3l (a n + a M ) a lt \ 

\( a n + a 2 a) a 2 i a it a u + a » 2 / 

X(R) =«n + 022. 

X*( i?) = «J| + a | 2 + 2^11 a 22 > 

X(R*) — «fi + «®2 + 2o ia a sl 
{**}(£) = a n “ 22 -«i 2 « 2 i = Det(/i) 

Now the determinant of the two-dimensional matrices is always + 1 , sinoe 
they can be expressed as the product of the matrix of a pure rotation with 
that of the inversion, the determinant of both of which is + 1 , the inversion 
being the matrix 

-1 0 
0 -1 

Thus a twofold degeneracy cannot produce instability for a molecule con¬ 
taining an odd number of electrons with spin 
Making use of the list of normal displacements of all possible symmetrical 
molecules given in Table I of Part 1 it is easy to verify that the general 
theorem is true as formulated above Thus, forexample, the antisymmetncal 
product of the more than twofold degenerate two-valued representations 
O', /' of the group / always contain the representation H and molecules of 
the symmetry I always possess at least one set of normal displacements 
transforming according to H Hence H{Q' 2 }, //{/'*} always contain the 
identical representation, and the symmetrical molecular configuration 
must be unstable in any more than twofold degenerate electronic state, it the 
molecule contains an odd number of electrons with Bpm 


then 

Thus 

Consequently 


4—Magnitude ok the spin effects* 

In considering quantitatively the effects arising from the spin we shall 
have to compare the order of magnitude of the changes produced by the 
nuclear displacements in the electrostatic interaction energy and in the spin 
orbit interaction (multiplett splitting) respectively 

Consider first a non-degenerate orbital state in which a certain symmetrical 
nuclear configuration is stable when only the electrostatio interaction is oon- 
* The considerations of this paragraph are due to Dr E Teller 
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sidered The electrostatic energy in its dependence upon any one normal 
coordinate d may then be approximated by a parabola 

e = ad * 

The constant a may be estimated from the binding energy e 0 if r denotes a 
distance of the order of the equilibrium nuclear distances we wall have 



Suppose now that this non-degenerate orbital state has spin degeneracy 
For the symmetrical equilibrium configuration the spin-orbit interaction 
will produce a splitting into the various levels of a multiplett Since the 
orbital state is non-degenerate and possesses therefore no magnetic moment 
this multiplett splitting will be small, of the order of 

_ P_ 

€l “ AE' 

where 1 denotes the spin-orbit interaction operator and AE the energy 
difference between orbital states for which it has non-vamshmg matrix 
elements Because of the symmetry the lowest level of this multiplett may 
still be degenerate Suppose this degeneracy is more than twofold then 
according to our theorem for small nuclear displacements there will be a 
lmear splitting of the ground state The question is whether this dependence 
of the spin-orbit interaction upon nuclear displacements can cause any 
appreciable instability of the original equilibrium configuration To judge 
of this we must compare its order of magnitude with that of the electrostatic 
perturbation described by the parabola above The spm-orbit interaction 
in its dependence upon the normal co-ordinate d may be approximated by 
the linear relation 

The constant /i may again bo estimated by considering a distance r of the 
order of the atomic equilibrium distances The process of bringing the atoms 
together will not change the spin-orbit interaction by an amount greater 
than the total multiplett splitting and we may therefore put 

e i = A or = 

We find therefore for the electrostatio perturbation 


e = d* 
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and for the spin-orbit perturbation 



and we see that whilst for small distances d the latter perturbation is greater 
than the first, at large distances the reverse is the case Thus each of the 
energy levels into which the multiplett levels are split ma> be approximated 
for large distances by parabolas which will have their minimum slightly 
displaced from the original minimum (see fig 1 ) By equating the two 



Fio 1 

perturbation energies we find a distance d which will give a rough estimate 
of the change in the equilibrium distances which can be caused by the spin- 
orbit interaction We find 

d = - - r, 
e o 

which is a very small fraction of the equilibrium distance If we take the 
binding energy e 0 as 1V = 8000 < m -1 and the multiplett splitting e x as 
1 cm -1 , the distance d will have the order of 10~ 4 A This shows that the 
change of configuration involved is m general so small that it will be covered 
even by the zero point amplitude of the nuclear vibrations Thus for all 
practical purposes the spin in this case produces no instability 

There is the further possibility that although the lowest state of the 
multiplett is stable and does not split yet its energy level for small nuolear 
displacements should intersect the perturbed energy level of a higher state 
of the multiplett thereby becoming unstable It follows however at once 
from the above considerations that such an intersection of the parabolas 
from different levels of the multiplett is impossible Thus in no case can the 
spin forces produce instability of an orbitally stable non-degenerate state 
Let us consider now a degenerate orbital state and ask whether a nuclear 
configuration which is unstable when the orbital motion alone is considered 
can be rendered stable when the spin is introduced The multiplett splitting 
is here greater, being proportional to the spm-orbit interaction operator I 


VoJ CLXIV—/ 
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Suppose now that the lowest state of the multiplett is stable for the sym¬ 
metrical configuration m question, being either non-degenerate or only two¬ 
fold degenerate Because of the orbital instability the energy of some of the 
higher states of the multiplett will show a linear dependence upon the nuclear 
displacement d 

e = 0d 

For large displacements r this peiturbation will be of the order of the 
binding energy e 0 (eneigy between different multipletts) 

p o = P r 

and we may easily estnnato the distance d at whi< h this linearly perturbed 
energy level will intersect the parabola of the lowest state of the multiplett 
We find (see fig 2) that this distance is less than 



e o 


and is thus again a small fraction of the equilibrium distances (we may take 
e x = 1001 m _i ), being, however, greater than the corresponding distance 
discussed for the lion degenerate state Thus a symmetrical nuclear con¬ 
figuration might under exceptional circumstances be rendered stable in a 
degenerate orbital electronic state, if the spin orbit interaction is large of 
the order of the binding energy, but it is not possible for the spin-orbit inter¬ 
action to cause instability of an orbitally stable state 



d 

Fia 2 


6 —Conclusion 

In conclusion, let us discuss briefly the applicability of our theorem to 
cr> stals Bethe ( 1929 ) hew discussed the splitting of the degenerate states of 
an atom when placed m the symmetrical held of a crystal and had discussed 
also the further splitting which occurs when the crystal symmetry is reduced 
The question could also be discussed by treating the whole crystal as a smgle 
molecule and applying our theorem The question then arises why the 
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orbitally degenerate inner shells which occur m the paramagnetio crystals, 
e g m the rare earth ionic salts, do not cause instability of the crystal lattice 
Two reasons may be given for this First, we may show by quite Bimilar 
reasoning to that used above that the linear splitting of the levels of the inner 
shells is so much smaller than the binding energy of the crystal which arises 
from the electrostatic interaction of the outer electrons, that the change of 
equilibrium configuration involved is negligibly small Secondly, we should 
note that this linear splitting of the inriei levels has the same order of 
magnitude as the perturbation arising from the exchange of these inner 
electrons between different atoms of the crystal, 1 o from the possibility of 
the electrons being propagated through the crystal These translational 
effects have been treated neither by Bethe nor by us in our theorem Their 
treatment would involve a consideration of the whole space group of the 
crystal, whereas Bethe and we ourselves have explicitly restricted ourselves 
to those groups of symmotry which leave one point of the system invariant 

The author is indobted to Dr E Teller for veiy helpful disc ussion, and to 
the Managers of the Royal Institution for facilities granted to complete this 
research in the Davy-Faraday Laboratory 

Summary 

It is shown that a polyatomic molecule cannot possess a stable non-linear 
nuclear configuration in an electronic state having spin degeneracy unless 
this degeneracy is the special twofold one which can occur only when the 
molecule contains an odd number of electrons Instability caused by the 
spin alone is shown to be of secondary importance compared with the orbital 
effects discussed in a previous paper Table I gives the irreducible two 
valued representations of all the point groups and will be useful in disc ussion 
of the electronic states of polyatomic molecules containing an odd numbei of 
electrons with spin 
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Progressive Lightning 
IV—The Discharge Mechanism 

By B F J Schonland, M A , Ph D 
The Bernard Price Institute of Geophysical Research , 

University of the Witwatersrand 

(Communicated by Sir Charles Boys, FR S —Received 24 September 1937) 

In three previous papers (Schonland and Collens 1934 , Schonland, Malan 
and Collens 1935 , Malan and Collens 1937 ) in this senes the writer and his 
collaborators have descnbed the results of a study of the lightning discharge 
to ground by means of the Boys and other cameras Dunng the last two 
years these studies have been continued with improved instruments, and 
the electncal changes taking place during the discharge have been examined 
by means ot a cathode-ray oscillograph An account of sortie important 
results obtained by the latter method has recently been published by 
Appleton and Chapman ( 1937 ) These are confirmed and extended by our 
own later investigations 

With this fuller information it is now possible to put forward some deduc¬ 
tions as to the discharge mechanism 

1—THF POT AR1TY OF INDIVIDUAL STROKES TO GROUND 

In all cases so far examined by the photographic method the lightmng 
discharge between a thundercloud and the ground starts from the cloud as 
a leader streamer travelling downwards The circumstances govermng the 
piopagation of such a stieamer are known from gas-discharge theory to 
depend upon whether it starts from a cathode or an anode It is therefore 
necessary at the outset of any discussion of the discharge mechanism to 
determine the polarity of the cloud end of a lightning stroke 

As a result of numerous observations m many parts of the world it is now 
generally accepted that the total charge conveyed to ground m the great 
majority of discharges is negative This would seem to indicate that the 
polarity of the discharge is 1 n general such as to make the cloud end a cathode 
It has, however, never been established that this conclusion holds in detail 
for each of the component strokes which make up a discharge Indeed 
Nonnder ( 1936 ) has reported that observations made with a cathode-ray 
[ 132 ] 
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oscillograph m Sweden show that a positive discharge stroke is sometimes 
followed by a number of negative ones 

For the South African lightning discharges which have been studied 
photographically, however, the conclusion suggested by previous studies 
of the nett change of field (Schonland 1928 , Halhday 193 2 ), that the discharge 
proceeds from a cloud cathode, has now been established for each separate 
stroke of a composite flash to ground Seventy such flashes comprising 
some 300 separate strokes to ground have been examined with a cathode-ray 
oscillograph whose resolving power extends to fiO //see All the strokes of 
each flash were recorded photographically and in each case the field changes 
pointed unambiguously to the slow lowering and sudden destruction of 
a negative cloud charge 

2—Gen ERA T SURVEY OF THE DISCHARGE PROCESS 

Each of the successive strokes or partial disc barges winch make up 
a complete lightning discharge to ground takes place 111 two stages, the 
downward-moving leader stage being followed by an upward-moving return 
stage These processes will be described as the leader and the return streamer, 
since they have the same properties as electrical streamers produced in the 
laboratory Suoh a streamer is a conducting filament of ionized gas which 
extends its length by virtue of ionizing processes occurring m the strong field 
in front of its tip It is electrically charged throughout its length* but 
is not at the same potential as the ele< trode from which it started, for there 
is a drop of potential along it This drop of potential provides a field which 
drives a current through the stem of the streamer and this current serves 
to charge up newly formed sections of the stem to the potential neccssaiy 
for further progress The current continues at the tip of the streamer as 
a convection current due to the charge situated there and beyond the tip 
as a displacement current (§ 7) Light is emitted by the streamer as a result 
of excitation processes at the tip (t* 8 ) Apart from this the luminosity 
associated with the streamer is small and it can therefore be inferred that 
the field in the stem behind the tip is insufficient to cause excitation by 
electron impact 

It follows from § 1 that all leader streamers observed by us are negative 
or cathode streamers, and all return streamers are positive or anode 
streamers The leader process m the case of strokes subsequent to the first 
is a continuous one and will be termed the dart streamer That for the first 
stroke proceeds in a series of steps, each step requiring the development of 
a new step streamer 


Cf note p 134 
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The leader streamer of the first stroke lowers negative charge into the 
air and distributes it* over the conducting system formed by the leader 
channel and its branches in the manner shown in fig la It was suggested 
from the photographic studies (Schonland, Malanand Collens i935> P 622 ) 
that this charge represented a considerable fraction of that tapped by the 
leader This is confirmed by observations of the electrical field change, for 
Appleton and Chapman ( 1937 ) report that the leader or “a” stage observed 
by them causes a considerable change of the thundercloud moment Our 
own oscillographic records show that the first leader lowers into the air 
about 85 % of the total charge tapped by it 






Our observations also show that in the case of strokes alter the first the 
fraction of the charge lowered is much less than in the first leader This is 
to bo explained by the fact that these leaders do not usually have branches 
The leader system has therefore a smaller capacity and is less effective m 
lowenng charge from the cloud 

The second or return stage of the discharge is initiated just before the 
arrival of one of the leader branches at the ground, by the upward passage 

* These statements, like others m this section, follow what appears to be the 
accepted and correct view os to streamer development,'which it is intended to discuss 
more fully elsewhere 
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of positive streamers from the earth These streamers have been photo¬ 
graphed (McEachron and McMoms 1937 ), and the frequent presence of 
more than one can be inferred from the root branching shown at the base 
of many lightning channels (Schonland, Malan and Collens 1935 , p 602 ) 
This stage ib shown m fig 16 

Once contact is established between leader and earth, the positive return 
streamer passes rapidly up the leader channel Such a streamer, as was first 
shown by Simpson ( 1926 ), must advance by drawing electrons produced 
as a result of collision processes in front of its tip, inwards to the tip and 
passing them down to ground via its conducting stem The relatively im¬ 
mobile positive ions left in front ot the tip are then responsible for its rapid 
extension This stage is shown in hg 1 c The change of electm moment in 
this stage of the discharge is large and rapid Its identification by Appleton 
and Chapman with the second, “ 6 ”, stage of the held change record is 
supported by our own observations 

The last portion of the return stroke process involves the removal and 
passage down the channel ot the residual charge on the cloud centre tapped 
by the stroke This stage, whu h is shown photographically by a continuance 
of channel luminosity after the return streamer has entered the cloud and 
which is of comparatively long duration, may be identified with part of the 
final or “c” portion of the field-change record 

It is implied in this description of the discharge process that separate 
strokes tap different centres ot charge within the same thundercloud, 
a suggestion based upon evidence discussed in § 10 The general nature of 
the discharge process for a second stroke from a new charge centre is illus¬ 
trated in figs Id, e and/ 


3—THE LEADER PROCESS 

The difference in the behaviour of leaders to first and to subsequent 
strokes implies a vital difference m the mechanism ot their advance The 
dart streamer invariably follows the path traced out by a previous stroke, 
even to shifting its track laterally if a wind has blown this path aside 
(Schonland 1937 ) This and other features connected with its velocity under 
different conditions (§4) indicate that its mechanism is that ot streamer 
advance along a previously ionized channel, which is further discussed 
m §4 

The stepped leader, on the other hand, is characteristic of advance into 
what is apparently virgin, unionized air and involves a different mechanism 
Associated with it are two velocities, for while the step streamers advance 
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at more than 10® cm /sec , the effective velooity of the process as a whole is 
much lower, most frequently only 1 5 x 10 7 cm /sec It has never been 
observed to fall below 1 0 x 10 7 cm /sec , though much lower values would 
not have escaped observation This minimum velocity m the step process 
is an important clue to the mechanism involved in it, for it can be shown that 
there is strong presumptive evidence that it is the real velocity of a pre¬ 
liminary streamer which precedes the step streamer 

A negative streamer can be imagmed to advance mto virgin air in one of 
two ways, as a result of ionization produced either by electrons situated m 
its tip or by photoelectrons generated in front of its tip In either case a lower 
limit to streamer velocity is set by the existence of a critical field strength, 
E c , m front of the tip, below which ionization by electron impact cannot 
occur The corresponding cntical electron drift velocity, v c , must be the 
minimum velocity of advance of a negative streamer, since the streamer as 
a whole cannot move more slowly than the ionizing agents which produce 
its extension (Schonland 1935, Goodlet 1937) 

It is usual to write the relation between v r and E e in the form 

v c = yl(2E t e\jmn) 

where, following Townsend, the assumption is made that every collision 
between electron and gas molecule is inelastic Since E e x A is known to be 
sensibly independent of pressure between 54 cm Hg (the mean pressure 
involved in these disc harges) and 76 cm , we substitute E c — 30,000 volts/cm 
and A = 3 8 x 10 -5 cm , the gas-kinetic electron mean free path at 20° C and 
76 cm Hg, and find for the cntical velocity, v c , the value 3 6 x 10 7 cm /seo 
Two factors combine to make this result too high In the first place it is 
known that for nitrogen the value chosen for A is too large by a factor 
ranging from 0 8 to 0 3 according to the velocity with which the electrons 
are moving (Klem|ierer 1933, p 290) Secondly, the assumption that all 
collisions are inelastic when the limiting velocity is approached cannot be 
correct For purely elastic collisions the value of v B is found to be less than 
that given above by the factor (Compton and Langmuir 1930, 

p 221) or 0 08, m being the mass of the electron and M that of an “air” 
molecule Applying the first correction, v c cannot exceed 1 8 x 10 7 cm /sec , 
while from the second argument it cannot be less than 1 4 x 10® cm /sec 
It is difficult to see how any closer approximation to v c can be obtained 
The observed minimum effective velocity of the stepped leader- process, 
1 0 x 10 7 cm /sec , will here be identified with v c , the minimum velooity of 
advance of an actual negative streamer This identification 11 supported 
by the observations made by Allibone and the writer upon negative leaders 
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in the laboratory spark discharge which appear, as Goodlet has recently 
pointed out (1937), to show a similar minimum velocity of the order of 
1 5 x 10 7 cm /sec * 

The present suggestion is equivalent to the statement that a true negative 
virgin air streamer travels continuously downwards in front of the step 
streamer processes with a velocity equal to the effective velocity of these 
Upon this, so far unrecorded, streamer the steps are periodically super¬ 
imposed It follows that the step streamers, like the dart streamers of sub¬ 
sequent strokes, travel along a previously ionized channel provided by this 
slower pilot streamer which precedes them 

The suggestion finds immediate support in the relation which has been 
found to exist between the time of pause of a step streamer, t, and the length 
of the step, l, which is executod after this pause (Schonland, Malan and 
Collens 1935, p 616) For each individual case the ratio Ijt is equal to the 
effective velocity at this stage of the process, that is to the velocity of the 
suggested pilot streamer If t is long the subsequent step l is long and \ ice 
versa The steps thus retrace and brightly illuminate an ionized channel 
formed during the pause period and cease when they have caught up with 
the tip of the pilot streamer During the following pause, the origin of which 
is discussed in § 6, the pilot streamer once more forges ahead Fig 2 illus¬ 
trates what would be observed on a camera with a fixed lens and a film moving 
from right to left if the pilot streamer, shown as a dotted hne, could be 
recorded as well as the step streamers which follow it An explanation of the 
small luminosity associated with this pilot and the consequent difficulty 
of recording it photographically or by the field-change method is given in § 8 


Cloud 



Film -*• movement 
tia 2 


It is possible in this way to offer a simple explanation of the tortuous 
nature and branching of the first leader channel In the majority of cases 

* The existence of a minimum velocity of this ordor for negative streamers serves 
as an additional criterion of polarity Tlio minimum for positive streamers, if it 
exists, is much lower, for the writer has recently photographed such streamers with 
a velocity of 1 6 x 10* cm /seo 




138 


B. F J Schonland 


the effective or pilot velocity of the process is less than 1 5 x 10 7 cm /sec , 
not very far from the critical minimum of 10 7 cm /sec below which it 
cannot progress at all Its direction will therefore be controlled by the 
structure of the electric field in the neighbourhood of the pilot streamer tip 
and by variations in the density of local space charge 

It may be noted that a stepped method of development in the case of 
Lichtenberg figures from a negative point has been inferred by v Hippel 
(1933,1934) under certain experimental conditions and has been interpreted 
by him in terms of a pause during which a pilot streamer ( vorentladung ) moves 
ahead of the mam spark channel A similar mechanism was proposed by 
Toepler (1926) to account for beaded lightning (perkrhnurbhtz) 

So far the discussion has been limited to the case of pilot streamers 
travelling with the minimum observed velocity Before it is possible to 
refer to the behaviour of such streamers at higher velocities it is necessary 
to consider the effect which photoionization will have upon its development 
in fields greater than the critical value E r This question is also involved 
in the mechanism of all streamers travelling along a previously ionized 
path In the case of the lightning discharge there are three such types of 
streamer—the dart leader streamer to subsequent strokes, the return 
streamer to all strokes and, as has been suggested above, the step streamer 
which follows the pilot streamer in first leaders 

4—The mechanism of streamer advance along 

A PREVIOUSLY IONIZED TRAIL 

It has been pointed out by Cravath and Loeb (1935) that the very high 
velocities observed for the dart streamer can only be interpreted satis¬ 
factorily in terms of a mechanism which involves the pre-existence of free 
electrons in the region traversed by the streamer These free electrons they 
considered to be produced by the action of natural agencies such as radio¬ 
active and cosmic radiation In the case of the dart streamer, however, as 
well as of the other two streamers mentioned above, they arise from the 
previous passage of a powerful ionizing discharge along the trail to be 
followed by the streamer 

The mechamsm of Cravath and Loeb is illustrated by fig 3 AB is the 
streamer stem and the shaded portions of the previously ionized trail m 
front of the tip of the streamer indicate the region over which the electno 
field exceeds the critical value for impact ionization by electrons In the 
case of a negative streamer (dart or step) the original electrons in BC create 
others by moving forward but in the case of a positive streamer (return 
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streamer) they do so by moving inwards to the streamer tip As soon as 
BC has in this way been rendered sufficiently conducting as a result of the 
formation of electron avalanches, the streamer has effectively extended to G 
It is thus unnecessary for any electrons to travel the full distance BC and 
the streamer velocity V can considerably exceed the mean electron drift 
velocity v, of the electrons in BC 



A B C 


luu 3 

It is here suggested, as an extension of this theory, that consideration 
must be given to the time necessary for effet tive ionization of the region BC 
This is the time required for this region to be effectively covered by a netw ork 
of small filaments, one starting from each original electron We may assume, 
as the simplest possible hypothesis, that this is the tuno, l, necessary for 
each original electron to cover the mean distance from one electron to the 
next Then if n is the original electron density m the trail and v the mean 
electron drift velocity m BC, we have 

t = l/(n* x v) and V = djt = n* xvxd, (1) 

where d = BC 

The streamer velocity V thus depends on the pre-existing elei tron density 
m the ionized trail, n, as well as on the electnc field m front of the tip, 
which determines v and d As an illustration we may take the case of 
a streamer with a tip radius of 1 cm and a tip potential of 3 x 10® volts The 
capacity of the tip of the streamer may then be estimated at 0 5 e s u and 
the tip charge at 5 x 10® e s u The held strength immediately m front of the 
tip is 1 5 x 10® volts/cm , and if the streamer were advancing into virgin air 
its velocity would be about 7 x 10 7 cm /sec , since the field is fifty times the 
critical value already discussed If, however, the region into which the 
streamer was advancing contained 10 3 pre-existing electrons per c c the 
streamer velocity would be given by equation (1) above In this case 
the distance d over which ionization took place in front of the tip would be 
0 cm , the mean field strength, calculated for a distance 3 cm m front, would 
be 9 x 10® volts/cm and the mean electron dnft velocity 1 7 x 10 7 cm /sec 
Substituting these values in equation (1) we find that the new velooity 
of advance V would be 1 03 x 10* cm /sec or fifteen times as great as for 
advance into virgin air The Cravath-Loeb mechanism thus offers a satis- 
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factory explanation of the high velocities of dart and return streamers 
without the introduction of impossibly high field strengths m front of their 
tips The similarly high velocity found for the step streamer is another 
argument m support of the suggestion that this too travels along a previously 
ionized path 

The chief addition which has here been made to the mechanism suggested 
by Cravath and Loeb is the introduction of the electron density of the trail, 
n, in equation ( 1 ) The streamers we are discussing provide strong evidence 
that their velocities depend upon n m the manner in which these velocities 
are affected by the age of the trail they follow, that is by the time which has 
elapsed since this trail was formed The free electrons produced during the 
previous ionizing process will tend to disappear by processes of capture and 
recombination and n will be an inverse function of the age of the trail Thus 
it is found that fast dart leaders occur when the interval since the preceding 
stroke is short and slow ones when it is long, and that when the interval is 
unusually long the continuous dart process cannot occur but is replaced 
by a rapid stepped pro<;ess (Schonland, Malan and Collens 1935 , p 604 ) 

Similar evidence is provided by the return streamer Since this is a 
positive streamer the electrons in the forward region move inwards, but 
otherwise equation ( 1 ) should apply The very high velocities attamed by 
the return streamer are no doubt partly due to the Btrong-tip fields caused 
by the presence of a negatively charged leader channel in front of the positive 
tip of the streamer The velocity of this streamer is, however, always 
observed to decrease as it travels up the leader channel, and this fact suggests 
that the governing factor in its progress is again the age of the trail it 
follows For the time which has elapsed since the leader was first formed is 
smallest at the ground end of the channel, where it is zero, and greatest 
at the cloud end, where it may be 0 02 sec Whether this factor alone is 
responsible for the decrease observed or whether it is combined with 
a reduction in tip field due to the reduced negative charge density on the 
upper portions of the leader channel illustrated in fig 1 it is difficult to 
determine 

As the return streamer travels along a branch, the age of the ionized trail 
in front of it actually decreases and n must increase Thus in fig 4 the light 
lettering shows the times in-secs at which various parts of the leader channel 
and its branch ACFO were formed, while the heavy lettering shows the 
actual age of the ionization at each point at the moment when the return 
streamer first reaches it At the extreme end of the branch the actual age 
is little different from that at the base of the channel This diagram shows 
that the trail electron density n along a branoh will be greater than along 
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subsequent parts of the main channel The age at D on the main channel 
when the return streamer arrives there is 7070 /isec , while that at C, 
equidistant from A but along the branch, is only 5070 /isec Between E 
and F, also equidistant from A, there is a difference of 4000 /isec in age 
When, therefore, the return stroke reaches A it divides into two portions, 
one of which travels along the branch trail much faster than the other along 
the mam channel The branch streamer will show a higher luminosity 



(§ 8) and carry a larger current than the main channel streamer, and 
the discharge will appear to concentrate its energy upon the branch These 
effects and the component streamers they evoke at the base of the channel 
have recently been discussed by Malan and Collens (1937) As in the case 
of the main channel streamer discussed in the previous paragraph it is 
possible that the “age” effect just described is combined with an increase 
m tip field, for the density of the negative charge on the leader will be greater 
along a branch than along the main trunk 
More detailed studies of the structure of the “6 ” portions of field change 
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records, which are at present being undertaken, should show electrical 
evidence of these effects 


6 —The pilot streamer 

According to the view put forward in preceding sections, the pilot streamer 
is the only one of the four types of streamer involved m the lightning dis¬ 
charge which can properly be said to advance into virgin air These pilot 
streamers have velocities which have been recorded (as effective step 
process velocities) as ranging from 1 0 x 10 7 cm /sec to 2 0 x 10 s cm /sec 
If their mechanism was simply that of ionization by their tip electrons, 
their velocity would be equal to the dnft velocity v of these electrons and we 
would have V — v = kyJE where k is a constant discussed in 1} 3 Since 
from § 3, E - E c = 30,000 x 54/70 = 21,000 volts/cm at the mean pressure 
prevailing m these discharges, when V = v c — 1 0x10 7 cm /sec , the maxi¬ 
mum value observed for V, 1 0 x 10 H cm /sec , would correspond to a tip field 
of 8 x 10® volts/cm The question then arises whether at the higher velocities 
such high tip fields actually exist or whether in this case also the streamer 
makes use of pre-existing ionization in front of its tip 

The suggestion of Loeb and Cravath that such ionization, by which is 
implied the presence of free electrons arises from natural sources does not 
appear to be valid The mean life of a free electron is so short and the natural 
supply so meagre that it is easily show n that the probability of an electron 
being present at the required moment m the region in front of the tip is 
negligibly small (< 10~®/c c ) There remains a later suggestion by Loeb (1936) 
that streamer advance into virgin air may be facilitated by photoelectric 
ionization of the air in front of the tip It this process occurred it would be 
possible for the maximum pilot-streamer velocities quoted above to be 
reached by the process represented by equation (1) without the high tip field 
strengths which have been calculated 

It will, however, be shown in § 9 that pilot streamer velocities can be 
separated into two groups The first group, which includes velocities from 
1 0 x 10 7 to 5 0 x 10 7 cm /sec , contains the majority of the streamers and 
evidently involves field strengths not much higher than the minimum for 
ionization The second includes all velocities from 50x10 7 to 20x10 8 
cm /sec and contains a minority of the streamers whose behaviour indicates 
that they may be travelling m fields of abnormal strength 

There is therefore no need to invoke photoelectric ionization to explain 
even this minority of faster pilot streamers, and the evidence at present 
suggests that negative streamer advance into virgin air takes place by 
ionization directly produced by electrons m the tip of the streamer 
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6—The mechanism of the stepped leader pause 

The time of pause between successive steps in the stepped leader process 
occupies a remarkably narrow range of values for a phenomenon of this kind 
In 90% of the many leaders examined it hes between 50 and 90/nsec 
This makes it difficult to accept any explanation of the pause which does not 
involve a gas-discharge mechanism of a very fundamental character Thus 
it is unhkely that the pause can be connected with any pi operty ol the cloud 
charge which is feeding the leader, for this must show wide variations 
from one flash to another A similar reason leads one to reject any inter¬ 
pretation based upon oscillations in, or surges travelling along, the channel 
between cloud and the tip of the leader For such an explanation must always 
give a pause time which increases with the length of the channel, and such 
an increase is not observed 

According to the view expressed in § 3, the bright step streamer ceases 
at the end of a step because it is a procoss which requires a previously ionized 
trail, and at the end of a step it has caught up with the pilot streamer which 
lays this trail The pilot streamer then forges ahead during the time which 
elapses before the step streamer can start 

The tip of the arrested step streamer is thus the beginning of the stem of the 
pilot streamer, and the held in the stem in Iront of this tip is insufficient tor 
ionization by electron impact (§ 2) The pause time is then to be considered as 
the time necessary for this tip field to approach the critical value for ioniza¬ 
tion There seem to be two possible views as to the way in which this growth 
tan occur According to the first it is due to the decrease in the electron 
density in the stem of the pilot streamer This streamer carries a current (§ 2) 
and electron drift is taking pla< e in its stem to maintain it If, however, the 
electron density is falling off with time as a result of capture and recombina¬ 
tion processes the current can only be kept up by a rise m the field strength 
in the stem Ultimately this field is great enough for the step streamer to 
start 

It may be, however, that the pause time is the time required for a positive 
space charge to form up from the positive ions in the pilot stem and gather 
close enough to the step-streamer tip to give it a strong starting field 
This second explanation, which was suggested by v Hippel (1933, 1934) in 
connexion with Lichtenberg figures, regards the pause time as of the same 
nature as a spark lag It may, however, be urged against it that the gaseous 
tip of the step streamer is very different m nature to the metal cathode of 
a spark gap, and the formation of a positive space-charge layer very close 
to it is difficult to picture 
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7—PlLOT-STREAMER CURRENTS 


An estimate of the current carried by a pilot streamer can be obtained 
from an expression derived by Rudenberg (1930) on the assumption that 
the tip of the streamer is hemispherical and the tip charge uniformly* 
distributed over this hemisphere, the charge density along the stem being 
negligible m comparison with that on the tip The current t is then found to 
be given by 


i = E r V/ 2 , 


( 2 ) 


where E is the tip field mesu.r the tip radius and V the streamer velocity 
A similar expression has been found by Jehle (1933) for the convection 
current earned by the tip charge 

Values of E and V for the pilot streamer have been given above, but no 
direct information is available as to the radius r of its tip It is certainly 
less than 10 cm , since measurements of the diameter of the hghtmng channel 
after both leader and return stroke have traversed it give radu less than this 
(Schonland, 1937) The streamer tip will spread laterally as it advances, and 
we can apply to it the calc ulations made by Ollendorff (1932)00 the spreading 
of an electron swarm as a result of collisions with gas molecules These give 
a radius of 1 cm for the swarm after it has travelled 10m m a field of 
strength 30,000 volts/cm Thus for the slowest pilot streamers whioh do not 
travel further than 10 m before they are caught up by the step streamer, 
r will be less than 1 cm Substituting m equation (2), E = 21,000 volts/cm , 
r = 1 cm and V = 1 0 x 10 7 cm /seo , we find that pilot streamers travelling 
with the minimum velocity observed carry a current of the order of 1 amp 

The spreading of the tip is less m the larger fields which produce the 
higher streamer velocities, r varying as <J(l/V z ), where l is the distance 
travelled The distance which a pilot streamer travels before being caught 
up by the step streamer is Vt , where t is the pause time (Schonland, Malan 
and Collens 1935, and § 3) Since t is approximately constant this distance 
is proportional to V, and the radius of the pilot tip at the end of its 
career varies as l/V* In the case of the fastest pilot observed, for which 
V = 2 x 10 8 cm /sec , the fanal-tip radius will thus be of the order of 1/^20 cm 
or about 2 mm Substituting these values and that for E previously calcu¬ 
lated^ x 10®volts/cm ) in equation (2), we find the maximum current carried 
by a pilot streamer to be 180 amp Such high velocities are rare, and this 
discussion indicates that the majority of these streamers involve currents 
of a few amperes only 

These currents are very small compared with those earned by the other 
types of streamer in the discharge The dart leader removes a charge of the 
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order of 1 coulomb from the thundercloud in a time ranging from 10~ s to 
10- 4 see and thus carries from 1000 to 10,000 amp The return streamer 
removes this same charge to ground in from 50 to 100 /tsec which involves 
a current of the order of 130,000 amp 


8—Streamer luminosity 

The mam source of hght m the lightning discharge is situated near the 
tips of the various streamers which comprise the discharge Thus the dart 
streamer is so called because the light which it emits is largely confined to 
a length of some 60 m behind its moving tip, the streamer stem behind this 
being only faintly luminous The same is true of the step streamer whose 
stem can only be photographed with difficulty In the case of the return 
streamer the emitting region is longer, but here also the luminosity at the 
base of the channel has fallen off considerably before the bright tip of the 
streamer has advanced half of the distance between ground and cloud 

This localization of the main source of hght implies that it arises from 
excitation processes in the strong fields at the tip of the streamer where 
atoms and molecules are raised to excited states by electron impact Since 
the tip has passed on before they return to normal states with the emission 
of hght, the luminosity thus produced will be spread over a distance D 
behind the tip whose length is given by D^vt, where v is the streamer 
velocity and r the moan hfetime ot an excited state The sign > indicates 
the effect of those excitod atoms which have a longer hfetime than the mean 
m lengthening the emitting region 

For a dart leader of velocity 10® cm /sec , D is observed to be about 
50 m and for a return streamer of velocity 10 10 cm /sec to lie about 500 m 
(Schonland and Collens 1934, pp 662,665) Both these streamers thus give 
r<5x 10-® sec , for the mean hfetime of an exoited state in air at ordinary 
pressure It is interesting to note that values for r in the arc spectrum of 
mtrogen are known to be of the order of 10 7 sec (Compton and Langmuir 
1930, p 132) It may be added that the observed length, D, of the emitting 
region is not affected to any important extent by the resolving power of the 
camera lens used The image of a point on the channel represents the com¬ 
bined effect of the hght received from a length l on cither side of it, but for 
a discharge at a distance of 5 km l is only 10 cm 

Ah these streamers show a rapid increase in the brightness of the tip 
region with increasing velocity (Schonland, Malan and Cohens i935> P bo6) 
This is to be explained by the fact that the velocity of the streamer, according 
to equation (1), is 6 . function of the mean drift velocity, v, of electrons m the 
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region ahead of the tip, since the probability of excitation is well known to 
rise sharply with electron velocity in the neighbourhood of the ionization 
potential 

We may thus infer that the brightness of a very fast streamer implies a high 
field in front of its tip, a large value of v and a degree of ionization which is 
larger than usual This increased ionization provides the stem of the streamer 
with the conductivity necessary for it to carry the streamer current without 
an excessive fall of potential per unit length As a result the tip potential 
and field can be maintained at the value necessary for its rapid progress 

In the case of the pilot streamer the electron-dnft velocity at its tip is 
identical with the streamer velocity V, and this is usually not far from the 
cntioal value for ionization The brightness of such a streamer would there¬ 
fore in general be small and the conductivity of its stem be low These 
effects would account for the fact that it has not been recorded photo¬ 
graphically and for the small currents which it carries It should, however, 
be possible to observe it at the higher velocities, where the increased 
brightness of the following step streamer (Schonland, Malan and Collens 
1935, p 615) indicates that a trail of greater electron density than usual 
has been formed 

9—Leader development and space charge 

It is now possible, from the photographic evidence available, to distinguish 
two different types of stepped leader development The most frequent, 
which may be termed type a, ib that in which the leader process moves in 
a fairly regular manner from cloud to ground without excessive branching 
In such a leader the pilot or effective velocity is not much greater than the 
critical minimum for progress and ranges from 1 0 x 10 7 to 5 0 x 10 7 cm /sec 
The field in front of the pilot is therefore not much greater than the critical 
breakdown field Such leaders we find to be associated with the type of 
field-ohange record recently described by Appleton and Chapman and 
referred to m § 2 

The seoond or ft type of leader, which occurs m about 30 % of the cases 
examined by us, is very much faster and brighter m its initial stages than 
the a type All the high effective velocities which have been observed are 
found during the first portion of the path of leaders of this type This portion 
is always associated with an extensive branching process at its end, and in 
a number of cases (e g flash 36, fig 9, Schonland, Malan and Collens 1935) 
the discharge ends in this branched manner in the air More usually, 
however, the prooess continues onwards to the ground with reduced velocity 
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and with steps which are faint and short Occasionally the extensive 
branching and subsequent slower downward development is repeated 
several times 

It is natural to associate this behaviour of the leader process with the 
existence in the air of concentrations of positive space charge formed by 
the process of point discharge first suggested important by Wilson (1925) 
Such concentrations would lead to the formation of stronger electric fields 
than usual between the cloud charge and the space charge and explain the 
higher pilot velocities of the streamers which travel to them Below such 
a concentration the field would be low and the pilot velocity would be much 
reduced in the manner mentioned above 

Our field-change records show precisely similar effects, the /? type leader 
beginning with a large and rapid field chango carrying abnormally large 
superimposed pulses due to the steps and ending w ith a small field change 
which takes place slowly and with no obseivable step effects 

An interesting complication of the type /? leader which is sometimes 
observed is the occurrence of a bright dart streamer along the previously 
formed section of the channel from cloud to space-charge branch before the 
further downward movement takes place In a complex leader as many as 
four of these dart processes can take place at different stages of its progress 
A moving camera which was unable to record the faint and slow stepped 
process which preceded the later of these dart streamers would indicate 
that the discharge took place m four very large steps This ty|>e of develop¬ 
ment has been reported by Walter (1910 1935) and by Workman, Beams 
and Snoddy (1936) 


10—The origin of separate strokes 

The number of strokes making up a complete discharge to ground is 
a variable quantity It has been shown (Schonland, Malan and Collens 
I 935 > P 599 ) that single stroke discharges are the most frequent and that 
discharges with more than six strokes are rare We have observed that the 
multiple-stroke discharge is more usually associated with the extensive 
and violent frontal type of thunderstorm than with the type winch owes its 
origin to thermal convection 

The origin of multiple strokes has been given a suggested explanation 
by Simpson (1926) in terms of his well-known theory of the positive discharge, 
the cloud end of the positive streamer becoming blocked with negative 10ns 
This explanation cannot be apphed to the negative discharges which have 
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been studied here Ollendorff (1933) has suggested that the discharge is 
cut off during each stroke by the effect of the potential drop at its earthed end 
upon the falling characteristic of the channel This explanation, which 
involves a much simpler conception of the channel than that actually 
observed, appears to have been disproved by experiments reported by 
McEachron and McMoms (1937) 

The experimental evidence obtained by us suggests that separate strokes 
arise as a result of the existence of separate generating centres at different 
places within the cloud That this can actually happen is shown by the not 
infrequent occurrence of Y-shaped discharge channels, apparently branch¬ 
ing upwards, which in the cases examined by us with the Boys oamera are 
due to two separate strokes from different parts of the cloud with a common 
stem formed by one stroke and utilized by the other The association of 
multiple strokos with large and oxtensive cloud masses is in accord with this 
suggestion, for the larger thunderclouds may be expected to possess several 
generating centres When one of these, due perhaps to the presence below 
it of a sufficient positive space charge, is able to discharge to ground the 
reorganization of the field withm the cloud and its concentration m the 
direction of the top of the conductmg channel is likely to start a leader 
streamer which, like the second Y leader described above, will use the cloud- 
earth channel formed by the first 

On this view the time interval between one stroke and the next should 
be of the same order as the time required for a stepped leader to travel from 
a new cloud centre to one which has previously discharged to ground, plus 
the time taken by a dart streamer to travel down the previously formed 
channel to earth Owing to the high velocity of the latter its contnbution 
to the total time interval will be small, and we may write the interval T 
as DjV, where D is the distance between the new and the old cloud centre 
and V the velocity of a stepped leader The observed values of T are usually 
greater than 0 01 and less than 0 09 sec , the most frequent time interval 
being 0 03 sec The most frequent value observed for V in the air outside 
the cloud is 2 x 10 7 cm /sec Substitution of this figure and T = 0 03 sec 
yields D — 6 km for the distance between cloud centres 

This calculation has not taken mto account the possibility of a delay m the 
starting of the new stepped leader nor of a reduced velocity for the stepped 
leader process in the presence of water-drops, both of which would reduce 
the value found for D We may conclude that this explanation of the time 
interval indicates that the distance between cloud centres of charge respon¬ 
sible for separate strokes is less than 6 km , a value which appears very 
reasonable when it is recalled that they arise m the mam from clouds of 
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considerable size It is of interest to note also that the diameter of a single 
charged cloud centre has been estimated by Wilson (1921) to be 1 0 km 

This work forms part of the lightning research programme of the South 
African Institute of Electrical Engineers I have to thank my colleagues 
on the committee, m particular Mr H Collens, Dr D J Malan and Mr D B 
Hodges, for permission to refer to results obtained in collaboration with 
them which are not yet published, and for much helpful discussion 


Summary 

1— Oscillographic observations indicate that all processes in the discharge 
to ground observed in South Afuca involve a cloud cathode and an earth 
anode 

2— The first lightning stroke appears to involve 

a —The development of a pilot streamer, a negative streamer proceeding 
from the cloud into virgin air 

b —The periodical catching up of this pilot streamer by a much faster 
step streamer, a negative streamer advancmg along an ionized path 

c —The distribution by this leader process of the greater portion oi the 
oloud charge tapped by it upon a branched leader channel in the air below 
the cloud 

d —The passage of this charge to ground in the return stioke, a positive 
streamer travelling along an lomzed and oppositely charged path 

3— The second and subsequent strokes involve 

a —A fast dart streamer, a negative streamer advancing along an ionized 
path 

b —A return stroke streamer similar to 2d 

4— The mechanisms of the three types of streamer are investigated 
Satisfactory explanations of their behaviour can be derived 

6—Discussions are given of the currents in the vanous streamer processes, 
of the luminosity associated with their movement and of the effect of space 
charge on leader development 

6—Evidence is given which indicates that the occurrence of separate 
strokes in the discharge is due to the presence in the cloud of separate 
charge-generating centres 



150 


B F J Schonland 


Reteeenoes 

Appleton, E V and Chapman, F 1937 Proc Roy Soc A, 158, 1 
Compton, K and Langmuir, I 1930 Rev Mod Phya 2, No 2 
Cravath, A and Loeb, L B 1935 Phyaice, 6, 126 
Goodlet, B L 1937 J Instn elect Engra (in tho Press) 

Halliday, E C 1932 Proc. Roy Soc A, 138, 205 
Hippel, A v 1933 Z Phya 80, 19 

— 1934 Naturunasenschaften, 22 , 47 
Jehle, H 1933 Z Phya 82, 784 

Klemperor, O 1933 “Electromk”, p 290 Borlin Springer 
Loeb, L B 1936 Rev Mod Phya 8 207 

MoEachron, K B and McMorris, W 1937 Gen Elect Rev 39, 487 
Malan, D J and Collens, H 1937 Proc Roy Soc A, 162, 175 
Nonnder, H 1936 J Franklin Inat 225, 69 
Ollendorff, F 1932 Arch Elektrotech 26, 1932 

— 1933 Arch Elektrotech 27, 189 

Rudenberg, R 1930 Wiaa Verbff Siemens Konz 9, part 1 
Schonland, B F J 1928 Proc Roy Soc A, 118, 233 

— 1935 Nature, Lond , 136, 1039 

— 1937 /VW Mag 23, 503 

Schonland, B F J and Collens, H 1934 Proc Roy Soc A, 143, 654 

Schonland, B F J , Malan, D J and Collens H 1935 Proc Roy Soc A, 152, 5 

Simpson, O C 1926 Proc Roy Soc A, 111, 56 

Toepler, M 1926 Mitt Hermad Schomb Iaolot GmbH 25,743 

Walter, B 1910 Jb hamburg wtas Anal 27 

— I93S 4nn Phya , Lpt, 22, 421 

Wilson, C T R 1921 Philos Trans A, 221, 73 

— 1925 Proc Phya Soc 37, 32d 

Workman, E J , Beams, J W and Snoddy, L B 1936 Physics, 7, 375 



The Theory of the Photolysis of Silver Bromide and 
the Photographic Latent Image 

By R W Gurney and N F Mott, F R S 
H H WtUs Physical Laboratory, University of Bristol 

(Received 21 October 1037) 

1 —Introduction 

The aim of this paper is to see to what extent the prooesses taking place 
during the exposure and development of a photographic emulsion can be 
understood in terms of the conceptions of present day quantum mechanics 
The problem has recently been discussed by Webb (1936), to whose paper 
we are considerably indebted, we believe it possible, however, to push the 
analysis further than has been done by him 
We may conveniently divide our discussion into two mam parts, first, 
that dealing with the direct photolytic reduction of silver halides, and 
second, that dealing with the latent image and its subsequent chemical 
or physical development 

PART I—PRINT OUT EFFECT 
2—Direct photolytic reduction op silver halides 
We must first summarize what is known about this process from the 
experimental side Hilsch and Pohl (1930) have investigated the photo¬ 
chemical behaviour of large crystals of silver halides They find that under 
illumination the crystals beoome coloured, a new absorption band appearing 
m the visible They attribute this absorption band to the formation of 
oolloidal particles of metafile silver * A photoelectric current may be mea¬ 
sured during the photochemical coloration (cf Lehfeldt 1935) The quantum 
efficiency of the process is not known The effect of temperature has been 
investigated by Lohle (1933), who finds that at — 180° 0 no colloidal silver 
us formed unless the crystal has previously undergone a bnef illumination 
at room temperature 

In photographic emulsions the quantum efficiency of the formation of 
silver has been investigated by Eggert and Noddack (1923) and others, and 
* These must be sharply distinguished from the oentres of atomic size, which give 
rise to the F baud in alkali halides 
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it is established that in the direct reduction of silver-bromide emulsions by 
hght (pnnt-out effect), approximately one atom of silver is formed for every 
quantum absorbed This only holds for room temperature, at liquid air 
temperature Berg and Mendelssohn (1937) have shown that the efficiency 
falls by 10* 

It must be emphasized that in a partially printed out emulsion also the 
silver is not found m atomic form, but, m each halide gram, m a relatively 
small number of specks of colloidal metal, as may be Been by examining an 
exposed gram under the microscope (cf Hay 1932a) The hght quanta 
incident must, however, be absorbed at random all over the grain, the silver 
is thus not formed where the light quantum is absorbed It is often stated 
that “silver atoms are formed where the hght is absorbed, and that the 
atoms then flock together to form colloidal metal ’ ’ In what follow s we hope 
to give a more adequate description of this process 


3—Photoconductivity 

As we have stated the absorption oi hght by silver halides is accom¬ 
panied by photoconductivity Now it is a well-known result of the quantum 
theory of solids that if an electron is brought from outside and placed on one 
of the metal ions of an alkali or silver hahde, it will not stay on that ion, but 
will be able to jump from ion to ion through the crystal Unpublished 
calculations for NaCl by Fuchs and the present authors suggest that the 
potential barrier preventing this interchange is practically negligible, such 
an electron can run through the crystal as quickly as a free electron m a 
metal We refer to the band of energy levels that such an electron can have 
as the “conduction levels” Photoconductivity is to be ascribed to the 
raising by the hght of an electron into the conduction level from a bound 
state in one of the halogen 10ns At present we shall assume that every quan¬ 
tum of hght absorbed does this—an assumption which is discussed m greater 
detail in Part III of this paper 

We may estimate the diffusion coefficient of an electron m the conduction 
band If it has thermal energies its velocity will be ~ 10 7 cm /sec , and its 
mean free path,* say 10 -7 cm , so its diffusion coefficient is of the order 
1 cm 4 /sec 

If then we consider a grain of a hahde emulsion, of linear dimensions, say 
10" 4 cm , absorbing quanta at the rate 100/seo , we see that the electrons 


* Much law than that of an electron in a metal (cf Frohlioh 1937) 
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will diffuse rapidly away from the points where they are released, and form 
a sort of electron gas in the grain 

It is not necessary to assume that these electrons are actually movmg 
about all the time According to Pohl (1937), if a crystal of AgBr is irradiated 
at low temperatures with 10 la quanta/cm 8 , it shows electronic conduc¬ 
tivity like a semi-oonductor The state is destroyed by high temperatures 
or by high fields We may assume then that there exist in the crystal meta¬ 
stable positions at cracks or impurities at which the electron may tem¬ 
porarily be trapped, and from which it will be released later by thermal 
motion This follows also from the fact that in Pohl’s experiments on 
photoconductivity a held of about 1000 V/cm was necessary for the 
ourrent to rise to itB saturation value 

Now consider what happens in a gram already partially reduced, so that 
it already contains some metafile silver Whenever an electron comes in 
contact with a speck of silver it will be captured This is shown m fig 1, 
where the energy levels of an electron m the halide crystal and m metafile 
silver are shown, the electron will fall down the potential lull into the metal 
and not be able to get out * 



It is possible that a few electrons will be captured by some of the halogen 
atoms from which they have been ejected If, however, there is already a 
considerable quantity of metallic silver present, this will be improbable, 
since there will at any moment be very few of these atoms (of § 0) Thus 

* There is experimental evidence that electrons movmg in the conduction levels 
of salts are easily trapped by colloidal particles of metal) Glaser and Lehfeldt (1936) 
find that the mean distanoe moved by photoeleotnoally released electrons in KC1 
crystals containing F centres is considerably diminished if the centres are allowed 
during heat treatment to form colloidal particles of metal Lehfeldt (1935) reports 
the same effect in stiver salts 
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eventually an electron will find its way to the metallic silver, and we may 
assume that for every quantum absorbed an electron is added to the 
metallic silver 

4—Electrolytic conductivity 

Silver hahde8 are electrolytic conductors m the solid state Below room 
temperature the conductivity is structure sensitive (of Lehfeldt 1933) 
Above room temperature it is not, and shows a temperature dependence of 
the type 

<t = Ae-w 

The following mechanism has been proposed for the electrolytic conduc¬ 
tion (cf Jost 1937) In thermal equilibrium at temperature T a few of the 
positive ions will have left their normal positions and will be found m the 
centres of cubes at large distances away, as shown m fig 2 We call such 
positions “interlattice” positions If E 0 is the work necessary to remove 
an ion to an “ interlattice ” position in this way, the fraction of the total 
number so displaced will be 

e-Woiki 

Both the displaced ion, and the “hole”, will be able to move through the 
crystal, a certain activation energy W 0 being necessary in either case The 
conductivity due to either process will then be proportional to a faotor of 
the type 

e-UB'+WJ/kT 

Both prooeBses are due to the motion of silver 10ns 
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We now return to our halide gram containing negatively charged par- 
tioles of silver The silver ions in interlattice positions will be attracted to 
the charged silver,* and will therefore move through the crystal until they 
meet and adhere to the silver The silver specks will therefore grow until 
their charge is neutralized We thus see why an atom of silver is formed for 
every quantum absorbed 

When an electron is removed from a halogen ion by the light, the vacant 
plaoe (“positive hole”) left behind may perhaps have a certain mobility, 
since an electron can move from a neighbouring ion and fill it up, and so on 
through the lattice Unless this mobility is muc h less than that of the silver 
ions m mterlattice positions, our whole model breaks down, because the 
negative charge on the silver will be neutralized by the positive holes, which 
are attracted to it We shall assume, then, that the positive holes are not 
mobile, they may be trapped by the mechanism proposed by Gurney and 
Mott (1937) 

In § 10 it is suggested that the light is absorbed mainly on the surface of 
the halide grams, if that is the case there is no difficulty m understanding 
how the bromine atoms so formed escape into the gelatine 

6—Print-out effect at low temperatures 

As we have seen, the quantum efficiency of the pnnt-out effect, near to 
unity at room temperatures, falls by a factor 10 5 as the temperature is 
lowered to that of liquid air (Berg and Mendelssohn 1937) This may be due 
to two causes either the production of electrons may be less efficient at low 
temperatures, or electrolytic conductivity may take place only very slowly 
In the latter case the silver present would charge up negatively, but it 
could not rapidly discharge by attracting silver 10ns to it, so electrons sub¬ 
sequently formed would be repelled and would wander round the grain until 
recombination took place with a halogen atom 

If the former explanation is true we should expect silver bromide to show 
a marked drop in the photocurrent per absorbed quantum as the tem¬ 
perature is lowered Such a drop is observed in zinc-blende and m coloured 
alkali halides and is to be expected on theoretical grounds (cf Mott 1937), 
though possibly at a lower temperature than that of liquid air In AgBr 
Toy and Hamson (1930) find such a drop m crystals which have been an¬ 
nealed for a certain time just below their melting-point, on the other hand, 
Lehfeldt (1935) finds that at — 185 ° C and m a field greater than 200 V/mm , 
one electron is drawn to the anode for every quantum absorbed 

• The field prodttoed by an electron at a distance of 10" 4 era is 10 V/ora 



156 R. W. Gurney and N. F. Mott 

If the latter explanation is true we should expect that, for very weak 
intensities of illumination, the drop in efficiency would be less marked In 
fact, at low temperatures, above a certain intensity of illumination, we 
should not expect the rate of formation of silver to depend on the intensity 
of illumination at all At very low intensities, on the other hand, the tem¬ 
perature should have no effect, as in fig 3 

Actually, however, the drop in efficiency may be due to both causes, and 
experiments on the pnnt-out effect at different temperatures and intensities 
would enable them to be separated, if the results turn out to be similar to 
those illustrated m fig 3 



Fig 3—Rate of formation of silver m an emulsion (theoretical) 


PART II—THE LATENT IMAGE 
6—Conditions foe formation 

According to the investigations of Eggert and Noddack (1932) the number 
of quanta which a gram must absorb in order to become developable is of 
the order 100 This holds for the average grain of an emulsion, 1 e m an 
emulsion this number of quanta must be absorbed per gram in order to 
render about half the grams developable Of course in a sensitive emulsion 
there will be a small number of grams (about 1 %) which are sensitive to 
one or two quanta, there will also be other grains developable without 
exposure at all (causing fog) 

Although many other theories have been put forward we Bhall assume that 
the latent image is a submicroscopic speck of metallic silver It is of course 
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oertain that the presence m the halide grain of metallic silver renders it 
developable, we know this from the simple fact that the developer continues 
to act on a grain long after any special configuration of atoms formed by the 
absorption of hght has been obliterated 

In discussing the latent image, then, we have to consider under what 
conditions a speck of metalho silver will start to grow on the surface of a 
halide grain In this connexion the “sensitivity specks ’’ of Sheppard are of 
great interest According to him these are specks of silver sulphide adhering 
to the surface of the gram, and their function is to “ concentrate ” the silver 
atoms formed at definite points on the surface, where the developer can get 
at them From our point of view, what we require is a place on the surface 
where the electrons will “stick ” If the conduction levels in silver sulphide 
are lower than in silver bromide, the sulphide speck will have just this 
effect, an electron in the conduction level of the latter, on meetmg the 
sulphide speck will fall down a potential hill and become stuck (fig 4) 
The speck thus becomes negatively charged, silver ions are attracted to it, 
and a silver speck grows, as explained above 


Levels of 
AgBr 


Levels of 



FlO 4—Conduction levels of AgBr and Ag,S 


We do not know the size of silver speck necessary for development, one 
might assume that since in the average gram 100 quanta must be absorbed, 
the speck must have 100 atoms It is, however, by no means certain 
a priori that the first few electrons released by the light are effective in 
producing silver atoms, and if we assume that the necessary size of silver 
speck is a good deal less than 100 atoms, and that the hundred quanta are 
necessary for the reason given below, a larger number of facts can be corre¬ 
lated, as we shall now see 

Consider a speck of uncharged metallic silver m contact with AgBr Let 
E be the work necessary to remove an electron from the metal ipto the con¬ 
duction level of the AgBr (cf fig 1 ) We have no a prion knowledge of E, 
but the considerations of § 7 show that it is much less than the work function 
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of silver Now as the temperature is raised electrons will pass from the metal 
into the conduction level of the salt If the electron were uncharged we should 
get a “vapour” of electrons, the vapour pressure being proportional to 
e ~BikT if we denote by c the ratio of the number of electrons per unit 
volume m the conduction band to the number of ion pairs, then we should 
have, as regards the order of magnitude at any rate, 

c~e~ slkT 

Actually the positive charge left on the metal will cause the negative eleotron 
gas to cluster round the surface of the metal, the concentration being of 
the order e~ ElkT and dying away outside it * 

Now the condition for a silver speck to grow is that it shall be negatively 
charged, whereas we have just seen that a speck initially neutral gives off 
electrons and becomes positively charged Clearly then, when a gram is 
exposed to light, a silver speck cannot begin to grow until the concentration 
c of electrons reaches the critical value c 0 given by 

c 0 = 

Assuming that 100 quanta have to be absorbed by a gram of 10 10 ion pairs 
in order that a silver speck shall start to grow, this gives c 0 = 10~ 8 and 

E = k x 270° x 8 log* 10 ~ 0 4 e-volt 

This is much less than the work function IF, and suggests that the lowest 
conduction level in AgBr has negative energy, as in fig 1 
The idea of a vapour pressure can hardly be applied to the silver speck in 
its initial stages of growth, when it would be unlikely to carry a charge (of 
either sign) numerically greater than e In the presence of an eleotron 
vapour, however, such a speck would continuously be capturing and again 
losing an electron If the gram is to grow the time average of the charge on 
it must be negative, and to achieve this at any finite temperature it is dear 
that a certain concentration of electrons must be reached m the halide speck 

7—The reciprocity law 

As is well known the developed density D of a photographio image is not 
proportional to the product of the intensity I and the exposure time t, for 

* The problem of an eleotron gas m thermal equilibrium with an electrode has 
been investigated m some detail (of for example, Fowler, 1936) The diatanoe in 
which the density dies away is of the order (/fcT/2im 0 e , )i, where n 0 is the number of 
electrons per cm s at the boundary With n, ~ 10 l * this gives 3 10~* cm 
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given It, Dm general falls off for low I The reason for this can be understood 
on the basis of the model given above 
We have seen that the electron gas in the silver halide gram must reach 
a certain concentration c 0 = e~ E/kl before the latent image can begin to 
form But while this concentration is forming the electrons can recombine 
with their original halogen atoms Eventually an equilibrium state is reached 
m which the electrons recombine as fast as they are formed If in this state 
the concentration is less than the critical concentration e 0 , the latent image 
oannot begin to form 

These ideas may be expressed analytically as follows Consider a single 
electron in a halide grain containing say 10 12 ion pairs If it is on one of the 
six metal ions adjacent to a given halogen atom it will recombine with it 
after a time of the order of 10~ 8 sec On the other hand, during its motion 
through the crystal, it will on the average spend only a fraction 6 x 10~ 12 
of its life in these six ions If then A is the probability per second that the 
electron and halogen atom recombine 

A~6 x 10~ 4 sec _1 


Consider now a grain absorbing I Q quanta per second, then after a time t 
the number N of electrons and of neutral halogen atoms is given by 


dN 
'dt 


■AN*, 


( 1 ) 


the rate of recombination being proportional to the product of the numbers 
of electrons and vacant places The solution of (1) is 

W = ^tanh[(/„A)*tJ (2) 

As N-+*J(Iq/A) Thus, how ever long the exposure, we cannot obtain 
more than a certain concentration of electrons In an ordinary exposure, a 
gram will absorb say 100 quanta/sec , and a maximum number of electrons 
of 2 6 x 10 s can be reached with the above value of A For very weak 
intensities the maximum will be much less After the exposure the number » 
of electrons will decrease according to the law (obtained from (2) with 
/ 0 - 0 ) 


” At+ l/Wg” 

Fig 6 shows » during and after two exposures of equal It, but different I 
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In any emulsion the rate of absorption of light will vary from grain to 
gram, depending on the size and other factors But since for any grain a 
certain critical concentration must be reached before the latent image can 
form, we are driven to the conclusion that for any given intensity of illumin¬ 
ation only a certain proportion of the grains will ever become developable, 
however long the exposure is continued This is in agreement with experi¬ 
ments by Toy (1926), who examined the grams of an emulsion mioro- 



Exposure 


Flo 6—Calculated number (n) of electrons in a gram (A = 4 10 -4 see _1 ) (o) exposure 
of 100 sec , 1 quantum absorbed per sec (6) exposure of 10 sec , 10 quanta absorbed 
per sec 



log I 


Via 6—Exposure (It) required to yield a given developed density as a funotton of 
intensity (I) The curves shown are theoretical, (a) for high temperatures, ( b ) for 
low temperatures 

scopically after development Another way of expressing the same con¬ 
clusion is to say that, to obtain a given density for given development, the 
intensity of illumination (/) must exceed a given value Fig 0 shows the 
type of result we should expeot, we plot the value of It necessary to obtain 
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a given density/) on a developed plate, for varying I It will be seen that, 
for I below a given value, the density required cannot be obtained * 
According to the theory outlined above this minimum intensity should 
decrease rapidly with decreasing temperature, as shown by curve 6 in 
fig 6 Experiments to test this particular point do not seem to have been 
made, but its correctness is strongly suggested by some results of Webb 
(193 5) on the breakdown of the reciprocity law at low temperatures, Webb’s 
results are shown in fig 7 Webb does in fact find that for low intensities 
emulsions become more sensitive at low temperatures 



Fio 7—Exposure required to yield a given density (observed) 


For high intensities it will be seen that raising the temperature increases 
the sensitivity For these intensities there is probably no difficulty in 
reaching the critical concentration of electrons, what is important is that 
the concentration should remam above the critical value long enough for 
electrolysis to take place and for the latent image to form The electrolytic 
conductivity is found to increase rapidly with increasing temperature (as 
exp( 10,000//)), and this for high intensities seems to be the determining 
factor 

Possibly the decrease in the sensitivity (fig 7) which occurs at low tem¬ 
peratures as the intensity is raised may be ascribed to the same cause At 
these temperatures and intensities there is no difficulty about reaching the 
critical concentration, the important thing is to give the electrolysis time 
to take place 

Finally, some rather speculative remarks may be made about the few 
ultra-sensitive grains m fast emulsions which are sensitive to one or two 
quanta 

* These conclusions depend on the assumption that the halogen atoms do not 
escape from the halide grain before recombination can take place 
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It is generally believed that the ripening process in the preparation of 
photographic emulsions leads to the formation of metallio silver in the 
grains Obviously this silver cannot m general be on the surface of the 
grams, or they would be developable (as a few are in over-npened emulsions) 
If, however, a grain contains already a speck of silver in the interior, we 
have to enquire why this does not collect the negative charge released by 
the light and so grow in size, instead of a new silver speck being formed at 
the surfaoe A possible answer seems to be that, if the mechanism sketched 
in fig 2 for the electrolytic conductivity is correct, and the current is earned 
by excess metal ions, the silver speck cannot grow because there is no room 
for it to do so A silver speok can only grow at the surfaoe where the 
pressure caused by the adsorption of new silver ions can be relieved by the 
whole speck being pushed outwards 

If these ideas are correct the effect of silver in the gram will be to increase 
the sensitivity, because the silver will give off electrons, and especially just 
near it there will already be a certain electron vapour pressure before 
exposure An ultra-sensitive gram will be one in which a sensitivity speck is 
situated near to a bit of silver embedded m the halide The supenor speed of 
a coarse-grained emulsion will be due to the fact that m a large grain there 
is a greater surface area and hence a greater probability of such a state of 
affairs occurring 


8—Development 

It is not our purpose to review the various theories of development We 
remark here only that if the negative ions of the developer can discharge 
electrons on to any metallic silver present on the surface, then eleotrolytic 
conductivity must take place in the solid crystal, m exactly the same way 
as when the electron is placed thete by the action of light Development and 
photolysis may thus perhaps be regarded as giving nse to an exactly similar 
movement of ions within the halide crystal 

In order, then, that a developer shall not reduce unexposed grams, we 
must assume the energy level of the negative ion to he between the 
highest occupied level of the metallic silver and the lowest conduction 
level of the AgBr, or, if there are sensitivity specks, of AgjS 
The vahdity of this hypothesis as to the nature of (chemical) development 
is independent of whether the developer is adsorbed to the surface of the 
latent image silver, as postulated by Rabinowitsch (1934) 
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9—Hkbschel effect 

The developed density of an exposed plate can be lessened (though not 
brought baok to the unexposed value) by exposing it to red light (of Hay 
19326), the number of incident quanta of red light which are necessary is 
about 10 10 times greater than the number of quanta of blue light necessary 
to produce the latent image 

Let us assume that the primary process in the Herschel effect is the 
ejection of an electron from the latent image silver into the conduction levels 
of the silver-hahde gram As we have seen, the energy hv required to do this 
is quite low, well below that of red light Moreover, there are m an exposed 
grain about 10 10 as many silver-hahde molecules as atoms of silver in the 
latent image, and so, if the absorption coefficients of the two are of the same 
order of magnitude, we should expect that probabilities of absorption of a 
quantum by the latent image and by the halide gram to differ by a factor 
of this order 

If the effect of the light is to remove an electron from the silver speck and 
so charge it positively, the latent image can only be destroyed because a 
positive ion is pushed after it by the resulting field The fact that the latent 
image can lose positive 10ns in this way suggests that it consists of very few 
atoms, one can hardly imagine positive 10ns being pushed out of a block 
of massive silver into silver halide 


PART III—MECHANISM OP LIGHT ABSORPTION 

10—Dependence on temperature 

We have assumed up to the present that every absorbed quantum releases 
one electron into the conduction band, basing our assumption on the fact 
that photoconductivity is observed in large crystals According to experi¬ 
ments by Lehfeldt (1935) already referred to, each quantum absorbed by a 
silver bromide crystal illuminated at liquid air temperature releases one 
electron which can be drawn to the anode by an applied field 

In the alkali- halides, on the other hand, this is not the case, no photo¬ 
conductivity is observed for the characteristic absorption band (cf. for 
example Pohl 1937) The reason seems to be that m the first characteristic 
absorption band the light does not free an electron, but moves it only from 
a halogen ion to an unstable position in a neighbouring metal ion, where it is 
still in the field of the “positive hole”, 1 e of the vacant plaoe from whioh it 
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came Thus if one illuminates m the tail of the characteristic) absorption 
band, so that the light can penetrate well into the crystal, one does not free 
any electrons, if on the other hand one uses light of a shorter frequency bo 
that electrons really are raised into the conduction band, the crystal is so 
opaque that only a layer 1cm or so could be rendered photoconducting 

With alkali-hahde crystals most of the work on photoconductivity has 
been earned out by illuminating m the F-band, the F-band seems to be due 
to electrons trapped at a point where a negative ion is missing (cf Pohl 
1937, discussion) Even in this case there is rather definite evidence that the 
light does not eject an electron directly into the conduction band, it raises 
it to an excited state, from which the thermal agitation of the crystal re¬ 
moves it into the condition band At low temperatures this does not happen 
before the electron has dropped back to its normal state, as we deduce from 
the fact (I’ohl 1937) that the photo-current drops suddenly by a factor 100 
as we lower the temperature below — 150° C 

In silver halides one can hardly doubt that the absorption near its long¬ 
wave limit is due to the removal of an electron to an unstable position in a 
neighbouring ion only The photoconductivity observed can only be 
explained if we assume that thermal agitation then releases the electron 
into the conduction band If this is the case we should expect a drop in the 
photo-current at low temperatures, and for the same reason a drop in the 
sensitivity of emulsions 

A large drop in the photo-current as the temperature is lowered to 
-180° 0 has been observed by Toy and Hamson (1930) This result does 
not seem to be compatible with the more recent work of Lehfeldt (1935) 
mentioned above We are not then able to say at what temperature, if at 
all, the expected drop takes place 

As Hertzfeld (1923) has pointed out, 10ns situated at the surface of cracks 
absorb light of lower frequency than ions m the body of the orystal Prob¬ 
ably the long-wave end of the absorption spectrum of silver bromide is 
due to cracks, so that electrons will be released in a photographic emulsion 
mainly at the surfaoe of the grams, for light of not too short a wave-length 


11—Dye sensitization 

The dye molecules are adsorbed to the surface of the grams Fig 8 shows 
the way the energy levels must be arranged to give sensitization in the red. 
the light is absorbed by the dye molecule raising an eleotron from the 
ground state A to an excited state B, if this lies above the conduction levels 
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of AgBr, the electron can freely move from the dye molecule into the crystal, 
when latent image formation will take plaoe as before 
It has been shown that m the direct photochemical formation of silver m 
sensitized emulsions, one dye molecule can be active in forming as many as 
fifty silver atoms The dye molecule must thus be able to regain its electron 
In such emulsions halogen ions rather than halogen atoms will escape into 
the gelatine, and from these the dye molecule must regam its electron 


Empty levels 
of AgBr 

\ _ B " 






In dye-sensitized emulsions, as for ordinary emulsions, we should not 
expect the light to remove the electron directly into the conduction band, 
it will remove it into some excited state m which it is still m the field of the 
molecular ion Thermal motion will oomplete their separation Since the 
work neoessary to separate them will probably be different from that to 
separate an electron and positive hole in the crystal, we may expect the 
temperature dependence of the process to be different from that m an 
unsensitized gram This is discussed further m the next section 


12—Latent image formation at low temperatures 

A number of authors have investigated the dependence of developed 
density on the temperature at the tune of exposure Sheppard, Wightman 
and Quirk (1934) find that the speed of a number of emulsions drops by 
about ten on lowering the temperature to that of liquid air They find no 
marked difference in the behaviours of ordinary and dye-sensitized emul- 
Bions Berg and Mendelssohn (1937) have extended these results to liquid 
hydrogen temperature Defining sensitivity as the exposure required to 
give a density of 0 1 above fog it was found for a blue sensitive emulsion the 
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sensitivity at 90° K is 7 %, at 20° K 4 % of that at room temperature For 
a panchromatic emulsion exposed to red light the fall m the sensitivity was 
much greater, viz to 0 2 % 

It is extremely improbable that any motion of ions can take place at 
20° K , and the fact that any sensitivity at all survives at these temper¬ 
atures suggests that the formation of the latent image silver speck takes 
place after the emulsion is warmed up If this is so, the electrons released by 
the light must become “ stuck ” in some way in the halide gram and released 
when it is warmed, a process which we know to occur at low temperatures 
m large crystals of silver bromide (cf § 3) 

The drop in sensitivity may be due to two causes 

1 — There are not enough places where an electron can be stuck, so that 
some of the electrons released wander round in the crystal till they find 
their original halogen atoms, and recombine with them 

2 — The number of electrons released per absorbed quantum falls below 
unity as the temperature is lowered As we have seen, this is likely on 
theoretical grounds, and may well account for the difference between 
ordinary and dye-sensitized emulsions The rather contradictory evidence 
for unsensitized silver bromide has already been discussed above 

In conclusion the authors would like to express their thanks to the staff 
of the research laboratory of Messrs Kodaks, Wealdstone, and also to 
Dr J Brentano for many discussions about the experimental material 

Summary 

An attempt is made to explain the photolysis of silver halides in terms of 
the concepts of atomic physics The mechanism by which the silver atoms 
formed by the light coagulate to form specks of metallic silver is discussed 
The ideas used in this discussion are then turned to the photographic latent 
image, and are shown to account qualitatively for the variation of developed 
density with temperature, and, for given exposure, with intensity of light 
A brief discussion is given of the Herschel effect, and of sensitization by dyes 
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Self-consistent Field with Exchange for Calcium 
By D R Hartree, FRS and W Hartree 
(Received 22 October 1937 ) 

1—Introduction 

The solution of Fock’s equation (Fock 1930) of the self-consistent field 
with exchange has now been earned out for several atoms (Fock and 
Petrashen 1934, 1935, D R and W Hartree 1935 b, 1936 a, b, c) The 
present paper gives the results of similar calculations for Ca +h , and their 
extension to some of the more important states of Ca+ and neutral Ca 
Calcium was chosen as the next element for which to do such calculations 
for two reasons Firstly, some of the lines in the arc and spark spectra are 
important in astrophysical applications, for which transition probabilities 
are required, it seemed likely that the calculated transition probabilities 
might be appreciably affected by effects of exchange terms on the wave 
functions from which they were evaluated, and on account of their astro- 
physical applications it seemed desirable to obtain the best approxi¬ 
mations to these transition probabilities which are practicable at present 
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■Secondly, it seemed likely that from the differences between the results 
for the self-consistent field with and without exchange, for Cl~ and Ca 4-4 , 
it would be possible to interpolate the corresponding differences for K + 
and Ar with adequate accuracy for most purposes Results for K+ were 
required for calculating X-ray scattering factors more accurate than those 
derived from the results of the self-consistent field without exchange Also 
it seemed that the calculation of the diamagnetic susceptibility of argon, 
and of the difference between the susceptibilities of Na+ and K + , from the 
solutions of Fock’s equation for the respective ions, and the comparison 
of these results with tho observed values, might throw some light on the 
differences between the calculated and observed susceptibilities of ions 
Further the solution of Fock’s equations for argon may at any time 
be required for calculation of electron scattering, or of the Auger effect 
It will appear later that this interpolation for K+ and Ar cannot be 
made as certainly as was anticipated, but still it seemed that it should 
give a fair approximation to the effect of exchange, and should provide 
fairly good sets of estimates for starting tho solutions of Fock’s equations 
for K+ and Ar 


2—Fock’s equations fob electrons, outside closed groups 

A convenient derivation of Fock’s equations for a configuration con¬ 
sisting of closed ( nl ) groups, by formal differentiation of the expression for 

energy integral E =j* 'P*H x Fdr j j'P+'Pdr, in terms of radial wave functions, 

with respect to these wave functions has already been given (D R and 
W Hartree 1936 b), and we need only consider the additional features 
arising from the electrons outside closed groups 

If E is expressed m terms of the integrals /, F, 0 (in the notation of the 
authors’ previous papers, see particularly 1936 b ), the contributions to E 
can be divided into three groups, namely 
a —Those contributions arising from the core of c losed groups only 
b —’/hose arising from the 1 integrals for the wave functions outside the 
core, and the F and 0 integrals for the interactions between the electrons 
in each of these wave functions and those of the core 
c —The F and G integrals arising from the interactions between the 
electrons in the outer wave functions 


We will consider first a single electron outside a core of closed groups, 
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and write ( nl) for the wave function of the outer electron, and (n'l') for 
those of the core 

The contributions to the energy in group a do not give any terms m 
Fock’s equation for the (nl) wave function, and, for one outer electron 
only, there are no contributions m group c The contributions m group 6 
can be obtained as follows It is known that both the Coulomb and ex¬ 
change interactions between an electron in an (nl) wave function and a 
complete (n'l') group are independent of the other quantum numbers of 
the (nl) wave function (Condon and Shortley 1935, Chap 6, § 9, formula 
(11)) and hence are 1/2(2Z+1) times those for the interaction between 
complete (nl) and (n'l') groups These contributions to the interaction 
between complete groups have been tabulated m a previous paper (D R 
and W Hartree 1935 b, Table I b), and using these results, we have for the 
contributions in group 6, for a single electron outside closed groups, 

l(nl) + Z n( ^ 2 ( 2 V + 1) V 0 (nl,n'l') - - J—2 fcJ S s k 0 k (nl, *7')] (1) 

where the coefficients B a k are those previously tabulated 

Now I(nl) is also 1/2(2 1 + 1) times the corresponding contribution to E 
from a complete (nl) group, hence the ratios of the coefficients of the terms 
in (1) are the same as for a complete (nl) group Thus, when Fock’s equation 
for the (nl) radial wave function P(nl) is formed by formal differentiation 
of (1) with respect to P(nl), the coefficients of the terms arising from 
Coulomb and exchange interaction between the outer election and the 
core are the same as for a complete (nl) group already given (D R and 
W Hartree 19366, formulae (12)—(14)) There are now no terms arising 
from interaction within an (nl) group, hence Fock’s equation for a single 
(nl) wave function outside closed groups is 

^^;,rVk) = 0, ( 2 ) 

where 

^*1 = + llX-Znv 2(2*' +1) F 0 (nT, n'l' | r)] - n{ - ,(/ 1-!> (3) 


A + ~ 1 V I c nl nl ~ ~2 - > 


( 4 ) 


T(r) being the total 2 Z p of the field of the nucleus and the Sohrodmger 
charge distribution of the core, namely (cf D R and W Hartree 19366, 
P 61 ) 

T(r) - 2 [N - Z n r 2(2 V + 1 ) Y 0 (nT, n'l' | r)] 

=> 2 C + £ ne 4 ( 2 l' + 1)[1 — Y 0 (nT,n’V | r)], (6) 
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where C is the net charge on the core, and 


’ B »k Y k (rd,n'l) 
' k 2 l+l r 




(6) 


U' _v B Uk Yk( n l’ n l ) /// / lx 

Umni-Zk 2l + l r V+l), 


(7) 


the coefficients B ulc being those already tabulated (D R and W Hartree 
19366, Table 16 ) 

For a confirmation of two or more electrons outside closed groups, the 
contributions to the energy in group 6 similarly give the same contri¬ 
butions ( 3 ), (6), ( 7 ) to Fock’s equations for the outer wave functions In 
addition there are the contributions to the energy m group c and the 
corresponding terms in Fock’s equations For many simple configurations 
these contributions to the energy can be written down at once from the 
results given by Slater (1929) or their extension by Condon and Shortley 
(1935 Chap 7 , §6), or, if not already available, they can be obtained by 
Slater’s method (1929) for any configuration which gives only one term for 
each (L,S) From the contributions to the energy the contributions to 
Fock’s equations can be written down by formal differentiation with respect 
to each (nl) radial wave function using results already given (D R and W 
Hartree 19366, formulae ( 7 )—( 10 )), and dividing by the number of corre¬ 
sponding (nl) wave functions (if more than one) 

For approximate results, it will probably be sufficiently accurate to 
neglect the perturbation of the core by the outer electrons If it is required 
to take this perturbation into account, the contribution to Fock’s equations 
for the core wave functions, arising from interaction between the core and 
the outer electrons, are found by differentiating the energy contributions m 
group 6 with respect to the core wave functions It is found that in 
Fock’s equation for the (nT) core wave function, each (nl) outer wave 
function contributes terms which are 1 / 2 ( 21 + l) times those for a complete 
group 

For a configuration of complete groups, it is always possible to make 
linear transformations of the radial wave functions so as to reduce the non- 
diagonal Lagrange multipliers e nl nl (n' jtn) in ( 4 ) to zero But, as pointed 
out for a simple case in a previous paper (D R and W Hartree 19360, 
pp 694 - 6 ), for a configuration including some incomplete groups this is 
not m general possible, since if either the (nl) or the (n'l) group is incom¬ 
plete, a linear transformation of the radial wave functions does not leave 
unchanged the determinant for the wave function of the whole atom 
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Hence only those non-diagonal parameters e n( „ t for which (n'l) and (n"l) 
are both core wave functions can be reduced to zero, those involving an 
outer wave function must be retained and adjusted to satisfy the conditions 
of orthogonality of the outer wave functions to the core wave functions and 
to one another 


3 — Process of solution of Fock’s equations for calcium 

Solutions of Fock’s equations have been earned out for the normal state 
of the argon-like ion (Ja ++ , for the ( 4 s), ( 4 p), and ( 3 d) states of Ca+, and for 
the ( 4 s) 2 X S and ( 4 s) ( 4 p) 3 P and ‘P states of neutral ('a The three states of 
Ca+ for which calculations were made are the three lowest states, and 
the most important for the astrophysicai application of the results, and 
also the most interesting physically from the point of view of the relative 
energies of ( 4 s) and ( 3 d), and the relation of this to the place in the periodic 
table at which the transition elements of the iron group begin For the 
( 4 s) ( 4 p) configuration of the neutral atom, the evaluation of the solution 
of the equations is easier for the 3 P state, but the 1 S- 1 P transition gives an 
astrophysically important line (A = 4227 ), and it seemed worth while to 
attempt the calculation of the *P state also 

The procedure used for the evaluation of the solution of Fock’s equations 
for Ca++ was very similar to that already used for Cl" and Cu + (D R and 
W Hartree 1936ft, § 3 , and 1936c, § 2 ), the equations are the same as for 
Cl" except for the change in the value of the atomic number N The ionic 
charge + 2, and the consequent comparative insensitiveness of the wave 
functions to small changes in the estimates, made the work markedly 
easier than that for the more sensitive structures Cl~ and Cu + The initial 
estimates of the Z k (nl, n'l') functions were based on the result of the self- 
consistent field without exchange (D R andW Hartree 1935 a) differences 
between these Z functions for the self-consistent field with and without 
exchange were estimated roughly from the corresponding differences for 
Cl" and Cu + Four successive approximations (one concerned with ( 3 p) 
only) were required to obtain results self-consistent to the order of accuracy 
attained in the solution of Fock’s equation for other atoms For Ca+ and 
neutral Ca, the perturbation of the Ca ++ core by the outer electrons was 
neglected, as the amount of work mvolved m the calculation of the outer 
wave functions was already very considerable this perturbation is likely 
to be small, except perhaps for configurations involving ( 3 d) 

For the self-consistent field without exchange, the calculation of the (nl) 
wave function of a single senes electron m the field of the core regarded as 
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given needs no estimates (except that of e, u ^ But since in Fock’s equations 
the Z k (nl,n'l') functions m the exchange terms between the (nl) wave 
function and the core involve this wave function, it (or the set of exohange 
terms involving it) has to be estimated before the integration is begun * 

For each state of Ca+ the outer (nl) wave function, calculated without 
exchange, was taken to provide the first estimates of the various Z k (nl, n'l') 
functions, and these were subsequently improved by a process of suc¬ 
cessive approximation 

In the derivation of Fock’s equation for an (id) outer wave function, it 
is supposed that this wave function is orthogonal to the core (n'l) wave 
function with the same l, and the non-diagonal Lagrange multipliers „, 
are introduced to enable this condition to be satisfied Actually it was 
found unnecessary to use non-zero values of these parameters, either for 
( 4 s) or ( 4 p), since the wave functions calculated without them were already 
orthogonal to the relevant coie wave functions, to the accuracy of the 
calculations For ( 3 d) there are no core wave functions with the same l, so 
the question of orthogonality to them does not arise 

For neutral Ca, the ( 4 s)* configuration consists of closed groups and there 
are no exchange interactions within the ( 4 s)* group, hence the equation 
can be derived from that for Ca+ ( 4 s) by the addition of the term m T(r) 
(cf formula (6)), arising from the Coulomb interaction between the two ( 4 s) 
electrons 

For the configuration ( 4 s) ( 4 p), the terms in the equation arising from 
the interaction between the ( 4 s) and ( 4 p) electrons can be written down from 
the corresponding terms for the ( 2 s) (ip) configuration of Be, by suitable 
changes of the quantum numbers Thus, for normalized wave functions, 
these equations are 


11 ~ 2 T 0 (ws, 4 s) 


»til_~ 


1 P(na) 4- | fe^P( V ) 


2 T 1 ( 4 s, 4 p) 


"3 


P ( 4 p ) = 0, (8) 


* Alternatively, Fork's equation for the (nl) outer wave function can be solved 
as an integro differential equation, this process would involve the evaluation of a 
definite integral over tho range 0 to oo for each step of the integration, and seems 
more elaborate than solution by successive approximation, using estimates of the 
Z k (nl, n’l') functions Another alternative would be to use a modification of Tor¬ 
rance’s method (Torrance 1934, for the application of this method to Fock’s equation, 
see D R and W Hartree 19356, § 8) 
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, m*>,4 P ) 

± 3 r 


P(As) = 0, 


( 9 ) 


the upper sign referring to the triplet and the lower to the Binglet state 

The process of solution of these equations followed much the same lines 
as that for the corresponding states of Be, apart from the use of normalized 
wave functions throughout the present work On account of the much 
larger number of Z k (nl,n'l') functions expressing the interaction of each 
( nl ) outer wave functions with the (nT) wave func tion of the core, the work 
was much heavier than for Be, even though the work for Be gave some 
indication of the likely effects of exchange terms, and helped m making 
the initial estimates As for Be, the calculations were much more trouble¬ 
some for the X P state than for the *P state, on account of the repulsive effect 
of the exchange terms for the singlet state The numbers of steps of suc¬ 
cessive approximation were three, five, and eight for the ( 4 «) a , ( 4 a) ( 4 p) J P 
and ( 4 a) ( 4 p) states respectively 

It was not found possible to make the outer wave fum tions orthogonal 
to those of the core without introducing non-zero values of the non-diagonal 
Lagrange multipliers, though the values required are small Their intro¬ 
duction makes the work more troublesome, and the course of the work 
showed that there was no object in introducing them until a close approach 
to a self-consistent solution has been obtained without them 


4 — Results of Ca 4 "*- 

The results for Ca+ + are given m Tables I—III in the same form as for 
other atoms for which similar calculations have been made Table I gives 
the normalized radial wave functions for Ca ++ , the third decimal in the 
tabulated values of P(nl) should be reliable to a unit throughout Table II 
gives the corresponding contributions to Z and the total 2 Z p , and Table III 
the radial charge density U(r) calculated with and without exchange, and 
the difference 

Comparison of the differences between the wave funotion calculated 
with and without exchange, with the corresponding differences for Cl~ 
showed one surprising feature 
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Table I—Ca++ Normalized wave functions 


r d«) 

0 174 7, 

0 005 168 1 

0 010 143 1 

0 015 129 5, 

0 020 117 3 

0 025 106 2 

0 030 96 2 


0 0 000 

0 01 1 431 

0 02 2 346 

0 03 2 885 

004 3158 

0 OR 3 240 

0 00 3 194 

0 07 3 063 

0 08 2 880 

0 10 2 439 

012 1 988 

0 14 1 576 

0 16 l 227 

0 18 0 943 

0 20 0 716 

0 22 0 540 

0 24 0 404 

0 26 0 301 

0 28 0 224 

0 30 0 160 

0 35 0 078 

0 40 0037 

0 45 0 017 

0 50 0 008 

0 55 0 003, 

0 80 0 001, 

0 7 

08 — 

0 9 
1 0 
1 1 

1 2 — 

1 4 — 

1 6 _ 

1 8 _ 

2 0 — 


Table of PJr l + l 

(2s> i2 p) 

50 73 248 3 

45 86 236 2 

41 30 224 8 

37 21 214 0 

33 39 203 8 

29 86 194 1 

26 60 184 9 

Table of P„ 

0 000 0 000 

0 414 0 022, 

0 668 0 081 

0 798 0 160 

0 834 0 269 

0 799 0 382 

0 711 0 501 

0 586 0 622 

0 435 0 741 

0 094 0 967 

-0 260 1 166 

-0 593 1 333 

-0 890 1 466 

- 1 141 1 566 

- 1 344 I 636 

- 1 500 1 078 

- 1 614 1 696 

- 1 688 1 694 

- 1 730 1 675 

-1 743 1 041 

-1083 1 515 

- I 538 1 352 

- I 354 1 177 

- 1 159 1 005 

-0 972 0 846 

-0 801 0 704 

-0 520 0 473 

-0 334 0 310 

- 0 207 0 200 

-0 127 0 127 

- 0 077 0 080 

-0 047 0 050 

-0 017, 0 020 

-0 007 0 008 

-0 003 0 003 

-0 001 0 001 , 


(3») (3j>) 

17 45, 81 34 

15 78 77 40 

14 22, 73 00 

12 79 70 10 

11 46, 06 72 

10 24 03 52 

9 11 00 48 


0 000 0 000 

0 142 0 007 

0 229 0 027 

0 273 0 054 

0 284 0 088 

0 270 0 126 

0 238 0 103 

0 192 0 201 

0 137 0 239 

0 014 0 308 

-0 111 0 300 

-0 227 0 411 

-0 320 0 442 

-0 404 0 458 

-0 463 0 402 

-0 500 0 454 

-0 617 0 436 

-0 517 0 408 

-0 501 0 372 

-0 471 0 330 

- 0 350 0 204 

-0 188 0 001 

- 0 006 - 0 089 

+ 0 178 -0 235 

0 353 -0 371 

0 611 -0 495 

0 703 -0 097 

0 927 - 0 830 

1012 -0 918 

1 036 - 0 964 

1 015 -0 955 

0 903 -0 929 

0 814 -0 832 

0 051 -0 708 

0 501 -0 582 

0 375 -0 400 
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Table I —continued 

Table of P v 


r 

U*) 

(2s) 

(2p) 

W 

(3p) 

22 

— 

-0 000 B 

0 0<)0 5 

0 275 

-0 367 

24 

- 

— 

- 

0 169 

-0 285 

2 6 

— 


— 

0 142 

-0219 

28 

— 

— 

- 

0 100 

-0 166 

30 

— 

- 

— 

0 070 

-0 125 

3 2 

— 

- 

- 

0 049 

-0 094 

34 

— 



0 033 

- 0 070 

36 

— 


- 

0 023 

-0 062 

3 8 


- 


0 015, 

-0 038 

40 

— 

- 


0 010, 

-0 028 

4 5 

— 

— 

- 

0 004 

-0 013 

6 0 




0 001, 

-0 006 

6 5 

— 

— 

- 

0 005, 

-0 002, 

60 

— 


- 


- 0 001 

06 

- 


- 

— 

- 0 000, 

«»i nl 

299 9 

34 75 

28 37 

5 5*»7 

3 766 

Considering a given 

configuration 

for atoms of different 

atomic number 


N, and comparing corresponding radii in the different atoms (for example, 
the radii at the principal maximum of | P{ 3 p)\), it would be expected that 
the effective nuclear charge Z at this point would vary like N -a, where a 
is some screening number nearly independent of N, whereas the non¬ 
diagonal “exchange” Z* functions would lie approximately the same, hence 
the relative importance of the exchange and Coulomb forces would be 
expected to vary as 1 /(N — a), so that the effect of exchange terms would 
increase with decreasing N and so be greater for Cl than tor Ca + 1 This 
expectation is fulfilled for all the core wave functions except for the ( 3 a) 
wave function in the neighbourhood of its main maximum, over a con¬ 
siderable range m this region the difference between the wave functions, 
calculated with and without exchange, for Cl" is numerically smaller than 
for Ca f+ or even of the opposite sign This result seemed at first to suggest 
an error m the results tor Cl", but later work on K f and Ar, of which the 
results will be given m a separate paper, confirmed thiR unexpected be¬ 
haviour 

ThiB behaviour is another aspect of the small net effect of exchange on 
the ( 3 a) wave function of Cl - , of which a qualitative explanation has already 
been given (D R and W Hartree 1936 ft, p 68) It suggests that the 
variation, with atomic number N, of the differences between the wave 
functions calculated with and without exchange is far from linear in this 
region, and a considerable departure from linearity may also be expected 
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Table II—Ca++ Contributions to Z and total 2 Z p 
2(21+ 1) [1 — Z 0 (nl, nl | r)] 


r 

(I*) 

(2») 

(2 P) 

(3*) 

(3 p) 

2zl 

0 

2 000 

2 000 

6 000 

2 000 

6 000 

40 00 

0 005 

1 998 

2 000 

8 000 

2 000 

6 000 

39 20, 

0 010 

1 985 

I 999 

6 000 

2 000 

6 000 

38 43 

0 015 

I 956 

1 996 

6 000 

2 000 

6 000 

37 67, 

0 020 

1 910 

1 992 

6 000 

1 999 

6 000 

36 94, 

0 025 

1 847 

1 988 

6 000 

1 999 

6 000 

36 24, 

0 030 

1 770 

1 982 

5 999 

I 998 

6 000 

35 67 

0 04 

I 585 

1 968 

5 996 

1 996 

6 000 

34 32 

0 05 

1 379 

1 954 

6 990 

I 995 

5 999 

33 18 

0 06 

1 170 

1 943 

5 978 

1 993 

5 998 

32 13 

0 07 

0 973 

1 934 

5 959 

1 992 

5 996 

31 16 

0 08 

0 797 

I 929 

6 931 

1 992 

5 993 

30 25, 

0 10 

0 512 

1 926 

5 843 

1 992 

5 984 

28 59 

0 12 

0 315 

1 926 

5 706 

1 991 

5 970 

27 07, 

0 14 

0 188 

1 917 

5 617 

1 990 

5 962 

25 67, 

0 16 

0 110 

1 896 

6 281 

1 987 

5 930 

24 37 

0 18 

0 063 

1 853 

5 004 

I 982 

5 905 

23 16, 

0 20 

0 035 

1 791 

4 696 

1 974 

5 880 

22 04, 

0 22 

0 020 

1 709 

4 365 

1 966 

5 855 

21 02 

0 24 

0 011 

1 612 

4 023 

1 955 

5 831 

20 07, 

0 26 

0 006 

1 503 

3 678 

1 944 

5 809 

19 21 

0 28 

0 003 

1 385 

3 336 

1 933 

5 791 

18 42, 

0 30 

0 001, 

1 265 

3 006 

1 924 

5 776 

17 71 

0 35 

0 000, 

0 968 

2 264 

1 907 

5 754 

16 18, 

0 40 

— 

0 707 

1 636 

1 899 

5 748 

14 93, 

0 45 

— 

0 497 

1 165 

1 898 

5 747 

13 89 

0 50 

— 

0 338 

0 797 

1 897 

5 739 

12 97, 

0 55 

— 

0 225 

0 540 

1 889 

5 711 

12 16, 

0 60 

— 

0 147 

0 360 

1 870 

5 654 

11 41 

0 7 

— 

0 059 

0 164 

1 786 

5 436 

10 06, 

0 8 

— 

0 023 

0 064 

1 641 

5 079 

8 89 

09 

— 

0 008 

0 026 

1 451 

4 613 

7 88 

1 0 

— 

0 003 

0 010 

1 239 

4 084 

7 03, 

1 1 

— 

0 001 

0 004 

1 028 

3 534 

6 34, 

1 2 

— 

— 

0 001, 

0 831 

3 000 

5 79 

1 4 

— 

— 

— 

0 511 

2 069 

5 01, 

1 6 

— 

— 

— 

0 296 

1 343 

4 56, 

1 8 

— 

— 

— 

0 163 

0 843 

4 30, 

20 

— 

-- 

— 

0 087 

0 513 

4 16, 

2 2 

— 

— 

— 

0 045 

0 305 

4 08, 

2 4 

— 

— 

— 

0 023 

0 177 

4 04, 

2 6 

— 

— 

— 

0 011 

0 102 

4 02, 

28 

— 

— 

— 

0 005, 

0 057 

4 01, 

30 

— 

— 

— 

0 002, 

0 032 

4 00, 

32 

— 

— 

— 

0 001 

0 017, 

4 00, 

3 4 

— 

— 

— 

0 000, 

0 009 

4 00, 

36 

— 

— 

— 

— 

0 005 

4 00„ 

38 

— 

— 

— 

— 

0 002, 

4 00, 

4 0 

— 

— 

— 

— 

0 001 

4 00, 
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Table III —Ca ++ Charge distribution Total radial density 


U ( r ) = r ni 2(2i+l)Pj^(rU|r) calculated by self-consistent field 


(a) WITHOUT EXCHANGE, 

(b) WITH 

EXCHANGE, 4ND 

THE 

DIFFERENCE 

(b)-(a) 

U{r) 

U(r) 

SU(r) 


U(r) 

V (r) 

SU(r) 

r 

(a) 

(b) 

(&)-(«) 

r 

(«) 

(&) 

<6H«) 

0 000 

0 

0 

0 00 

0 36 

20 04 

19 93 

-0 11 

0 005 

1 37 

1 37 

000 

0 40 

16 09 

15 79 

-0 30 

0 010 

4 47 

4 48 

0 01 

0 45 

12 34 

12 01 

-033 

0*015 

8 26 

8 26 

001 

0 50 

9 36 

9 14 

-0 22 

0 080 

12 03 

12 05 

0 02 

0 55 

7 27 

7 25 

-0 02 

0 025 

15 42 

15 44 

0 02 

0 60 

0 04 

6 24 

+ 0 20 

0 030 

18 23 

18 25 

0 02 





0 04 

21 93 

21 96 

0 03 

07 

5 39 

5 97 

0 58 

0 05 

23 35 

23 39 

0 04 

08 

5 95 

0 71 

0 76 

0 06 

23 15 

23 20 

0 05 

09 

6 08 

7 43 

0 75 

0 07 

22 02 

22 09 

0 07 

1 0 

7 13 

7 74 

0 01 

0 08 

20 54 

20 04 

010 

1 1 

7 17 

7 58 

041 





1 2 

6 85 

7 06 

0 21 

0 10 

17 86 

18 08 

0 22 





0 12 

16 63 

17 01 

0 38 

1 4 

6 00 

5 49 

-0 11 

0 14 

16 83 

17 45 

0 62 

1 6 

4 16 

3 85 

-0 31 

0 18 

18 23 

18 87 

0 04 

1 8 

2 90 

2 53 

-0 37 

0 18 

19 97 

20 68 

0 71 

20 

1 94 

l 59 

-0 35 

0 20 

21 67 

22 40 

0 73 

22 

1 25, 

0 96 

-0 29, 

0 22 

23 01 

23 71 

0 70 

24 

0 79, 

0 57 

-0 22, 

0 24 

23 85 

24 47 

0 02 

26 

0 49, 

0 33 

-0 10, 

0 26 

24 12 

24 03 

0 51 

28 

0 30 

0 18, 

-0 11, 

0 28 

23 88 

24 25 

0 37 

30 

0 18 

0 10, 

-0 07, 

0 30 

23 17 

23 39 

0 22 

32 

0 11 

0 06 

-0 05 





3 4 

0 06, 

0 03 

-0 03, 





36 

0 04 

0 02 

-002 





38 

0 02 

0 01 

-001 





40 

0 01 

0 00, 

-0 00, 





42 

0 00, 

— 

-0 00, 


m the outer part of the (3p) wave function, though it is not shown m the 
same way, this non-lmeanty is the reason for the difficulty, mentioned in 
§ 1, of interpolating these differences for K+ and Ar from those for Ca+ + 
and Cl - 


6—Results for Ca+ Wave functions 
Table IV gives the normalized radial wave functions P(nl | r) for the three 
states of Ca+, namely (4s), (4p) and (3d), for which calculations have been 
made, the third decimal in the tabulated values should be reliable to 1 unit 
The wave functions, calculated with and without exchange, are shown 
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Table IV— Ca+ 

Normalized wave functions 



FOE 

SERIES ELECTRON 



Table of P K /r'+* 


r 

(4*) 

(4p) 

(3d) 

0 

4 852 

19 51 

23 49 

0 005 

4 385 

18 50 

22 72 

0 010 

3 053 

17 00 

21 08 

0 015 

3 554 

10 80, 

21 27 

0 020 

3 185, 

16 99, 

20 60 

0 025 

2 845 

15 23 

19 95 

0 030 

2 530 

14 50 

19 33 



Table of P y 


0 

0 

0 

0 

0 01 

0 039, 

0 002 

0 0000 

0 02 

0 004 

0 000, 

0 0002 

0 03 

0 070 

0 013 

0 0005 

0 04 

0 079 

0 021 

0 0012 

0 05 

0 075 

0 030 

0 0021 

0 00 

0 000 

0 039 

0 0035 

0 07 

0 051 

0 048 

0 0052 

0 08 

0 038 

0 057 

0 0074 

0 10 

0 003 

0 073 

0 013 

0 12 

-0 032 

0 087 

0 020 

0 14 

-0 004 

0 098 

0 028 

0 10 

-0 091 

0 105 

0 038 

0 18 

-0 113 

0 108 

0 049 

0 20 

-0 128 

0 109 

0 001 

0 22 

-0 138 

0 107 

0 074 

0 24 

-0 142 

0 102 

0 088 

0 20 

-0 141 

0 094 

0 102 

0 28 

-0 135 

0 085 

0 110 

0 30 

-0 120 

0 075 

0 131 

0 35 

-0 090 

0 043 

0 170 

0 40 

-0 042 

0 008 

0 208 

0 45 

+ 0011 

-0 029 

0 240 

0 50 

0 003 

-0 004 

0 282 

0 55 

0 112 

-0 097 

0317 

0 00 

0 154 

-0 125 

0 350 

0 7 

0 210 

-0 108 

0 407 

0 8 

0 246 

-0 194 

0 454 

09 

0 247 

-0 202 

0 492 

1 0 

0 220 

-0 196 

0 621 

1 1 

0 188 

-0 179 

0 642 

1 2 

0 139 

-0 153 

0 557 

1 4 

0 021 

-0 085 

0 574 

1 0 

-0 103 

-0 004 

0 577 

1 8 

-0 220 

+ 0 079 

0 572 

2 0 

-0 322 

0 100 

0 501 

2 2 

-0 408 

0 235 

0 540 
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Table IV —continued 
Table of P„ 


r (4s) 

2 4 -0 475 

2 6 - 0 525 

2 8 -0 559 

3 0 -0 579 

3 2 -0 686 

3 4 - 0 584 

3 6 -0 574 

3 8 -0 557 

4 0 - 0 536 

4 5 -0 486 

5 0 -0 389 

5 6 -0 315 

6 0 - 0 249 

6 5 -0 193 

7 0 -0 147 

8 -0 081 

9 -0 043 

10 -0 022 , 

11 -0011 

12 -0 005, 

14 -0 001, 

16 - 0 000 , 

18 — 

e ni, ni 0 8290 


(4 p) (3d) 

0 302 0 528 

0 361 0 508 

0 410 0 487 

0 451 0 464 

0 481 0 441 

0 504 0 417 

0 519 0 393 

0 527 0 369 

0529 0 346 

0 511 0 289 

0 471 0 238 

0 419 0 193 

0 363 0 154 

0 307 0 121 

0 254 0 095 

0 168 0 056 

0 106 0 032 

0 084 0 018, 

0 038 0 010 

0 021, 0 005, 

0 006, 0 001 , 

0 002 0 000 , 

0 000 , — 

0 6193 0 6659 


graphically in fig 1 This figure shows strikingly the very large effect of the 
exchange terms on the ( 3 d) wave function, compared with their effect on 
the ( 4 s) and ( 4 p) functions, for ( 4 a) and ( 4 p) the exchange terms form a 
comparatively small proportion of d 2 P(nl)/dr 2 over most of the range, 
whereas for ( 3 d) they form the main contribution to d 2 Pjdr 2 m the neigh¬ 
bourhood of the main maximum, so that the shapes of the curves of P( 3 d), 
calculated with and without exchange, are quite different 

The inset in fig 1 shows the charge distribution of the Ca + + ion on the 
same scale of r, and is included to show how the radial scale of the ( 3 d) 
wave function is related to that of the core, as calculated without exchange, 
the ( 3 d) wave function lies mainly well outside the core, corresponding to 
a “non-penetrating” orbit of the orbital atomic model, the effect of ex¬ 
change is to pull it m considerably and make its dimensions very mqch more 
like those of the core wave functions with n = 3 

Another aspect of this large effect of exchange on the ( 3 d) wave function 
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18 shown by the following values referring to the normalized wave functions 
at the origin 

(4#) (4 p) (3d) 

T t r P(« C f With exchango ) "I q 932 q 833 2 182 

r->OL-Pfs c f without oxchange)J 



Fici 1—Normalized radial wave functions for sonos electron for (4s), (4p) and (3d) 
states of Oa+, calculated with exchange (full line) and without exchange (broken 
line) Inset below, radial distribution of charge of Ca++ core, on same scale of r 


Since spin and hyperfine structure separations depend mainly on the 
normalized P 2 for small r, values of these quantities for ( 3 d), calculated 
from the wave functions with and without exchange, would differ by a 
factor of nearly 5 
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6—Results fob Ca+ Energy- values 

Consider an atom consisting of a core of closed shells and a single series 
electron in an (nl) wave function If E oorti is the contribution to the 
energy from the I, F, G integrals involving core wave functions only, the 
total energy of the system is 

+ W) + 2 *, [ 2 ( 2 /' +1 )F 0 (nl,n'l')- X) E k R uk G k (rd, n'Z')] , 

whereas that of the lomzed system consisting of the core only is just E COTe 
If the perturbation of the core by the senes electron is neglected, the two 
values of E mTC are exactly equal and the energy E\ of the [core + («./)] 
state, relative to the normal state of the < ore as zero, is 

E, - l(rd) + £ m ,[‘2(2/' + 1)F 0 (nZ, nT) - 2 ~ + X) E k B Uk G k (nl, nT)] (10) 

Now I(nl) = - ~ ~ * } ] P{nl) dr 

and substituting for the second factor in the integrand from (2), (3), (6), (7) 
and using the property of orthogonality between the (nl) outer wave 
function and the core wave functions of the same /, we find 

20i = -e,a,a (11) 

Thus if the senes electron wave functions are calculated from Fock's 
equation, and made orthogonal to the appropriate core wave functions, the 
diagonal parameters give directly the negative energy values in Rydbergs 
(since 1 Rydberg = \ atomic unit of energy) This is a result previously 
quoted (D R and W Hartree 1936a, p flO 1 )) without proof 

In Table V the values of t, (/ nl are compared both with the observed 
values of v/R and with the values of c td nl for the self consistent field 
without exchange, m the latter case the values of e lU nl do not give directly 
the values of 2 E v but the rathor elaborate calculations required to obtain 
values of 2 E x from them (cf McDougall 1932) have not been earned out 

Table V—Ca+ energies 

Fock’s Without 

equation exchange Ohs 

f nl „i e„, nl vIR 

4# 0 829» 0 783 0 872 5 

4 p 0 019 0 589 0 642 

3d 0 666 0 507 0 748 
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The change in the value of e 3d 3ri brought about by the inclusion of 
exchange terms is considerable, and suggests that exchange effects have a 
considerable part m determining the value of N for which the binding of a 
( 3 d) electron becomes stronger than that of a ( 4 s), and so in determining 
the position of the beginning of the group of transition elements in the 
periodic table 


7 —Ca+ Transition probabilities 

Approximate calculation of transition probabilities for the ( 4 p)~( 3 d) and 
( 4 p)-( 4 a) transitions of Ca+ were made some years ago by Zwaan (1929), 
using a form of Jeffreys (1924) method for the approximate solution of the 
wave equation and taking an empirical field adjusted to make the e para¬ 
meters of the one-electron wave functions in this field agree with the observed 
energy levels of the optical and X-ray spectra McDougall (1932, footnote 
on p 575 ) showed that this use of an empirical field to reproduce the 
observed energy levels of the optical spectrum would not necessarily 
give the best wave functions for the senes electron, and that wave functions 
calculated, even without exchange, in the self-consistent field of the core 
would in many cases provide a better approximation Also Zwaan’s*wave 
functions (1929, Table VI) do not appear to have the nght behaviour near 
the origin, and the method of < alculatmg them was rather rough Hence a 
revision of the calculated transition probabilities, using the best available 
wave functions, seems to be called for 

The matrix elements of r, calculated (a) from the solution of Fock’s 
equation, ( b ) from the wave functions without exchange 111 the self-consistent 
held ol the core, and (c) by Zwaan, are given 111 Table VI 


I rP(ls) P(ip) dr 

Jo 

I " rP(4p) F(4d) dr 
'0 


Table VI 
(a) (6) 

-3 93 -4 28 

2 83 4 08 


(c) 


- 3 80 


atomic units 


2 50 


In order to obtain the observed energy values for the optical terms, Zwaan 
had to use a field which, for large r, is considerably greater than the self- 
consistent field of the core This difference might be and indeed used to be, 
ascribed to the polarization of the core by the series electron, but it ib now 
recognized that exchange effects between the outer wave function and the 
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core wave functions make appreciable contribution to the energy values for 
the senes electron (cf McDougall 1932), and that therefore the energy 
values of a single electron m a static field should certainly not correspond 
exactly with the energy levels of the actual atom However, for the wave 
function of the senes electron, the exchange terms m the equations from 
which they are denved have qualitatively the same effect as an additional 
attractive field, but the rather close quantitative agreement between 
Zwaan’s values in Table VI and those calculated from the wave functions 
of this paper appears accidental 

It is convement to use the concept of lme strengths introduced by Condon 
and Shortley (1935, Chap 4 , § 7 ) as an intermediate step in the calculation 
of transition probabilities The total strength of the multiplet (cf Condon 
and Shortley 1935, Chap 9 , §2) arising from the transition (nl)-(nT) m 
a one-electron spectrum is defined as 

S(nl,nT)— £ j jV*(raZ m^,) Tijr(n'l'm'fln' t ) dr j 


Now using Sugiura’s result (Sugiura 1927, p 113 , formula following ( 4 )), 

^ I m s ) ri/r(n'l'tn',m',) dr ! 

mt,mt |J 

= [Max(Z, V )] | J *rP(nl) P(nT )dr j * (V = l ± 1 ) 

(the radial wave functions being normalized), and the sum over m B , m' 
introduces a faotor 2, hence 

S (nl,n’V) = 2[Max(l, 1')] | J *™ rP(nl) P(n'l') dr | * (12) 


This result can also be obtained as a special case of formula ( 3 ) of Condon 
and Shortley (1935, Chap 9 , § 3 ) 

To convert this result into formulae for oscillator strengths J or transition 
probabilities A it is necessary to specify which state is the uppermost We 
will take ( n'l') to be the upper and (nl) the lower state Then the total 
oscillator strength for the transition is 


f(nT, nl) 


1 vS{n'l',nl) 
3 S 2 ( 21 + 1 ) 


(see Condon and Shortley 1935, Chap 5 , § 9 , formula (1)), where v is the 


Vol CLXIV—A 
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frequency associated with the transition, and R is the Rydberg frequenoy, 
whence from (12) 

f(n’VM) = ^“ 27 ^r|/„" rP(wi) ^ P{nT )dr ^ ( 13 ) 

The oscillator strength / is a pure number, and m this result it is assumed 
that S and r are expressed m atomic units 
The statistical weight of the upper (nT) state is 2(2Z' + 1), and hence, 
following the argument heading to formula ( 3 ) of Condon and Shortley 
(1935, Chap 4 , § 7 ), we have for the spontaneous transition probability 
1 64 rr 4 r 3 

if, as m formula ( 14 ), S is expressed in atomic units (ea) 2 Now 
64jt 1 B 3 

- ni : (ea) 2 = 2 60 J 0 * sec _1 
3 he 3 

(Condon and Shortley, 1935, Chap 5 , §6, formula ( 5 )), hence 

A(nT,nl) = 2 66 lO 2 ^^'- 1 (-^ 3 | JJrP(nJ) P(nT)dr\ ( 14 ) 

In calculating values of/ and A from ( 13 ) and ( 14 ), one could use either 
observed values of v for the transitions, or calculated values derived from 
the calculated energy levels The calculated values of v and of 

rP(nl) P(n'l')dr 

are both based on an approximation, and, as far as we know, there is no 
reason to expect the effects of the approximation on the [v/R ) 3 factor to 

compensate for the effects on the JJ rP(nl) P(n'l‘)dr factor, hence it 

seems best to use the observed values of v/R 
Values off and A for the two transitions ( 4 p)-( 4 «) and ( 4 p)-( 3 d) calcu¬ 
lated from the results of this paper using the observed values v/R are given 
in Table VII, the values of v/R derived from the energy levels calculated 
with exchange are also given 

Table VII 

Oba Calo 

Transition l V v/R v/R 
( 4 pH 4 «) 0 1 0 230 , 0 210 , 

( 4 pH 3 d) 2 1 0 106 0 047 


S / A 

30 9 1 19 1 86 10 8 seo - 1 

27 7 0 098 1 46 10’ seo -» 
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8 — Neutral Ca Wave functions and energies 

The wave functions for the three states of neutral Ca for which calcu¬ 
lations have been made are given in Table VIII, the third decimal in the 

Table VIII — Neutral Ca Normalized wave functions 

Table of P M /r l « 

r (4s)' state (4») (4p) *P state (4s) (4p) >P state 


(4s) 

(4«) 

(4p) 

(4«) 

(4 P) 

0 00 

4 11 

4 28 

16 27 

4 92 

7 23 

0 01 

3 36 

3 49 

14 73 

4 01 

6 55 

0 02 

2 70 

2 80 

13 34 

3 23 

5 93 

0 03 

2 14 

2 21 

12 09 

2 56 

5 38 

0 04 

1 67 

1 72 

10 97 

2 00 

4 88 



Table of P„ 



000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 01 

0 034 

0 035 

0 001, 

0 040 

0 000, 

0 02 

0 054 

0 056 

0 005 

0 065 

0 002, 

0 03 

0 004 

0 066 

0011 

0 077 

0 004, 

0 04 

0 067 

0 059 

0 017, 

0 080 

0 007, 

0 05 

0 064 

0 066 

0 025 

0 076 

0 011 

0 06 

0 056 

0 057 

0 033 

0 066 

0 014 

0 07 

0 045 

0 046 

0 040 

0 053 

0018 

0 08 

0 032 

0 033 

0 048 

0 038 

0 021 

0 10 

0 003 

0 003 

0 061 

0 004 

0 027 

0 12 

-0 027 

-0 028 

0 073 

-0 031 

0 032, 

0 14 

-0 054 

- 0 056 

0 082 

-0 064 

0 036 

0 16 

-0 077 

-0 079 

0 087 

-0 092 

0 039 

0 18 

-0 096 

-0 098 

0 090 

-0 114 

0 040 

0 20 

-0 109 

-0 111 

0 091 

-0 130 

0 040, 

0 22 

-0 117 

-0 120 

0 089 

-0 140 

0 039, 

0 24 

-0 120 

-0 123 

0 085 

-0 144 

0 038 

0 26 

-0 120 

-0 123 

0 079 

-0 143 

0 035 

0 28 

-0 115 

-0 118 

0 072 

-0 137 

0 031, 

0 30 

-0 107 

-0 110 

0 063 

-0 128 

0 028 

0 35 

-0 076 

- 0 078 

0 037 

-0 091 

0 016 

0 40 

-0 035 

-0 037 

0 007 

-0 043 

0 003 

0 45 

+ 0 009 

+ 0 009 

-0 024 

+ 0011 

-0011 

0 50 

0 054 

0 055 

-0 053 

0 063 

-0 024 

0 55 

0 095 

0 097 

-0 080 

0 113 

-0 036 

060 

0 131 

0 134 

-0 104 

0 156 

-0 046, 

0 7 

0 184 

0 188 

-0 141 

0 218 

-0 063 

08 

0 210 

0 215 

-0 162 

0 249 

-0 072, 

09 

0 212 

0 217 

-0 169 

0 251 

-0 076 

1 0 

0 194 

0 199 

-0 165 

0 229 

-0 074, 

1 1 

0 163 

0 167 

-0 151 

0 191 

-0 068, 

1 2 

0 121 

0 124 

-0 130 

0 141 

-0 060 
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Table VIII —continued 
Table of P x 


r (4*)* state 

(4s) 

1 4 0 022 

1 6 -0 082 

18 -0 182 

2 0 -0 270 

2 2 -0 346 

2 4 -0 400 

2 6 -0 463 

2 8 - 0 488 

30 -0513 

3 2 - 0 629 

3 4 -0 536 

3 6 -0 536 

3 8 -0 529 

40 -0 518 

4 5 -0 478 

5 0 -0 427 

5 5 -0 372 

60 -0318 

6 5 -0 268 

7 0 -0 223 

8 -0 150 

9 - 0 099 

10 -0 064 

11 -0 040 

12 -0 025 

14 -0 009 

10 -0 003 

18 -0 001 

20 — 

22 — 

24 — 

26 — 

28 — 

30 — 

32 

6 nt, ni 0 3891 


(4«) (4p) *P state 

<<•) T*P) 

0 02 2 - 0 074 

-0 086 -0 008 

-0 189 +0 061 

-0 281 0 130 

-0 358 0 194 

- 0 421 0 252 

-0 409 0 305 

-0 506 0 350 

-0 631 0 388 

-0 545 0 419 

- 0 550 0 444 

-0 548 0 462 

-0 541 0 476 

-0 628 0 484 

-0 481 0 485 

-0 422 0 400 

-0 361 0 436 

-0 302 0 390 

-0 249 0 353 

-0 202 0 311 

-0 129 0 232 

-0 080 0 168 

-0 048 0 117 

-0 029 0 081 

-0 017 0 055 

-0 006 0 025 

-0 002 0 011 

-0 001 0 005 

— 0 002 

— 0 001 


0 5177 0 3058 


(4 s ) (4 p ) *P state 

( H ) Tip ) 

0 021 -0 030 

-0 105 -0 007, 

-0 224 +0 022, 

-0 327 0 053 

-0 413 0 082 

- 0 480 0 109, 

-0 531 0 130 

-0 564 0 101 

-0 584 0 184 

-0 591 0 200 

-0 588 0 226 

- 0 570 0 245 

- 0 558 0 203 

-0 535 0 279 

-0 404 0 314 

- 0 385 0 342 

-0 310 0 362 

- 0 242 0 373 

-0 185 0 379 

-0 139 0 377 

-0 074 0 358 

-0 036 0 325 

-0010 0285 

-0 006 0 242 

-0 002 0 201 

— 0 130, 
0 080 

— 0 047 

— 0 027 
0 015 

— 0 008 

— 0 004 

— 0 002 

— 0 001 

— 0 000 , 

0 5052 0 1720 


«s. o ip 

= -0 007, =-0 013, 

tabulated values is not everywhere certain to + 1 but is probably reliable 
to ± 2 The wave functions for the ( 4 s) ( 4 p) configuration are shown 
graphically in fig 2 Comparison with the figure showmg the corresponding 
wave functions for Be (D R and W Hartree 19360, fig 1) shows that the 
general effect of exohange terms in the two cases is very similar 
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The energies E t of the states of neutral Ca relative to the normal state 
of Ca++ as zero, can be written down from the expressions for the corre¬ 
sponding states of Be (D R and W Hartree 1936 a, formulae ( 33 ), ( 34 ) and 
Table II) by appropriate changes of the principal quantum numbers The 
energies E t , and contributions to them, are shown in Table IX, together 
with the corresponding energies derived from observed term values The 
energies relative to the normal state of Ca+ are also Bhown, for the calcu¬ 
lated values, the value 2 E 1 = — 0 829 & for Ca + , found from the solution of 
Fock’s equation, has been used 



Via 2 —Normalized radial wave functions for the (4s) (4 p) l P (full line) and *P (broken 
line) states of neutral Ca 


Table IX— Neutral Ca Energies 
(All energies are expressed m Rydbergs) 

(4*)* ‘S (4*) (4 p) *P (4a) (4 p) ip 


-2e Uti , =-0 778 -fc«, «, =-0 618 -e,*,. =-0 606 

-2P 0 ’(4#, 4 a)= -0 428 -e it 4 „ = -0 306 -e ir tv = -0 172 

- 2t\(4s, 4p)= — 0 390 - 2P„(4a, 4p) = - 0 288 

+ §0,(44, 4p) = + 0 086 - §G,(4a, 4p) = - 0 032 

Total = 2E t - 1 206 - 1 129 - 0 997 

Obs 2E t - 1 322 -1 184 - 1 106 

Calo 2E l -2K l {h>) -0376, -0 299, -0 167, 

Obs 2E t -2E 1 {ls) -0 449 - 0 311 -0 234 
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The agreement between calculated and observed energies is better for 
the S P than for the *P state, for Be, the agreement was better for the *P 
state, but the two cases are not closely comparable, as for Be the (2 p) wave 
function corresponds to a non-penetrating orbit, and its exchange inter¬ 
action with the core is very small, whereas for Ca the (4p) wave funotion 
corresponds to a penetratmg orbit and its exchange interaction with the 
core is much greater 


( ) —Neutral Ca Transition probabilities 

As already mentioned, the l S- 1 P transition gives an astrophysically 
important line, and the mam object of the calculating of the wave functions 
for the X P state was for the evaluation of this transition probability This 
transition is a “one electron jump” in the sense that the quantum numbers 
of only one of the wave functions change, but this change is accompanied 
by an alteration of the other outer wave function, and this should be taken 
into account in evaluating the transition probability 
Writing A for the configuration (4«) 2 and B for the configuration (4s, 4 p) 
and, ir x (nlm(m a \j) ( X = A or B) for the ( nlm t m a ) wave function m con¬ 
figuration X, regarded as a function of the coordinates of electron j, and 
also 

0(A) = |^(4sOJ|l) ^(4*0-£|1) I 

|^(4*0i|2) *M4*0-J|2)| 

*i(*) = I | 1) i/r B (4pO — J | 1) I 

|^(4s0i|2) i^»(4p0 — J | 2) I ’ 

- |vM4«0-i|l) ^ B (4p0i|l)| 

the normalized wave functions for A and for the ( 1 P, M h = 0) state of B are 

n A) = -fiW), vw = 

so that the matnx element of r. + r g between the two states is 
~ lj*mr ! + r.) mB)-4> a (B)] dr .dr. 


( 15 ) 
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Summation over the spin coordinates a gives 
JJ>(A)0 x (B) = -X0(A)<fi t (8) 

= i/r A ( 4s 11 ) f B (is | 1) ir A {4» | 2 ) f s (4p | 2 ) 

+ iM 4 * 11 ) iM 4 ? 11 ) ^(4* | 2 ) *M4* | 2 ) (16) 
On multiplication by r 1 + r 2 and integration over Tj, t 2 each term of (16) 
gives a contribution £JV^(4a) ^ B (4s)drJ J^J^(4s) T\jr B (Ap) drj and in (16) 
there are four such terms altogether, hence (15) becomes 

^[JiM^lM 4 *)*] [J^( 4 «)r ^ B (4p)drJ (17) 

This differs from the matrix element for the transition of one electron in 
a static field by the factor JV<(4«)vM 48 )^ T > whose difference from unity 

expresses the effect of the alteration of the (4s) wave function on the prob¬ 
ability of transition of the electron whose quantum numbers change, and 
by the factor <J'2 The summation of the squares of the matrix elements for 
different values of M L follows exactly the corresponding calculation for 
transition of a single electron in a static field, but there is now no summation 
over M s , whereas for a single electron m a static field this introduced a 
factor 2 Hence the total line strength of the transition is 

S[(4a) ai S, (4*)(4p)»P]« 2 f [p A (4a)P B (*s)drl 


jJrPj4s)P B (4p)drJ 

as for a single electron 

If the alteration of the (4s) wave function is disregarded this gives 


S[(4s) sl S, (4s)(4p)!P] = 


\rP A (4a)P Ii (4p)dr 


This is m agreement with Condon and Short ley ( 1935 ), Chap 9, §3, since 
for the transition between (4a) (ns) X S and (4s) (n'p) J P (n > 4 so that the 
electron making the transition is not equivalent to any other in either con¬ 
figuration) formulae ( 6 ), ( 6 ) of Condon and Shortley ( 1935 , Chap 9 §3) 
apply, and give 

S[(4s) (tu)) l S, (4s) (np^P] = jJrP(w) P(n'p)drJ (n> 4), 
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and if one configuration contains equivalent electrons the absolute strengths 
of the multiplets arising from transition between unexcluded states are 
twice as large as for the same transition of the jumping electron when it is 
not equivalent to another electron in either configuration (Condon and 
Shortley 1935 , p 247) 

Since for the transition (4«)*-(4«) (4 p) the statistical weight of the upper 
state, (28 + 1) (2L + 1 ), is 3, the transition probability is 

A[(4»)(4p)*P, (4*) al S] = 2 66 10 » sec 

where S is in atomic umts and is given by ( 20 ) The relevant quantities for 
the calculation of this transition probability are 

jp A (4a) P B (ia)dr = 0 981 

jrP A (4a)P B (4p)dr = -4 06, 
v/R (obs ) = 0 215, 

S[(4s) (ip) 1 P, (4a) 21 SJ = 31 9, 
whence A[(4a) (4 p) ‘P, (4«)* *S] = 2 81 10 8 seo _1 

The ratio of the calculated (4p)-(4a) transition probabilities for Ca and 
Ca 4 is 1 69 Although the data from which both transition probabilities 
are evaluated are based on an approximation to the form of the wave 
function for a many-electron atom, it may be expected that the effects of 
this approximation will be much the same for the two states of ionization, 
so that this ratio, which for some applications is more important than the 
individual transition probabilities, is not likely to be seriously affected by 
this approximation 

The calculation of the transition probability for the mtercombmation 
line 3 S-*P is more elaborate, and probably less certain also, as it involves 
consideration of the departures from Russell-Saunders coupling and the 
quantitative introduction of spin forces, and it will not be further con¬ 
sidered here The following are values of integrals which may be required 
m this contest (the wave functions P c (is), P ( (4p) are those calculated 
from Fock’s equations for the 3 P state) 

^P A (4a)P e (4a)dr = 0 908, 
jrP A (4a) P c (4p)dr = -4 49 
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10—Summary 

Calculations of the self-consistent field, with exchange, have been made 
for Ca++, and the results are given 

Solutions of Fock’s equations, without allowance for the perturbation of 
the core by the senes electrons, have also been earned out for the (is), 
(ip) and (3d) states of Ca+ and (4s) 2 , (4a) (ip) 3 P and *P states of neutral 
Ca Energy values for all these states have been calculated and are com¬ 
posed with the observed values, it appears that exchange effects have con¬ 
siderable influence on the relative strengths of binding of a (4«) and a (3d) 
electron, and so are significant from the poiht of view of the position of 
the beginning of the transition group of elements in the periodic table 

Transition probabilities have also been calculated for the (4 s)-(4p) and 
(3d)-(4p) transitions of Ca+ and the (4s)*-(4s) (ip) singlet transition of 
neutral Ca, these transitions all give lines of astrophysical interest, and 
absolute values of transition probabilities may have astrophysical applica 
tions 
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Introduction and summary 

G I Taylor ( 1935 ), in a paper of fundamental importance, introduced 
the conception of isotropic turbulence and applied it, with interesting 
results, to the problem of the decay of turbulence in a windstream 

In this paper we develop a general theory of isotropic turbulence The 
correlation coefficients between two arbitrary velocity components at two 
arbitrary points form a tensor called the correlation tensor Due to isotropy 
the tensor corresponding to one fixed and one vanable point has spherical 
symmetry, due to the condition of continuity it is completely determined by 
one scalar function The mean products of the derivatives of the velocity 
fluctuations are expressed by the derivatives of the tensor components, 111 
this way laborious calculations for obtaining such mean values are elimi¬ 
nated The correlation between three components (triple correlation) is 
discussed 

After developing the kinematics of isotropic turbulence the dynamical 
problem of the change of the various mean values with time is considered 
It is shown that using the equations of motion a partial differential equation 
connecting the double and triple correlation functions can be established 
The solution of this equation is investigated first in the case when the 
triple correlation is neglected and the shape of the double correlation funotion 
remains similar and only its scale changes Equations for the dissipation of 
energy and vorticity are deduced 

Finally, a possible solution for large Reynolds numbers is given and 
applied to Taylor’s problem of the decay of turbulence behind a grid 

Taylor’s fundamental relation between the width of the correlation 
function and the size of the small (dissipative) eddies is confirmed However, 
it is believed that the linear law for the reciprocal of the root mean square of 
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the velocity fluctuations as a function of the distance from the grid is a 
special case, in the last section of the present paper a more general functional 
relation is suggested 

§§ 6 , 8 and 9 have been rewritten and § 11 inserted by the senior author in 
September 1937 

A—The kinematics of isotropic turbitlfnck 
1 —The definition of isotropic turbulence and immediate deductions 

Isotropic turbulence may be defined by the condition that the average 
value of any function of the velocity components and their derivatives at a 
particular point, defined in relation to a particular set of axes, is unaltered 
if the axes of reference are rotated m any manner and if the co-ordinate 
system is reflected in any plane through the origin We consider average 
values with regard to the time and suppose that the fluctuations are so 
rapid that the variation of the average value is negligible throughout the 
period of time required for averaging Thus, m fact, we shall consider the 
average values to be slowly varying functions of the time 

Consider a particular Bystem of co-ordinate axes 0x t , 0x 2 and 0x 3 and 
take two points P(x v 0 , 0 ) and P'(x[, 0 , 0 ) on Ox x Denote by u v u 2 , w 3 
and u' v Mj, u' 3 the velocity components at P and P' respectively Let us 
now suppose that«?, u\, w| are all independent of position (By isotropy, of 
course, u\ = u\ = wf (= w a , say)) 

The correlation coefficients and UjU'j/u 2 for j = 2 or 3 will be 

particular functions f(r, t) and g(r, t). Bay, of the distance r between P and 
P'* and of the time It seems to be fairly evident physically that the mean 
value UiU'f — 0 when i + j in isotropic turbulence, since it appears to be equally 
probable that u x u' 2 , for example, will be positive or negative It is an easy 
matter to prove these results analytically The mean values u x u' } and u[u t 
for j — 2 or 3 can be shown to vanish by a rotation of the axes of x 3 and x 3 
through 180° about the aq-axis Denoting transformed values by capital 
letters we see that U x - u v U[ = u[, U } = -u } and U\ = -u\ for j = 2 or 3 

so that, for example, —— —, 

U\U) — —u x Uj 

But by the isotropio property 

U X U' } = u x u\, 

* It is assumed that the turbulence is statistically uniform as well as isotropic 
so that correlations do not depend on the position or orientation of the line PP 
but only on its length 
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so that is zero for,; = 2 or 3 Similarly u } u[ is also zero for j *■ 2 or 3 
The mean values u t u' a and u a u' % can be shown to vanish by reflexion m the 
x v x a plane Denoting, m this case, reflected values by oapital letters we 
see that U a = —u % , U' 2 = —u' t , U a — u a , XJ' a = u a , so that, for example, 

U a U a = —u t u a 

But by the isotropic property 

U 2 U a = iv4, 

and hence u a u a vanishes Similarly u a u' a is zero 
2 —Lemma 

Consider now any two points P and Q in the fluid Denote by p the 
velocity component in a particular direction PP' at P and by q the velocity 
component in the direction QQ' at Q We shall determine an expression 
for the correlation coefficient pqju 2 



The intersecting lines PP' and PQ (see fig 1) determine a plane Denote 
by QQ" the orthogonal projection of QQ' on this plane, Q"Q' will then be 
normal to the plane Denote by a, /3 and y the angles P'PQ, n — PQQ", 
QQ'Q", and by p v p 2 , p a and q v q a , q a , respectively, the velooity components 
at P and Q in the direction PQ, the direction normal to PQ and Q"Q', and 
the direction Q"Q' * Then 

p = Pi co8a+p 8 8ina, 
q — g' 1 coB/ffsin'y+g a sm/?8iny + g , s cosy 

* For simplicity the figure is described as it is drawn in fig 1 When P' and Q" 
are on opposite sides of PQ the sign of y? must be changed 
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Therefore 

PI * jPi?iCoaa cos/? smy+p^cosa sm/? siny+ 35,^3 cosa cosy 
+Pt<h cos/? smy sina+Pa^jBin/? sina siny+p 2 g 3 8 ina cosy 

We have already proved that all the mean values here except p x q x and 
p 2 q t varnsh, and we have denoted by f(r, t) and g(r,t) the correlation coeffi¬ 
cients Pxqju* and ptfjt t a , where PQ is supposed to be of length r Thus 

= - [f(r, t) cos a cos fl+g(r, t) sm a sm ft] sin y ( 1 ) 

w a 

3 —The correlation tensor 

Consider now any particular co-ordinate system and suppose the velocity 
components at P(x v x 2 , x s ) and P'(x[, x 2 , x' 2 ) are (u v u 2> u 2 ) and (u[, u 2 , u 2 ) 
respectively The mne quantities u t u' } for i,j = l, 2 or 3 may be shown to 
be the components of a second rank tensor The transformation law oan 
readily be seen to be satisfied since the dyadic product of two vectors is a 
tensor so that each of the contributions u ( u' f to the mean values form a 
tensor Clearly the operation of taking a mean value will not alter the 
transformation law satisfied Hence we may consider the “correlation 
tensor” R defined by 

M*R = «* /iZ 11 B lt R l3 \ = /«!«i Mj U 2 

I R 2X P 3 3 I I u 2 u i u 2 u 2 u 2 u 3 I 
\l? 31 R 32 Ru' \m3«[ U 3 U 2 u 2 u^l 

or w a R = u 3 R {) = u,u' } 1,3 = 1, 2 or 3 (2) 

By means of the lemma which has been established each component of R 
can be evaluated in terms of the functions / and g and the vector r whose 
components are i x = x x -x x , £, 2 = x' 2 ~x 2 , = x 2 -x 3 In this way we 

obtain 

R , (JrJ) -fe . ‘ » rrH .|, (f ,i)i, 
a 0 o\ 

where r = | r | and I is the umt tensor 10 1 01 

\0 0 1 / 


( 3 ) 
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By expressing the fact that the velocity fluctuations satisfy the equation 
of continuity we can now obtain a relation between/(r, t) and g(r, t) Since 
the velocity fluctuations at P' satisfy the equation of continuity 


where the summation convention is in operation Therefore 
~(u’ tUj ) = 0, 

since Uj is independent of x\, x' t and x' a Thus we obtain the result 


for j = 1, 2 or 3 by dividing equation (4) by «* (which is independent of 
position), by taking mean values and using the definition of R it (see 
equation ( 2 )) By the definition of £ lt £ 4 , £ s we may write equation (5) as 


Using the values of the components of R given by equation (3), and also 
the fact that equation ( 6 ) is valid for all values of £ v £ a and £ 3 , we find 

2f(r,t)-2g(r,t) = -r d &’ r t l (7) 

Since both f(r, t) and g(r, t) are even functions of r 

f(r, t)=l+K r *i+f l ^+ , (8) 

g{r,t) = 1+^ + 0^+ (9) 

From equation (7) we then find by equating coefficients of r s and r* 

2/S = 9l (10) 

3/J> v = 9 % (11) 

Further, substituting these expansions for / and g in equation (3) we find, 
for small values of r, that 


i_( i + f r .) I+ (^) r 
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neglecting fourth and higher powers of r Using equation (10) we may 
write equation ( 12 ) in the form 

R = (!+/;»•») I-i/Jrr (13) 

We notice, m passing, that 




=/; 


when 


k = l = i=j. 


■= 2 /J when 

= — J/o when k = i + l = j 
= 0 otherwise. 


or 


ifc 



(14) 


we shall require these results later 

We may, at this stage, point out an analogy which is helpful in creating 
a physical picture The expression (3) for the correlation tensor is of exactly 
the same form as that for the stress tensor for a continuous medium when 
there is spherical symmetry In the analog} f(r) is the principal radial stress 
at any point, g(r) is any of the principal transverse stresses, and is the 
component m the k direction of the stress over a plane whose normal is in 
the t direction Further, the relation between / and g given by continuity 
in our problem corresponds to the condition for equilibrium in the stress 
analogy 


4— The correlation coefficients between derivatives of the velocities 
Taylor ( 1935 ) had occasion to calculate the various correlation coefficients 
between first derivatives of the velocity components These calculations 
were made by transforming axes, usuig the equation of continuity and 
applying the definition of isotropy Even for the first derivatives this 
method is fairly laborious, whilst for higher order derivatives the work 
involved makes it almost prohibitive, it is hardly possible to decide before¬ 
hand whether a particular transformation will lead to a new relation or will 
merely give one that has already been obtained 

The determination of the correlations both quickly and automatically 
is an interesting application of the correlation tensor Let us take, as an 


example, the determination off—f— Now 






—xdRfa 


( 15 ) 
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i.e sinoe the velocity fluctuations at P are all differentiable functions of x t , 


0»»0w| VRu 

dx t dx' } dttUt 

If, now, we make P and P' coincide we obtain the result 


■ X J WZj (rCt - ir o 


We obtain the values of when Si = i% = £3 = 0 immediately from 

Oq,i <7 £j 

equations (14) Hence, for example, we see that 


Suidu 2 _ du^dut _ - t 
8 x x dx t ~dx t dx x * ^ 0 


_ W3«i \ 2 
" 2\0 ij’ 


or, alternatively, 


by equations (19) and (20) respectively 

Similarly, all other correlations of first derivatives can be obtamed 
This method is immediately applicable to higher order derivatives 
Exactly as for the first derivatives we obtain, for example, the result 

d*u k d 2 u t - 5 / \ 

dx i dx i di r dx. u W^dJ (r(r{r0 (23) 

The fourth derivative of the components of R can be obtained from 
equation (3), and using the expansions ( 8 ) and (9) we find, for example, 


( 24 ) 
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and 
so that 


(£r)'" 3 “ vi '' 

a*Mj _ / \ a _ 2 /ax\ a _ 2 
?zj 8a?| — 9 \ 3 .^ / ~ 3 \ / * 


( 25 ) 


(26) 


and so on 

For completeness we include the results for first and second derivatives, 
writing («, v, w) and (x , y, z) for (m x , u 2 , u 3 ) and (x lf x t , x 3 ) For the first 
derivatives* 


f8M\ 2 _ 1/attW dudv _du?v _ l/3a\ 2 
i ,dx) 2\3y/ dxr'y ~ dydx ~ 4\3y/ 


For the second derivatives 

_ dhidfu, _ 1 / 3 a «\ 2 
\?W ~ \dy?z) ~ dy'di* ~ 3 \Py*) ’ 

/ 3 2 u \* _ 3 hidhi _ 2(d*u\* 

\3^3y/ = fa*dy*~ ’ 

8 hi d*v _ dhi d*v _l/3 4 a\ 4 

3a; 2 dx dy dy 3 8xdy 6\3y 2 / ’ 

'dhTdh = dhTdh> = W'W _ _ 1 jdhTy 

dxdzdy dz dz 2 dx?y dydzdzdx 18\3y 2 / 


All mean values which cannot be brought into one of these forms by cyclic 
permutation of the letters vanish 


It is obvious that the process could be continued and the higher derivatives 
of R& give analogous expressions for the mean products of the higher de¬ 
rivatives of the velocity components Taylor’s development formula for 
his correlation function R u ( 1935 , equation (46)) is a special case of the 
general formulae obtained m this way His equation, which he effectively 
found as early as 1921, would be expressed in our notation 



An analogous expression can be written for fir, t) 

* These results were first given by Taylor (1935, p 436) 


Vol CLXIV—A 
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5 —Expression of mean values by integrals 
It is known that the velocity components in an incompressible fluid can 
be expressed by a vector and a scalar potential In the present case (in¬ 
definitely extended fluid without sources throughout the whole fluid) the 
scalar potential vanishes and the velocity components can be written (it 
is convement to use x, y, z, u, v, w for the co-ordinates and the velocity 
components in this section) 


where 
F = 


a H_dO 
dy dz’ 


- d Z- d JL 

dz dx’ 


_(>Q_dF 
~ dx dy' 


(29)* 


(30) 


sJIf 7 W 0 - 

'-sJ/Jt* 1 '*'*’- 

i o ' x , (t)' y , o' are the components of vorticity at the point (*', y', z'), 
r a = (*'- x)*+(y'-y )*+(«'-*)*, 

and the integration extends throughout the fluid These results enable us 
to express correlations between vorticity components and velocity de- 

dw 


nvatives convemently as integrals Consider, for example, 
dw 1(3* 


x *y 


Now 


% - sfef&JJJ?' MW- 


■* 


■3 (x'-x)(y ' - y)', ( 3 (y'-y)» 




dx'dy’dz', (31) 


dw 

w,;- = 

*dy 


rJf/F 


-x)iy'-y) —! (3 {y'-yY 
— —^-(—>1— 


J dx' dy’ dz’ 
(32) 


Now we can define a correlation tensor V for the vorticity components 
in precisely the same way as R was defined for the velocity components 
Hence, using an obvious notation, 


UxK - *>lKx 


* See Lamb (1932) These results are purely kinematic 
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and 




When the turbulence is isotropic this method of approach has no special 
merit since the required results may be obtained moro easily by other 
methods It is clear that the form for V is exactly similar to that for R 
(including the condition arising from continuity) in isotropic flow, using this 
fact the integral m equation (33) can be evaluated and the result compared 
with the one that can be deduced immediately from equations (27) 


6 —Triple correlations* 

We shall now consider the mean values of the product of three-velocity 
components u { , u Jt u' k , where u { and u } are the instantaneous values of the i 
and j components of the velocity observed at an arbitrary point P and u' k 
is the ^-component of the velocity observed at another arbitrary point P' 
Let us consider again homogeneous isotropic turbulence Then 



and we write = (»*)* T iik , 

where T ijk is a tensor of third rank The tensor T ijk will be a function of 
£i> £s> £3 where = xj-x v £„ = x a - x a , £ s = x a -x s , we call it the tensor of 
the triple correlations In order to find the expression for T ijk as a funotion 
of the £’s, let us assume first that both points P and P' lie on the x-axis 
Then it is obvious that all quantities u t u } u' k belong to one of the following 
six groups, u\u k , u\u' k , zqw, and where i,j, k can be 

equal to 2 or 3 Due to the assumption of isotropy u\u' k = 0 , Wjiqui =■ 0 , 
and iqtqu* = 0 , because by reflexion of at least one of the axes x a or x s these 
expressions certainly change their sign Furthermore, and u i u j u[ 

vanish for the same reason unless j = k or t = j Hence only the following 
mean values remain as possibly different from zero u\u' v u x u a u' a , u k u z u^, 
u l u i> v \ u 'i Obviously because of isotropy v, x u a u a = u x u 3 u 3 and «= w|w x 
Hence three independent quantities remain different from zero, we put 
u\u'i — («»)« k(r), WjMjWi =* u t u s u' a = (u*)*q{r) and u\u[ = «|«i » (w*)»ft(r) 

* In order to distinguish between correlations connecting two and three velocity- 
components the correlations treated in the previous sections will be referred to in 
the following sections as “double correlations” 
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(Fig 2 represents the double and triple correlation functions which do not 
vanish because of isotropy ) 

It will be seen that the senes development of the function k(r) for small 
values of r starts with the term in r 3 For, developing u\ in a senes of 
powers of the variable £1 =■ a:£— x t = r, we obtain 




>- 


b. 


Fia 2 


f(r) 

g(r) 

h(r) 

k(r) 

<^(rl 


Now, reflecting the z-axis all the coefficients of even powers of change 
their sign, and consequently these coefficients must vanish in the case of 
isotropic turbulence Because of the homogeneity of turbulence 

2 0u x _ ia«f 

Ml a^"3 Wi 

also vamshes Hence, the development of u\u' x starts with the term 



and correspondingly 

4(r)-A*(0)^ + i»(0) 1 ^ + 

Until now it has been assumed that P and P' are situated on the z-axis 
In order to obtain the general expression for w, u } u' k we take PP' to be an 
arbitrary direction and denote by (/>„ p t , p 3 ) arid (p[, p' t , p' 3 ) the velocity 
components at P and P' along three mutually perpendicular lines whose 
direction cosines are (l u «i 1 , n x ), (l t , m 2 , » a ) an d (,h> m s> n a) I n particular, 
we suppo se th at l x = gjr, m 1 = £ a /r, n x = £ s /r, so that the first line is in the 
direction PP' 
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We then obtain for the velocity components along the x, y, z axes 
«i = l { pi, u\ = l iP ' t , ' 

K = (34) 

u 3 = n^, u 3 = 

On the other hand, because of isotropy 

p\p[ = (M a )»*(r), p x pip ' 2 = - (m 1 ) 1 ?^) and = (it»)»A(r) 

all other combinations bemg equal to zero 

Using the expressions (34) and substituting tor the mean values of the 
products of the p’s the functions k(r), q(r) and h(r) we find after some 
analysis that 

W4 = W)*T m = + ( 35 > 

where is the Kronecker delta = 1 when i = j and S i} = 0 when i # j) 
It is seen that T i)k is an odd function of the variables £ t , £ 2 , £ s By inter¬ 
changing P and P' we okange £ v £ 2 and £, into -£ v -£ 2 and -£ 8 re¬ 
spectively Hence the mean values of triple products composed of one 
component measured at P and two components measured at P' can be 
expressed by the Tyk* For instance 

UiU' } u' k = -v\upi k = —u k UjU[ = - (a 5 )* 

This relation will be used m § 8 

We shall now show that because of the continuity relation between the 
velocity components the functions k and q can be expressed by h Sinoe 
and u i are independent of the variation of x' k , it follows from the continuity 
equation that 

^(Wi ) 30 (36) 

Hence ~(u { UjU k ) = 0 or ~-T ijk = 0 (37) 

By substituting (36) m (37) and carrying out the differentiations, we find 


( 38 ) 
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The symbols k' and h' denote differential quotients with respect to r The 
k, h and q being only functions of r, the expressions m the braokets must 
vanish separately This leads to the results 

k = — 2 h, 


It was seen above that the development of k(r) for small values of r starts 
with the term contaimng r® Because of (39) the same is true for h(r) and 

q(r) 

The expression (35) and the relations (39) carry the general analysis of 
the triple correlations as far as we did in § 3 in the case of the double corre¬ 
lations 



7— The correlation between pressure and velocity 
We shall now prove that the mean values wu] (j - 1 , 2 or 3), where m is 
the pressure at (* 1 , x 2 , x a ), all vanish Again, denote by (p[, p' it p' a ) the 
veloc lty components at (xj, x 2 , x a ) along the hnes whose direction cosines 
are given by ( l t , m i} n t ) (i = 1,2 or 3) and defined in the preceding paragraph 
It is clear, by symmetry, that wp) (j = 2 or 3) vanishes It is, however, 
necessary to introduce the equation of continuity to show that wp[ =* 0 
Then let us write 

wp[ = {ot*}* {«*}* s(r) 

We find immediately from (34) that 

wu\ — {»*}* {»*}*(!! *(r)], | 

^5-K}*W[«i«(r)],| (40) 

vm' a = {nr*}* {u 2 } 1 \n 1 s(r)] j 

Here again, the equation of continuity leads to the condition 

for all values of £ 1( £ s , £ a Transforming to spherical polar co-ordinates we 
see that . 

^[r 2 sin<?a(r)] = 0 

for all values of r and 6 , so that 
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Again, since a is regular at the origin, the appropriate solution is 
0 = 0 

Hence, tom} = 0 forj = 1, 2 or 3 Similarly, m'u i = 0 for j = 1, 2 or 3 


B—Dynamics of isotropic turbulence 
8 —The equation for the propagation of the correlation, 
The equations of motion at the point P{x v x 2 , x 3 ) can be written 


duj du, I dm 

H s+u <^-~y^ + iu ‘ 

(41) 

fjl fit 02 

for t = 1, 2 or 3, where V? = . , and to denotes the pressure 

x ox? dx\ dxi 1 

Let us multiply equation (41) by the A-component u' k 
P'(x' v x’ t , x' 3 ), so that 

of the velocity at 

, du, . du. -uidm . 

'“■W + < u <te,‘ T»*S mkV> ‘ 

(42) 

Consider now the expression u^Uj ^ It will be seen that, in virtue of the 

equation of continuity, 


, du { d , 

(43) 

Now UiUjU'k is a function of £,, £ 2 and £ 3 and obviously 



(44) 

— u k dtn Id , 

Furthermore, — ^ (tom*.), 

p dx { pd£t 

(46) 


and since mu' k vanishes everywhere, also vanishes Finally, 


= dE,\ + d% + d£i 

Henoe we obtain the equation 


where 


V» = 


K ~ ^ ( u t u t O = 


( 46 ) 



206 


T de Karman and L. Howarth 


In an analogous way we obtain 

u i ^ (UfUjU'J = vV\u t u' k ) (47) 

We have shown in § 7 that 

UiUjul = — (u'iUjUt), (48) 

and substituting (48) in equation (47) we obtain 

= v^\uy k ) (49) 

Adding the equations (40) and (49) and remembering that u { u' k = u 2 R tk and 
u { UjU k — (u 2 ) 1 T i]k , we obtain finally 

l &R*) - («»)* (T t)k + T kji ) = 2vv?’V 2 R ik (50) 

In view of the form given for the tensors R ik and T ijk in equations (3) and 
(35) respectively, equation (50) may clearly be reduced to a differential 
equation connecting the functions f,g,k,q,h By using the equation of 
continuity m the form given by equations (7) and (39) we can eliminate 
g, L and q and obtain a partial differential equation connecting / and h 
The analysis can be earned out by choosing any component of R& Then 
equation (50) contains terms multiplied by and terms which are func¬ 
tions of r alone Equating the terms containing £(£ k we obtain a relation 
for d/dt (/— g) and equating the terms wluch are functions of r a relation for 
dg\dt Eliminating dg/dt the following equation for/results 


dt 


2 (tt*)*(^ + ^) = 2 


(51) 


We call (51) the fundamental equation for the propagation of the corre¬ 
lation function f(r) 


9 —The decay of turbulence 

Before proceeding with the discussion of the solutions of equation (51) 
we shall show how Taylor’s equation for the decay of energy and the equation 
for the decay of vorticity already given by the senior a|JJ|pr (K&rmAn 
1937 a) can be obtained as deductions from equation (51) 

For r = 0,/ = 1 and = 0 (of § 0) 
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Hence we obtain from (51) 


/=l + */oV + &/‘„V+ , 


Now Taylor’s definition of the length A ib given by the equation 
A* = - 2/grS 

We have shown (equation 10) that f = \gl Hence 


Or if, considering Taylor’s problem of the decay of turbulence behind a 

honeycomb, we substitute 

J dt Udx 


which is Taylor’s equation for the decrease of the mean kmetio energy of 
turbulence 

Now we shall substitute the expansions given by equation (53) in 
equation (51) and equate the coefficients of the terms containing r® Con¬ 
cerning the triple correlation function A(r) we notice that 

h(r) - ^h"r 3 +higher terms (57) 


Hence we find ^[l/>®] +|K(u 2 )« = >/|> Y w 2 (58) 

Obviously /qM* = —w a /A a On the other hand, we find the mean square 
of the vorticity components using the formulae (19), (20) and (21) 

wj = <w| = <y| = 6« a /A 

Hence equation (58) can be mterpreted as the equation for the decay of 
vorticity Let us denote wj + wj + w* by then ta* = 15u a /A a and from 
(58) follows __ 

^-70AJT(¥*)* = -yi^«/* 
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A*/q t is the reciprocal value of the square of a length, in order to obtain con¬ 
formity with the energy equation (56) we put ^ Then 


-70A3V*) 1 = -10r^ 


(59) 


From the equations of motion the senior author obtained the equation' 
(K&rm&n 1937 a) 

da ? 




(60) 


Equations (59) and (60) are identical Because of the continuity equation 



Now the mean values, which constitute the expression on the right Bide, 
can be calculated by differentiation of the equation (35) For instance, 

d 2 (u ( Uf) du t _ rd i (u t u j u' i )~\ 
dx } dx K dx k ~ ImMAu-w-a 

and so on 

Carrying out the computations the identity of equations (59) and (60) 
can be shown without difficulty 

It is seen that the equation for the decay of turbulence and for the decay 
of vorticity follow from the general equation for the spread of correlations 
by development of the correlation functions in powers of the distance r 
The expression for the decay of vorticity contains two terms one corresponds 
to the change of vorticity by deformation of the vortex tubes, the other 
corresponds to the action of viscosity 

* As the senior author found the equation (60) he realized that the condition of 
isotropy alono does not lead to a further reduction of the equation However, he 
thought that in a random isotropic turbulence the expression containing the tnple 
correlations should vanish because the extension and the contraction of portions of 
the vortex tubes should be equally probable in an ideal fluid As the authors carried 
out their first general analysis of correlations, it seemed that a general proof oould 
be found for the vanishing of the tnple correlations Correspondingly, the senior 
author stated m his papers on the subject (1937 a, 6) that the tnple correlations and 
the term m question in equation (60) vanish because of isotropy Closer analysis 
showed that this statement is erroneous To make the tnple correlations vanish, 
some further physical assumption on the random character of turbulenoe is 
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10— Self-preserving correlation functions 
We wnte equation (51) in the form 


Obviously, the influence of the triple correlations depend on the relative 
df 

magnitude of the quantities ~ and h Let us consider first the oase of 
or v 

“small Reynolds number” of the turbulence, le let us assume that 
ir > ~ U — Then neglecting the triple correlation function h, we wnte 




or eliminating u 2 by use of equation (64) 




We notice that m this case f(r,t) is determined by the values of/(r,< 0 ), l e 
if the correlation function/is given for t=t a it is given for any arbitrary time 
t>t o 

We shall consider a particular set of solutions of equation (03) We notioe 
that this equation reduces to an ordinary differential equation if we suppose 

_/is a function of x = only When this substitution is made, we obtain 




where dashes denote differentiations with regard to x, we shall speak of the 
correlation functions given by the solution of equation (64) as “self¬ 
preserving”, since the form of these curves is the same at all instants 
although the actual length scale vanes We shall now denote by a the 
arbitrary constant —/'(0) 

First of all it may be pointed out that equation (04) is related to the 
confluent hypergeomotno equation In fact, the solution we require (i e 
the one which satisfies / = 1 and/' = 0 when x — 0) is equal to 


flx) = * w *Xr w e-*' lu M<u>a-»i(f). 
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where M k m (z) is the same solution of the confluent hypergeometnc equation 
as that defined by Whittaker and Watson ( 1927 , p 337, para 16 1 ) and 
denoted by this symbol 

When a < i it will be seen, after some reduction, that (Whittaker and 
Watson 1927 , p 352, example 1) 

(<K» 

When a = | we obtain the solution 

f(X) = e-*' /8 (67) 

When a > J the solution is given by the integral of the same integrand 
round a particular contour (Whittaker and Watson, 1927 , p 267) 

Let us now consider the decay of turbulence when the correlation function 
is one of these special types Returning to equation (64) we see that 


and integrating we find 


du* 

dt 


1 




( 68 ) 

(69) 


where the condition u * = when t =• t 0 has been applied 
Assuming, for the moment, that the turbulence produced by a particular 
grid or honeycomb is of the type which has a self-preserving correlation 
function and starting from some point outside the wind shadow, where the 
fluid passes at the time t 0 , we write t ~ t 0 + x/U ((/ denotes the velocity of 
the mam flow and x is the distance measured downstream) Then we may 
write equation (69) in the form 


Vw* 




where u 1 = ujj when x =* 0 


(70) 


The quantity Ut 0 is a length which we can relate to the value Ao of the 
length A (defined m equation (64 a) above) at the origin from whioh x is 
measured For 


tm 


no) 


a 
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so that, with 


m. 


-1/A* 


A* 


vt 
a ’ 


(71) 


and therefore f 0 = ~ 

v 

Finally, from equation (70), 

IL -I! + 


(72) 


where u 2 = «jj, A = A 0 when x — 0 

The results given by equations (71) and (72) would bo formally equivalent 
with Taylor’s results, when a = 1 However, the corresponding corre¬ 
lation function / which is given in fig 3 as calculated by numerical inte¬ 
gration from the integral obtained by integrating (60) by parts is very 


/(*) 



different from those measured by Simmons in such cases, in which Taylor’s 
linear law of the decay of turbulence apparently holds Hence the coin¬ 
cidence between these equations and Taylor’s result is rather formal We 
come back to this question in the last section of this paper The correlation 
function /corresponding to a = £ (see equation (67)) is also included in fig 3 
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] 1 —Possible solution for large Reynolds numbers* 

It was seen that if the triple correlations are negleoted the double corre¬ 
lation function/(r) is determined for all times t>t 0 provided/(r) is known 
for t = < 0 In the general case df/dt depends also on the triple correlation 
function h(r) Now a further equation can be obtained from the equations 
of motion for dhjdt, however, this new equation contains terms with the 
quadruple correlations and so on Hence, for an arbitrary value of the 
Reynolds number the problem is too complicated for analytical treatment 
However, certain interesting results can be obtained for the limiting 
case of very large Reynolds numbers under the assumption that the 
correlation functions /(r,t) and h(r, t) are independent of viscosity with the 
exception of small values of the distance r Let us consider the problem of 
turbulence created by passing a uniform wmdstream through a gnd or 
similar turbulence-producing device and let us assume geometrically similar 
arrangements Then, denotmg the mean velocity of the wmdstream by V 
and a characteristic linear dimension of the device mentioned by M, it 
seems evident by dimensional considerations that/ has the form 


t(JL. .1 u*) 

J \j(vt)' M’ M) 


If the correlation functions are—according to the above assumption— 
independent of visoosity, this means that f(r, t) does not depend on the 


vanable x s 


V(*) 


and is only a function of the variables rjM and UtjM 


Let us now assume in addition that the correlation functions preserve their 
shape and only their scale is changing Obviously this assumption amounts 
to the statement that both f(r, t) and h(r, t) are functions of one vanable 
j lr = r/L only, where L is a function of M and Ut 
It must be noticed that both assumptions—namely that the corre¬ 
lation functions are independent of x and that they preserve their shape— 

shall be made only for large values of x = - 77 -^r 

Then introducing/^) and h{\jr) in equation (51), we obtain the following 
expression 


df*L dt +f +2 


dt 


( u*)*(dh 4A\ 

L W + *J 


L*\dr/r* + fdf) 


(73) 


* This section was inserted by the senior author in Sept 1837, especially after 
reading Q I Taylor’s contribution (1937) 
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Let us consider the quantity 


Vi i*L 


the Reynolds number related to 


the problem, then for large values of this number it appears justified to 
neglect the term on the right side Furthermore, according to (55) 

du 2 u 2 

lx ~ ~ l 0 l, A* 


Hence, from (73) it follows that 

_ K. ^ _ / Mw? . l dh _ . 4A \ O («*)* _ n 
d^L dt f A* + \d^ + ^j 2 L 


(74) 


Obviously equation (74) can be satisfied only when the coefficients which 
are functions of t without being functions of i}r, are proportional, l e their 
ratios are constants Hence 


Vit»A» _ A 

Lv ’ 


(75) 


dL 
dt = 


(70) 


where A and B are numerical constants 
We easily obtain from (76) and (70) a differential equation for L(t) We 
substitute in (75) from (55) ~ = — 10and eliminate u 2 from (75) 

(dL\ 2 


and (70) Thus we obtain 


r d?L 
J dt 2 = 


L J ' a = As{dtj 


The general solution of (77) is 


(77) 


(78) 


where L 0 and t 0 are arbitrary constants The origin of the time t being 
arbitrary, we may write 

U\T+Zb 

L -*4a ,,9) 


Introducing the expression (79) m (70) we obtain by differentiation 

i _ 

1 


a/«* = 


5 + AB 0 \t 0/ 


Mr 


(80) 
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or denoting the value of V« 2 at t = t 0 by Vug 


-AB 



(81) 

Finally from (66) A 2 = ^5 + vt 

(82) 


i that equations (81) and (82) with ^ = 5 + -^ are identical 


with the corresponding equations (60) and (71) obtained in § 10 for the case 
of the small Reynolds number 

There is one case which is not included in equation (77), namely when 
L = const say L = L 0 Then from (76) with ^ = -5^Ju 2 it follows 

that 


V«* 


~alJ 


(83) 


and 


A 2 = 6 vt 


(84) 


Let us compare the results obtained with the researches of Taylor and 
Dryden Our last equations (83) and (84) are identical with Taylor’s results, 
especially if we assume with Taylor that L 0 is proportional to M, which is 
in this case evident from dimensional consideration However, Taylor 
does not have the solutions (81) and (82) The reason is that Taylor found 
the equation (76) with a remarkable vision for the relations between the 
quantities involved, however, instead of (76) he assumed L proportional 
to M, l e a fixed ratio between the scale of turbulence and the linear size 
of the turbulence-producing device 

In both cases—using Taylor’s assumption or our broader relations (76) 
and (76)—the theory leads to the conclusion that the scale and distribution 
of turbulence in a wmdstream is mdependent of the speed of the wind- 
stream and so is the ratio Uj*]u 2 measured at a certain distance x from the 
grid The difference is that according to our theory the scale of turbulence 
may increase downstream, while according to Taylor’s assumption, it 
remains unchanged Instead of L ~ const x M, we obtain in general 
L = M x function of UtjM, and m the case of “ self-preserving ” turbulence 
the function involved is proportional to a certain power of UtIM It appears 
that further experimental results will decide whether Taylor’s assumptions 
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are not too narrow and whether the equations (79) and (80) correspond more 
closely to the experimental facts 

It is interesting that as far as the laws for the decay of turbulence and for 
the spread of correlation curves are concerned, our analysis of correlations 
leads essentially to the same results as the recently published theory of 
Dry den's ( 1937 ) which is based on entirely different conceptions It appears 
that the next step m the development of the theory should be to find the 
physical mechanism which is behind the mathematical relations (75) 
and (76), especially the mechanism which tends to increase the scale of 
turbulence without the action of the viscosity 
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The Effect of Temperature on the Photochemical 
Bleaching of Visual Purple Solutions 

By H J A Dabtnall, C F Goodeve and R J Lythgob 
The Sir William Ramsay Laboratories of Inorganic and Physical 
Chemistry and the Department of Physiology and Biochemistry, 
University College, London 

(Communicated by Sir John Parsons, F R S —Received 5 May 1937) 

1—Introduction 

In a recent paper (Dartnall, Goodeve and Lythgoe 1936 ) a method has 
been described for the determination of the product of the extinction 
coefficient of visual purple, a, and the quantum efficiency of the photo¬ 
chemical bleaching, y It was shown that this product, ay, was a constant, 
independent of concentration over a wide range It was^feo shown that 
the value of ay w r as independent of light intensity and temperature over 
the narrow ranges studied Kuhne ( 1879 ) stated that between 0 ° and 40° 
the light sensitivity of visual purple increased very little, and any changes 
which were present were confined to the first stage of “visual yellow” 
formation Above 45° the rate of bleaching by light increased consider¬ 
ably Tn very weak diffuse daylight a solution of visual purple bleached 
in 11 min at 12 ° and m \ min at 60° Amenomiya ( 1931 ), from a study 
of the retinae of living frogs, found temperature coefficients, per 10 ° rise, 
of 1 17 and 2 87 for the ranges 9-33° and 33-60° respectively Hecht ( 1921 ) 
found that the velocity of bleaching with white light was mdependent 
of temperature over the range 6-36° for most of his experiments In one 
senes of expenments, however, a temperature coefficient of 1 16 was 
obtained 

In view of the theoretical importance of the temperature coefficient of 
photochemical reactions it was thought advisable to repeat and extend 
these observations using monochromatic light 

2—Technique 

The arrangement of the apparatus was essentially the same as that 
descnbed m the previous paper (Dartnall, Goodeve and Lythgoe 1936 ) with 
[ 216 ] 
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the exception of certain additions The solution of visual purple, which was 
contained in a cylindrical quartz cell having plane parallel faces, was 
bleached by a beam of light emerging from a monochromator A photo¬ 
electric cell was placed behind the solutions and connected to a galvano¬ 
meter As the solution bleached, the light falling on the photoelectric cell 
mcreased and there were proportionate increases m the galvanometer 
deflexion It was thus possible to follow the course of the bleaching with 
time At the end of the experiment the cell containing the solution was 
removed from the holder and a calibrated thermopile substituted for the 
photoelectric cell The light intensity was then measured in absolute units 
(quanta per second) By subtracting an experimentally determined value 
for the fraction of the light reflected from the front surfaces of the cell, 
the light incident on the surface of the visual purple solution was obtained 
A small additional correction was made for the light reflected back into 
the solution from the back surface of the cell This correction increased as 
the solution bleached, and an average value was used to obtain the values 
in column (9) of Table I The wave-length of the monochromatic light was 
as before, 500-613m/t with dommant wave-length 506 m/i 

Temperature control 

Additional arrangements were made to keep the temperature of the 
visual purple solution constant during an experiment and for a rapid 
change of the controlled temperature between experiments A stream of 
water from a thermostat was passed through the cell holder, a thermo¬ 
meter being placed in the exit stream The water normally returned directly 
to the thermostat The regulator m the thermostat was fitted with a 
calibrated side arm and tap for the rapid adjustment of the amount of 
mercury it contained and thus of the temperature to be maintained m the 
thermostat Two platmum wires were placed in the capillary of the 
regulator, one with its tip slightly above the other Contact of the mercury 
with the upper platmum wire operated an electromagnetic clip which 
directed the return flow from the cell holder through a copper spiral 
immersed in a stirred ice bath before returning to the thermostat—thus 
cooling the latter Breaking of the lower platmum-mercury contact turned 
on a heater in the thermostat In this way regulation was obtained at 
temperatures over the range 5-60° 

The time taken for the contents of the cell to acquire a steady tem¬ 
perature and the relation between this temperature and that rea4 on a 
thermometer m the water stream, was determined by means of a calibrated 
thermocouple immersed in the centre of the water-filled cell It was found, 
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for example, that with the oell mitially at 0 ° and a flow-water temperature 
of 39 1°, a steady temperature of 38 0° was set up inside the cell in 10 mm 
In all experiments a suitable interval was allowed to obtain the steady 
state, care being taken to avoid too much thermal decomposition at the 
higher temperatures The corrections being rather variable and, as will be 
seen below, an accurate knowledge of the temperature being unnecessary, 
the temperatures recorded m this paper are those of the flow-water 

Method of extraction 

The visual purple was extracted from the retinae of frogs The method 
of extraction is summarized here, the full details being given m a paper by 
Lythgoe ( 1937 ) 

The rods containing the visual purple were removed from the retina and 
dried They were then washed with petrol other (B P 40-60°) to remove 
ether-soluble impurities and treated with a pH 4 6 buffer solution to pre¬ 
cipitate some of the proteins Finally the visual purple was liberated from 
the rods by adding a solution of 1 % digitonin in water After centrifuging, 
the supernatant fluid w'as buffered by the addition of an equal volume of 
M /20 standard Clark and Lubs’ buffer solution (Clark 1928 ) The final pH 
values of the solutions were determined or calculated All solutions pre¬ 
pared by this method were free from opalescence and remamed so during 
the bleaching They did not form any precipitate even after they had been 
kept for several weeks The much higher punty of the visual purple 
solutions used for the present experiments can be appreciated by com¬ 
paring the densities after bleaching (Table I, p 226) with those in the 
previous paper 

Rana eaculenta were used for all of the experiments except Nos 61 
and 62, in these, ten R temporarta were used with two R esculenta Usually 
twelve frogs were used to prepare 2 c c of the final solution The experi¬ 
ments were carried out in the summer and early autumn of 1936 


3—Theoretical 

The following symbols and definitions are used m this paper 
I, intensity of light, expressed as number of quanta per second, incident 
on the solution, 

I,, intensity of light transmitted by the solution at a time t, 

If, intensity of light transmitted by the solution after complete bleach¬ 
ing. 
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t, time from the initial exposure of the solution to the light, 
l, internal length of the optical cell, 

A, exposed area of the solution, 

V, volume of the solution, 

n, number of centres of absorption (chromophonc groups) in the 
volume V of solution, 

c, concentration, expressed as the number of chromophono groups 
divided by the volume of solution, thus c = n/V, 
y, quantum efficiency, a ratio defined as 

number of chromophonc groupings destroyed 
number of quanta absorbed by visual purple ’ 

a, extinction coefficient per chromophonc group expressed in square 
centimetres and defined by the equation 



In a previous paper (Dartnall, Goodeve and Lythgoe 1936 ) we have 
shown that the theoretical equation 

l°g e j~fy = <t> -j- < + constant ( 1 ) 

accurately descnbes the bleaching kinetics of visual purple solutions con¬ 
taining stable light absorbing impunties Experimental values of 

log -°7~T,‘ 

whea plotted againat time gave straight lines of slope <f> 

The quantity <j> has been shown to have the value, 


6 - h Lzli^Llh 

9 I log.///,’ 


(2) 


but, although a vanable, the change in its value for any one expenment is 
negligible The rate of bleaching of a solution containing foreign absorbing 
matter would be less than that for a pure solution The slope of the straight 
line would be less, but the value of <j> gives an exact measure of this 
reduction Correot values for ay in absolute units could, therefore, be 


obtained For pure solutions of visual purple, I f — /, and <f> = 1 m 
In the derivation of equation (I) it was assumed that the products of 
the bleaching do not absorb light appreciably Such products would not 
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affect the validity of the equation if they decomposed to a colourless sub¬ 
stance at a rate rapid compared with the rate of photodeoomposition of 
visual purple This, however, is not always so and it will, therefore, be 
necessary to consider cases where the light absorption of the products 
oannot be neglected 


The case where stable light absorbing substances are produced 
It will be assumed that the products of the bleaching are formed stoichio- 
metncally from the decomposition of visual purple and that once formed 
they are stable Assuming that Beers’s and Lambert’s laws of light 
absorption hold for all components, the optical density of the solution at 
any time, t, is 

l°g e j = ocd + za'(c 0 -c)l + d { , (3) 


where za! has been written for aa a + ba b + , a a , a b , , being the ex¬ 

tinction coefficients of the products of the bleaching and o, b their stoichio¬ 
metric relation to visual purple, d { , the density of the impurities (stable) 
present and c 0 , the concentration when t = 0 

Differentiating (3) with respect to time and rearranging, 


dl, 
I,dt : 


(< xl—za'l )-r 


(4) 


From the definition of quantum efficiency given above, the rate of decrease 
in the number of visual purple chromophonc groups, - , is equal to the 

product of the quantum efficiency and the intensity of the light absorbed 
by the visual purple This latter quantity is related to the total light 
absorbed (I — I,) by the ratio of ad to the total density We have, there¬ 
fore, 

dn ..dc ad _ ... 

dt~ dt~^ ad+za'(c 0 -c) l+d { ' ^ 


By eliminating dc/dt between (4) and (5) and rearranging, 

dl t _ ad-za'd I—I, ayl 

I t di ~ ad+za’(c 0 -c)l + d { I A 


The density of the completely bleached solution is 

loggy = za'Cy+di 
*t 


(7) 
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Subtracting equation (7) from equation (3) 

log* ~ = ccel — za'cl (8) 

Whence, substitutmg equations (3) and (8) m (8) 


dl, _ to gelfllf i-i t 
I,dt ~ log.///, I A 


W 


Multiplying both sides of this equation by j > an( l comparing with 
equation (2), 

(10) 

As shown below, <j> may be considered constant Therefore, integrating (10), 


log* 


I, 

I t -1, = 


t *yi t 


(ii) 


It is seen that this equation is identical with equation (1) The plot of 
agamst t should therefore give a straight line as in the cases 
considered previously 




The correcting function <f> 

From equation (2) it is seen that <f> depends on two constants, I and I ,, 
and on a variable, I, These may be expressed m any convenient units 
such as galvanometer deflexions (when linear with 1) I, may have values 
anywhere between I and very nearly zero, and may be greater than or less 
than If Values of I t greater than I t correspond to the case where the 
photochemical change causes an increase in the density due to the forma¬ 
tion of a stable product which absorbs light more strongly than the 
original substance This occurs with visual purple m the violet end of the 
spectrum 

At the end of an experiment, that is when no further change takes 
place, I t is equal to I, and 0 is given by 


" I log.///, 


( 12 ) 


In all of the experiments described below the value of tj> remained remark¬ 
ably constant, depending almost exclusively upon the values of I and I f 
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according to equation (12) This can be shown always to be the case by 
taking any arbitrary set of values of I, If, and /, and calculating <f> 

The maximum variations in 4> over the whole range of a bleaching curve 
with an initial optical density of 0 6, for various values of Iff I are as follows 

1,11 1 0 0 0 0 8 0 5 

Final density 0 0 0 046 0 097 0 301 

Value of 1 0 0 967 0 91 0 74 

Value of 1 0 0 95 0 897 0 721 

Venation 0 0 7% 14% 2 7% 

For most of the experiments described below, I f jl was between 0 9 and 
1 0 

The correction for the thermal decomposition of visual purple 
Visual purple decomposes in the dark, and at temperatures above 25° 
corrections for this thermal reaction were necessary A number of experi¬ 
ments were earned out and it was found that at a pH of 9 2 the velocity 
of decomposition followed the equation of a first order reaction 

~Tt " kl ° or logl ° c = -JW* ( 13 ) 

The velocity constant k v expressed in sec _l , increased with the absolute 
temperature, T, approximately according to the equation, 

l°8io^i = ^ 23 9 (14) 

The thermal reaction was found to give the same products as the photo¬ 
chemical reaction The reactions presumably proceed independently and, 
therefore, the total reaction rate on illumination is given by equation (5) 
plus an extra term, “k^Vc” By proceeding as above one arrives at the 
following equation in place of equation (11) 

l°g e j--j — $ f + J~Tj l°8ej d< + constant (15) 

For solutions of not too high a concentration of visual purple the integral 
term becomes simply k t t In such cases the correction for the thermal 
decomposition can be made by subtracting k x from the slope of the 

loge j'Z.i ^ ,me l me For high concentrations straight lines should not be 
obtained if the thermal decomposition is pronounced 
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In most of the experiments indicated in Table I this correction could 
be justifiably applied as the densities were not high and the correction 
itself was not large For a few experiments at pH’s other than 9 2 special 
determinations of the correction were made 

The coloured products of photodecomposition of visual purple 

It has been generally accepted that visual purple bleaches to a substance 
called visual yellow It has been found (Lythgoe 1937 ) by a study of 
absorption spectra that at least two coloured products may arise, one of 
which has been called “transient orange” from its colour and instability 
at temperatures above 20 ° and a second which has been called “indicator 
yellow ” from the fact that it changes colour with pH Indicator yellow 
has a deep yellow colour in acid, and a pale lemon colour m alkaline 
solutions It is not very stable in acid but is stable up to 50° in weak 
alkaline solutions Most of the experiments referred to below were earned 
out at a pH of about 9 2 where the absorption by indicator yellow of bght 
of A = 506 m p is negligible 

On bleaching rapidly a solution of visual purple at a temperature of 
about 10 °, the colour of transient orange appears, and passes ultimately 
to that of indicator yellow It is possible (Lythgoe 1937 ) that transient 
orange is intermediate between visual purple and indicator yellow, being 
formed from the former by the action of light and decomposing into the 
latter thermally No evidence of a photochemical decomposition of 
transient orange has been obtained 


The experimental values of log | 0 - r —for twenty-nine experiments are 
J /~ J < 

plotted against the time in the figure The time scales of the curves have 
been successively displaced merely for convenience, the start of the 
illumination in each case being indicated by the short vertical line Experi¬ 
ments carried out with the same preparation of visual purple are grouped 
together All experiments carried out are shown, with the exceptions of 
No 55 which was used for special purposes and of No 75 which failed for 
mechanical reasons In most cases the first observation of the light in¬ 
tensity was made one half-minute after the beginning of the lllumijiation 
and thereafter at minute intervals Observations were earned out until 
the solution was completely bleached but those very near the end are not 
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plotted m 1 


i the corresponding values of the function log j 

1 ,- 1 , 

have an error grossly disproportionate to that of the light intensities 
themselves 

The important data for the experiments are given in Table I, the first 
section of which refers to those experiments carried out at the alkaline pH 
of about 9 2, and the second to those earned out in approximately neutral 
solutions The experimental data are arranged m order of increasing tem¬ 
peratures, the values of which are given m column (10) The initial densities 


|l°8i 0 j~-j> column (3), correspond to the lower terminus of each curve 
The final densities |log 10 ^j, column (4), indicate the light absorption 
due to impunties and/or the products of bleaching 

It will be seen from the figure that the results of all experiments, except 
Nos 56, 61, 08 and 70, he closely on straight lines This may be taken to 
indicate that the above theoretical treatment adequately describes the 
bleaching process in the twenty-five experiments, and that in each case 
the product of the extinction coefficient and the quantum efficiency, ay, 
may be calculated from the slope of the straight line The values of the 
slopes (with the factor for conversion to natural logarithms) are given in 
column (5) Where there was a slight departure from the straight line more 
weight was given to the slope in the earlier part of the experiment The 
first order velocity constants for the thermal reaction are given in 
column (6) On subtracting these from the values in column (5) (see 
equation (15) et seq ) the photochemical contribution to the slope is 
obtained as set out in column (7) The mean values of <f>, equation (2), and 
the light intensities in quanta per sec are given m columns (8) and (9) 
respectively The cross-sectional area of the cells used for all experiments 
was 0 913 cm a The values of ay calculated from these results are given in 
column (11) 

The experiments, Nos 66, 61, 68 and 70 for which straight fines were not 
obtained, were all earned out between 10° and 15°, whereas it will be noted 
that straight fines were obtained at 5° and at and above 20° As desenbed 
earlier, one of the products, “transient orange”, has been found to be 
unstable at temperatures above 10° Above 20° its rate of thermal decom¬ 
position is very fast compared with the rate of photodeoomposition of 
visual purple and, therefore, its concentration never becomes great enough 
to have an appreciable effect on the light absorption At 5° it is com¬ 
paratively stable and its effect is accounted for by the value of <j> according 



slope x IO 4 (8) x 10 -1 * Temp ay x 10 l 
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Time m seconds 
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to the above theoretical treatment At temperatures between 10° and 16° 
where its rate of decomposition is comparable with that of visual purple, 
straight lines are not obtained and the above method of analysis breaks 
down Very approximate values for ay, obtained from values of I f which 
were calculated assuming that the transient orange was stable, are shown 

in brackets m column (11) It is to be noticed that the value of log 10 j--~j 

for each of these four experiments falls below the straight line m the 
latter part of the experiment This is to be expected from the fact that the 
presenoe of transient orange has slowed down the rate of attamment of 
the final intensity of the transmitted light The range of temperature over 
which straight line relations are not expected depends on the light intensity 
At higher light intensities the bleaching of visual purple may be com¬ 
parable with the rate of decomposition of the transient orange at 20 ° or 
even at 25° In very weak light, on the other hand, transient orange may 
not be observed at the low temperatures The discrepancies m the literature 
with regard to the colour of the products from visual purple may be bound 
up with these facts 

It has been found by Kuhne ( 1879 ) that a frozen retina (-13°C) 
bleaches much more slowly than an unfrozen retina whose temperature 
was just below 0° C Garten ( 1906 ) confirmed these observations We also 
have found that frozen solutions of visual purple bleach very slowly but 
it was not possible to carry out quantitative experiments of this type 

Discussion 

The straight lines shown in the figure provide extensive confirmation of 
the statement made in the previous paper that the value of ay is inde¬ 
pendent of concentration over a wide range a is almost certainly a con¬ 
stant at these very low concentrations, and, therefore, one may conclude 
that the quantum efficiency is independent of concentration 

From the values in column (II) of Table I it is seen that ay is inde¬ 
pendent both of temperature, except possibly at low temperatures, and 
of pH, over the range 6 8-9 2 Separate measurements have shown that a 
is effectively constant (decreasing by about 2%) between 18° and 33° 
and is independent of pH over a wide range One may, therefore, con¬ 
clude that the quantum efficiency is also independent of temperature and 
pH The lower values obtained at 5° may be taken to indicate a slight fall 
of the quantum efficiency, which fact may be connected with the probable 
low value of ay in a frozen solution 
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The mean value of ay for A = 506 m/i over the range 20-60° is found 
to be 9 x 10~ 17 cm 2 molecules per quantum In taking thiB mean, the 
values in brackets, those at 5° and that for Exp 54, have been neglected 
The high value for Exp 54 is inexplicable—possibly a catalyst was present 
which caused a faster thermal reaction than that calculated from equation 
(14) 

The accuracy of the above absolute value for ay depends on the deter¬ 
mination of the light intensity by means of a thermopile Unfortunately 
this measurement was subject to a large but nearly constant correction 
due to the presence of infra-red radiation reflected by the optical parts of 
the monochromator The correction has been determined and applied to 
the results in Table I, but they may have a constant absolute error 
of + 20 % The results given in the previous paper were not corrected, but 
when this is done they are brought into agreement with those given here 


Conclusions 

A photochemical reaction may be divided into two stages The first, the 
‘ primary process”, consists m the absorption of a quantum of light 
resulting m the production of an activated molecule, which may, in 
certain oases, be a new molecular species Temperature is invariably with¬ 
out effect on this part of the reaction and one and only one molecule or 
chromophoric group is altered by the absorption of a light quantum 
“Secondary processes” are of a number of types In some photo¬ 
chemical reactions, the products of the primary process catalyse further 
decomposition of the photo-reactant The mechanism is commonly of the 
type known as a “chain reaction” Such secondary processes almost 
invariably are markedly influenced by temperature and commonly by 
concentration They lead to quantum efficiencies for the whole process 
greater than unity and varying over a wide range The constancy of y for 
the photo-decomposition of visual purple provides a strong argument 
against the existence m this reaction of secondary processes of this type 
One may therefore conclude that the quantum efficiency for the bleaching 
of visual purple is not greater than unity This leads to the conclusion that 
the extinction coefficient a is equal to or greater than 9 x 10~ 17 cm 2 
In other reactions, activated molecules may be deactivated by collisions 
with solvent molecules before the photochemical change has tune to 
become complete The number of molecules bleached by the light becomes 
only a fraction of the number of quanta absorbed, l e y becomes less than 
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unity The fraction of the primary process which is followed by de¬ 
activation is generally found to be independent of concentration at low 
concentrations and more or less independent of temperature 
The completion of the photochemical change acts in competition with 
the deactivation This completion may involve a rearrangement of the 
atoms in the activated molecule, a reaction with the solvent water or a 
reaction with another part of the molecule, etc The nature of this part of 
the photochemical process cannot be profitably discussed on existing 
evidence It can be said, however, that, if the completion takes place very 
quickly after the primary process, temperature would have little influence 
If, on the other hand, it is slow due to the existence of an energy of acti¬ 
vation, temperature would have a marked effect 
It is difficult to estimate the relative probability of deactivation and of 
completion except that one could say that a high deactivation fraction 
would not be easily reconciled with the observed constancy of the photo¬ 
chemical bleaching of visual purple when it is subjected to variations of 
temperature, of pH and of buffer salt concentration On the other hand, 
considerable deactivation must take place in frozen solutions and possibly 
some at 5° It would seem simpler to conclude that deactivation is absent 
above 20° and sets in at 5° becoming strong m the frozen solution, rather 
than that an otherwise constant deactivation fraction suddenly increases 
when the temperature is lowered below 5° Absence of deactivation would 
mean that the absorption of a quantum of light always resulted in a per¬ 
manent photochemical change, i e that y would be equal to unity The 
extinction coefficient a. for A = 506 m/c would have the value, 9 x 10~ 17 cm a 
and e, the decadic molar extinction coefficient, the value, 2 3 x 10 4 Such 
a value is a normal one for a chromophonc group which exhibits continuous 
absorption of the same type as visual purple In the previous paper 
(Dartnall, Goodeve and Lythgoe 1936 ) this was put forward as an argument 
m favour of a low deactivation fraction (a high fraction would lead to a 
low value of y and an abnormally high value of a) Further searches of the 
literature have served to strengthen this argument as no substances 
exhibiting this type of absorption have been found with a maximum of 
extinction more than twice that of visual purple 
The above arguments, based on the experiments described in this paper, 
lead to the conclusion that the quantum efficiency for the bleaching of 
visual purple is equal to or not much less than unity 
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* 

StTMMARY 

The theoretical considerations developed previously for the photo- 
ohemical bleaching of a hght absorbing substanoe have been extended to 
include the case where the products absorb hght Twenty-five out of 
twenty nine experiments with visual purple were found to be m accordanoe 
with these and the previous considerations In the remaining four, the 
decomposition of a coloured product, “transient orange”, proceeded at 
a rate comparable with the rate of bleaching of visual purple The quantum 
efficiency of the bleachmg prooess was found to be independent of tem¬ 
perature over the range, 20-60°, and of pH from 6 8 to 9 2 It is concluded 
that the quantum efficiency is equal to or not much less than unity, and 
that the molar extmction coefficient (A = 506 m/i) is 2 3 x 10* 

The authors are indebted to Mr R C Amsden, Mr J P Quilliam and 
Dr E Schneider for assistance with the experiments and to the Rocke¬ 
feller Foundation for a generous grant m aid of this research 
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Introduction 

A considerable amount of research has been earned out m this country 
and elsewhere on the forms of motion m layers of fluid made unstable by 
heating from below of which a summary has been given by Walker ( 1935 ), 
and a theoretical treatment by the late Lord Rayleigh ( 1916 ) has given an 
indication of the magnitudes of the temperature differences which oan 
subsist in a layer of fluid without motion Jeffreys ( 1928 ) has also discussed 
the theoretical aspects of the question, and modified the entenon given by 
Rayleigh for a variety of boundary conditions 

The present research was undertaken at the suggestion of Professor D 
Brunt with a view to testing the entenon of stability given by Jeffreys, 
according to which the difference of temperature between the top and 
bottom of a layer necessary to produce motion m the layer is approximately 
inversely proportional to the cube of the depth, and to studying the varia¬ 
tion in the form of the motion with varymg depth of the layer of fluid and 
with varymg differences of temperature between top and bottom of the 
layer 

In Part I is discussed the case where the fluid as a whole has no initial 
motion, while Part II refers to the case where the fluid is sheared by the 
motion of its upper boundary The present research is a continuation of the 
work carried out m the Meteorological Department at the Imperial College 
of Science and Technology, London, by Sir Gilbert Walker and a number 
of his pupils 


Part I 

l—Experimental apparatus 

The experimental chamber —The base of the chamber consisted of a flat 
stainless steel plate, of thickness J m and area 12 x 12 .in The plate rest«d 
* Part I is an abstraot of a thesis for which the degree of M So was awarded by 
the University of London 
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on a hollow asbestos-lined box, 8 in in height, having the same area as the 
plate and provided with three levelling screws The metal plate could be 
heated from below by passing a current through a number of coils of thin 
wire arranged at the bottom of the box 

The top of the working chamber was a thick sheet of plate glass 15 m 
square, fitted in a wooden frame m such a way that the glass formed the 
bottom of a vessel which could be filled with cold water By this means the 
temperature of the top of the vessel could be kept approximately constant 
Sets of brass pillars were used to support the glass sheet at any desired 
height above the metal plate The sides of the chamber consisted of a 
number of felt borders, introduced between the metal plate and the glass 
top A two-way hand-pump was used for producing smoke from a cigarette 
and introducing it into the chamber as an indicator of the motion 

Temperature measurement inside the chamber —Temperature measure¬ 
ments were made by means of platinum resistance thermometers, the re¬ 
sistance elements being of diameter 0 004 in Two of these elements were 
fixed as dose as possible to the top and bottom plates, while another was 
fixed half-way between the plates 


2 —Experimental test of Jeffreys' formula 

Lord Rayleigh ( 1916 ), in a mathematical disoussion of the breakdown of 
stability in layers of fluid heated from below, found that it was possible for 
a layer of fluid to remain in equilibrium, with denser fluid at the top than 
at the bottom, so long as the condition 

Pi -p 0 ^ 21n*KP 
Po W 3 

is fulfilled Here Pl is the density of the fluid at the top, Po the density at 
the bottom, k the coefficient of molecular diffusivity of heat, v the kinematic 
coefficient of viscosity, g the acceleration of gravity, and h the depth of the 
layer For a gas this condition can be expressed m terms of temperature as 
follows 

T 0 -T t 21it*kv 658 kv 
T < Agh* ° r gh* ' 

where T 0 and are the temperatures at the bottom and top of the chamber, 
respectively, and T the mean temperature 
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Jeffreys ( 1928 ) showed that for the boundary conditions of the present 
senes of experiments the above inequality should be replaced by 

T 0 -T x 1709/cv T 0 ~ 1\ 1709 

T < gh* ’ ° f kvT < ~gl^ 

It was readily shown experimentally that the layer of air could remain m 
equilibrium with higher temperature at the bottom than at the top When 
the bottom plate was heated, no motion was observed m the chamber 
until the difference of temperature between bottom and top exceeded a 
limiting value whose magnitude depended on the depth of the layer Thus, 
when the depth was 10 mm , no motion could be observed until the difference 
of temperature exceeded about 1 1 4° C 

In practice it was found easier to estimate the limiting value by first 
heating the bottom plate until the difference of temperature was sufficient 
to produce motion, then allowing the metal plate to cool slowly The critical 
stage at which all motion had just ceased could then be observed, and the 
corresponding difference of temperature measured Smoke was introduced 
into the chamber at intervals, and the patterns of the motion closely 
watched As the difference of temporature gradually diminished, the motion 
in the chamber slowed down, and eventually a stage was reached at which 
it stopped completely At this stage, as well as with still lower differences 
of temperature, no patterns of flow could be seen when fresh smoke was 
introduced into the chamber As the critical stage was approached, tem¬ 
perature readings were taken in quick succession, and the temperature 
difference at the critical stage could be determined with reasonable accuracy 
The critical temperature differences for various depths are given in 
Table I, in the column headed AT The next column gives AT/kvT The 


Table I—Differences of temperature between top and bottom of 
A layer of air at critical stage when motion is just possible 


Temp Temp 

bottom top 
Depth 0 C 0 C 


Temp 

centre 

°c 

b 


AT 

°C 

c-a AT/kvT 1709/gh » 


16 

12 

10 

8 

7 6 

7 

6 


30 2 
30 7 
38 3 
33 8 

33 6 
32 3 

34 3 
32 3 


26 7 

27 6 
26 8 

23 7 
26 8 

24 8 
27 3 
27 0 


29 5 
32 3 
32 1 
28 6 
28 6 
28 6 

30 9 
30 2 


3 6 0 32 0 41 

9 1 0 81 0 99 

114 101 171 

10 1 0 91 3 33 

7 8 0 70 4 03 

7 5 0 08 5 00 

7 0 0 62 7 90 

6 3 0 48 26 70 
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corresponding differences, 1709/pA J , calculated from Jeffreys’ formula, 
have also been tabulated for comparison With a depth of 2 mm stabibty 
bad not been attained when the temperature difference had fallen to 1 3° C 
To establish a temperature difference of this order uniformly over the whole 
plate with this depth of ohamber did not appear to be possible, and so the 
critical point for this depth could not be observed accurately 



Flo 1—Observed values of AT/kvT, for different depths, shown by broken curve 
Continuous curve is for 1709/gr/i*, which represents the corresponding values given by 
Jeffreys’ thoory 

The observed values of the critical temperature differences necessary to 
produce motion in the chamber, divided m each case by the mean tem¬ 
perature of the layer and by kv, are plotted in fig 1, together with cor¬ 
responding values as computed from Jeffreys’ equation The experimental 
results show fair agreement with the theoretical criterion in layers of depth 
exceeding 10 mm , but in shallower depths, m which, as will be explamed 
later, the initial motion was different m character from that in deeper 
layers, the curves m fig 1 deviate widely 

3 —Convection patterns 

It was found that the motion m the chamber, as shown by the smoke 
patterns, varied considerably with the depth of the chamber and with the 




Instability of Fluids Heated from Below 235 

temperature differences, the results obtained falling into three distinct 
groups 

1—With a depth equal to, or greater than, 10 mm , the smoke patterns 
are partly in the form of polygonal prismatic cells, in which the motion is 
inward towards the centre at the top, downward m the centre, and upward 
along the periphery, and partly m the form of double rolls with descending 
motion along the boundary separatmg the two rolls which form a pair 
Pig 2, PI 3, shows a photograph taken from above when the chamber has 
a depth of 10 mm The pattern does not remain fixed, rolls appearing to 
break up into polygonal cells, and cells to join up into long rolls, in an 
apparently irregular manner Similar patterns were observed with all 
depths of chamber from 10 to 16 mm , the diameters of the polygonal cells 
and the widths of the rolls increasing with increasing depth of the chamber, 
and also with increasing difference of temperature between top and bottom 
The boundaries of the smoke patterns showed up more clearly when the 
difference of temperature between top and bottom of the chamber was 
increased, but tended to become wavy when this difference became very 
great Occasionally a circular or elliptical cell was formed out of a polygonal 
cell, but the polygonal cell is the basio form 

A very effective way of demonstrating the nature of the motion in the 
chamber is to spread a layer of thick smoke gently along the bottom of the 
chamber After a short interval of time air descending from above punches 
clean-cut circular holes m the smoke sheet Gradually the air circulating in 
the cell above the hole tears away tiny wisps of smoke from the surrounding 
mass of smoke, oarrymg it upward over the boundary of the hole, then 
inward towards the centre, and gradually distributing the smoke through 
the whole of the cell This experiment could only be demonstrated when the 
difference of temperature m the chamber did not exceed about twice the 
entical difference shown in Table I 

2—When the depth of the chamber is 6 mm or less, the smoke pattern no 
longer shows any resemblance to polygonal prismatic cells When smoke is 
now introduced into the chamber it first breaks up into strips parallel to 
the direction of motion of the smoke into the chamber, as shown m fig 3 , 
PI 3 In each of these strips there is upward motion along the central line, 
which appears as a strongly marked white line This motion is opposite to 
the downward motion along the central line of the double rolls in fig 2 , 
PI 3 After a bnef interval a shallow layer of clear air forms immediately 
above the heated plate, this being the dust-free space discussed tty Aitken 
( 1884 ), aj id the clear air bursts upward to the top of the chamber in Hma.ll 
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vertical columns, which form clear centres at which ascent appears to con¬ 
tinue indefinitely The persistence of the ascending motion can be demon¬ 
strated by introducing a small quantity of fresh smoke through a capillary 
tube into the bottom of the chamber immediately below a clear space The 
fresh smoke immediately rises, and momentarily fills the clear space The 
centres of convection tend to drift to and fro, so that after a time it is 
difficult to recognize any definite pattern in the smoke Similar patterns 
were obtained in shallower depths, but m a chamber of 2 mm depth, with 
a high difference of temperature, it was found impossible to fill the chamber 
with smoke 

The description of “Type I” is suggested for the motion observed in 
chambers of depth 10 mm or more, while the motion observed m chambers 
of depth 6 mm or less may conveniently be described as of “Type II” 

3—With depths of chamber less than 10 mm down to 7 mm , it was 
found that so long as the difference of temperature between top and bottom 
of the chamber is relatively small, the motion is of Type I, and is similar to 
that shown m fig 3, PI 3 With large differences of temperature the motion 
becomes of Type II, similar to that shown m fig 2, PI 3, except that the 
long double rolls shown in fig 2 are now mainly replaoed by polygonal cells, 
with descent at the centre Fig 4, PI 4, shows this for a depth of 7 mm 
At the top left-hand corner of the picture, the pattern shown is of Type II, 
with ascent at the middle of the round structures there shown, probably 
due to the insufficient heating of the bottom plate in that corner It was 
noted that when large differences of temperature were set up in a chamber 
7 or 7 5 mm in depth, the polygonal cells which then filled the whole 
chamber showed no tendency either to drift about or to join up into rolls 

Table II 

Temperature 


Depth of chamber difference 

mm °C 

7 0 103 

7 S 62 

8 0 23 


With depths of 6 mm or less, it was found impossible to produce motion 
of Type I, no matter how great a difference of temperature was set up 
between the top and bottom of the chamber by heating the bottom plate 
It was, however, found possible to set up a pattern of Type I m 0 mm by 
producing a large difference of temperature by cooling the top of the 
chamber by the evaporation of liquid air 
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In Table II are given the minimum differences of temperature for the 
change from convection of Type II to that of Type I These three values 
are represented in fig 1 by the crosses shown for the corresponding 
depths It is seen that, particularly for 7 and 7 5 mm , there is excellent 
agreement between these observations and the theory given by Jeffreys 

4— Comparison with Jeffreys' theory 

The theoretical treatment given by Jeffreys and Rayleigh assumes that 
the motion is of the type shown in fig 4, Pi 4, though the theory gives no 
indication of the direction m which the air should circulate m the cellular 
structures Theoretically either direction of motion might be expected 

The results shown m tabular form m Tables I and II may be regarded as 
experimental confirmation of Jeffreys’ theory for all depths down to 7 mm , 
so far as concerns the temperature difference at which the cellular motion 
demanded by the theory first appears The experiments show m addition 
that, m the shallower layers of less than 10 mm , another type of motion, 
that of Type II, appears at lower temperature differences than are required 
to produce the cellular oonveotion of the theory 


Part II— Effect of shear 
1 —Experimental work 

Description of apparatus —For the investigation of the effects of shear 
the apparatus used in the earlier work was replaced by one in which the top 
of the chamber was covered by a long glass plate, which could be moved at 
a variable rate m the direction of its length The apparatus was similar to 
that used by Graham ( 1933 ) for similar experiments, except that the heated 
metal plate was flanked at its ends by black glass plates, which could be 
levelled independently so as to he m the same horizontal plane as the metal 
plate The arrangements for heating the metal plate were similar to those 
in the apparatus described in Part I above 

The Bpace between the moving glass plate and the fixed metal plate 
formed the chamber in which the motion was studied The two ends of the 
chamber were connected by a wooden tunnel, leading into the chamber at 
one side of each of the black plates The purpose of this tunnel was to 
provide for the free flow of air when dragged by the upper glass plate, so 
avoiding return currents m the chamber 
Temperature measurements were made by means of two thermocouples 
mounted close to the upper and lower plates respectively The critical 
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differences of temperature at which motion occurred m this chamber, when 
the top plate was at rest, were evaluated, and agreed with those given in 
Table I above Thus the method of measuring temperature in the present 
senes of observations was comparable with that used in the experiments 
described in Part I 

The chamber having been adjusted to the required depth, the metal plate 
was heated until the difference of temperature between top and bottom of 
the chamber was of the desired magmtude The top glass plate was arranged 
so that one end just covered the chamber, and tobacco smoke was intro¬ 
duced into the chamber at the end from which the moving plate travelled, 
enough smoke bemg introduced to cover the whole of the black glass plate 
When the top plate was started, smoke was drawn over the heated metal 
plate, and the patterns of the motion which it revealed in the part of the 
chamber above the metal plate were carefully observed 


2 —Direct evidence for uniform shear 

A test was made to show that the moving plate produoed approximately 
uniform shear through the whole depth of the chamber This was done by 
filling the part of the chamber over one of the dark glass plates with Bmoke, 
setting the top plate in motion, and observing the behaviour of the smoke 
through a window cut in the side of the chamber The front of the moving 
smoke was observed to take the form of an inclined plane, showing that the 
layer of air m the chamber was subjected to a uniform shear throughout its 
depth 

3 —Effect produced by the boundary between the hot and cold plates 
Since the base of the chamber consisted of three parts, of which the centre 
one was heated, boundary effects occurred at the edges of the heated plate 
When the top glass plate was stationary and smoke was blown into the 
chamber, instability patterns appropriate to the depth of the chamber and 
the temperature difference between top and bottom formed over the greater 
part of the metal plate At the boundary between the heated metal plate 
and the dark glass plates there formed a long roll vortex, the motion of the 
air m this vortex bemg upward over the edge of the hot metal plate and 
downward over the edge of the cooler glass plate If now the top plate was 
moved, it dragged along with it the boundary vortex, and earned it over 
the heated plate As soon as the vortex was removed from the boundary, 
it tended to break up mto small circulations appropnate to the depth of the 
chamber, but still arranged m lines across the plate, while another roll 
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vortex formed on the boundary behind it With the differences of tem¬ 
perature between top and bottom of the chamber set up in the course of 
these experiments, such transverse rolls were not formed over the central 
part of the plate, even when the motion of the top plate commenced after 
the disturbances set up by the introduction of the smoke had died down 
This suggests that the transverse rolls must be regarded as a boundary 
effect, due to the nature of the apparatus used, but this cannot be regarded 
as proved 


4 —Effect of shear on motion of Type I 

The effects of shear were first investigated with chamber depths of 7, 8, 
12 and 16 mm , with shear ranging from 0 6 to S 6 era /sec , and occasionally 
up to 10 cm /sec , and with varying temperature differences The following 
results were obtained 

a —When the difference of temperature between top and bottom of the 
chamber was less than the critical value given in Table I, shear produced 
no smoke pattern, showing that shear did not modify the condition for 
vertical stability 

b —With a difference of temperature that is relatively small but sufficient 
to produce convection of Type I, and a small rate of shear, transverse rolls 
were formed at the boundary, and eventually filled the whole chamber The 
roll vortices were in pairs, adjacent vortices rotating m opposite directions 
As the rate of shear was increased, the transverse rolls tended to change into 
longitudinal rolls in the downwind part of the chamber (fig 6, PI 4) 

c—With a relatively large difference of temperature and a small rate of 
shear, the smoke patterns were generally similar to those obtained with no 
shear, except that the cellular structures were slightly distorted As the 
shear was increased, there was noted a marked tendency towards a longi¬ 
tudinal arrangement of these patterns, as shown in fig 6, PI 5 The greater 
the temperature difference m the chamber, the greater was the shear 
necessary to arrange the patterns longitudinally The typical cell showed 
the form of the one marked A in fig 6, PI 5 Similar patterns were obtained 
in depths of 8 and 12 mm , but only with high differences of temperature 

d —With a high rate of shear, the chamber became filled with longitudinal 
double rolls, the two rolls m a pair rotating m opposite directions, with 
descending motion along them common boundary The pattern obtained in 
16 mm depth is shown in fig 7, PI 6 The greater the difference of tem¬ 
perature m the chamber, the higher was the shear necessary m order to 
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produce this effect For example, m a depth of 10 mm , with a difference 
of temperature of 47° C , no longitudinal rolls were formed by a shear of 
2 '3 cm /seo , but with a difference of 13° C a shear of 1 3 cm /sec gave well- 
defined longitudinal rolls A shear of 0 cm /sec was sufficient to produce 
longitudinal rolls m all the depths investigated, provided the temperature 
difference did not exceed 100° C With a depth of 16 mm a temperature 
difference of the order of 100° C combmed with a shear of 6 cm /sec gave 
longitudinal rolls whose edges were wavy, but the waviness disappeared 
when the rate of shear was still further increased 

e—The longitudinal rolls were found to be very stable when once formed, 
especially in the greater depths investigated They persisted for some tune 
after the top plate was stopped A similar result was derived in the experi¬ 
ments described in Part I above, where it was found that the rolls which 
formed when smoke was blown into the chamber tended to persist for some 
time, especially in the greater depths 


5—Effects of shear on motion of Type 11 

When patterns of Type II in depths of 0, 4 and 2 mm were subjected to 
shear, the adjoining columns of clear air joined into lanes roughly parallel 
to the motion of the top plate, forming ill-defined longitudinal patterns, as 
shown in fig 8, PI 6 It will be seen that two lanes of clear air sometimes 
start at the same point, the smoke between them assuming a lenticular 
form, with its pointed end facing the direction from which the top plate 
moves, i e facmg upwind 

The lengths of the lanes of clear air increase with increasing shear, 
showing that more and more of the original centres then join up to form a 
lane of clear air When the rate of shear is small the number of short clear 
lanes is enormously increased, and the pattern becomes too irregular for any 
simple description 

The boundary phenomenon showed itself by the number of transverse 
breaks in the patterns near the boundary, as shown in fig 8, PI 6, on the 
left-hand side 

When the depth of the chamber was reduced to 4 or 2 mm , the patterns 
observed were precisely similar to those described above, the lmear dimen¬ 
sions being reduoed m proportion to the depth In none of the depths m 
which motion of Type II was investigated was any pattern produced by 
shear when the temperature difference was less than the critical value shown 
m Table I 
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6 —Simultaneous production of motions of Types I and II 
Since the phenomena in chambers having depths of 6 and 8 mm differ 
so widely when the temperature difference is high, an experiment was 
earned out in which the depth of the chamber vaned continuously from 
6 mm on one side to 8 mm on the other When the top plate was moved 
across the chamber, the smoke showed all the usual patterns of Types I 
and II m the appropnate depths Fig 9, PI 6, shows the configuration 
when the shear was stopped 
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Summary 

Part I—A layer of air, having no initial mean motion and enclosed 
within a chamber, was made unstable by heating from below, and the 
motion produced, made visible by tobacco smoke, was studied for a range 
of depths of the chamber and of temperature differences between the top 
and bottom of the chamber It was found that no motion ocourred m the 
chamber unless the temperature difference exceeded a critical value, which 
vaned with the depth of the chamber 

The new results obtained in Part I are 

a —That in depths down to 7 mm the temperature difference necessary 
to produce motion such as was investigated in the Rayleigh-Jeffreys theory 
is m good accordance with the theoretical expression given by Jeffreys 

b —That m all depths below 10 mm a type of motion other than that 
discussed by Jeffreys occurs with lower differences of temperature than 
those given by Jeffreys’ theory 

Part II—When the air m the chamber was subjected to a sheer by the 
motion of the top bounding plate across the chamber, it was found that the 
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smoke patterns might show transverse rolls, distorted polygons, or longi¬ 
tudinal rolls, the precise forms depending on the magnitudes of the rate of 
shear and of the temperature differences within the chamber, or that if the 
original pattern shown in the chamber with no shear were of Type II 
(characteristic of depths of 6 mm or less), the effect of shear was to give 
spindle-shaped structures, whose length increased as the rate of shear was 
increased In shallow depths, 6 mm or less, transverse rolls were never 
produced, and the structures produced by large rates of shear were not in 
the form of distinct and well-defined double rolls such as are shown in 
fig 7, PI 5 The chief new features in Part II are the measurements of the 
temperature differences, as well as of shears, associated with the various 
patterns observed 
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The Production of Neutrons by Bombardment of 
Beryllium with a-Particles 

By T Bjerge 

Institute of Theoretical Physics, Copenhagen 
(Communicated, by N Bohr For Mem R 8 — Received 21 September 1937) 
1—Introduction 

When beryllium is bombarded with a-particles, neutrons are emitted, 
and this was, in fact, the process giving rise to the discovery of the neutron 
by Chadwick ( 1933 ) The nuclear reaction by which Chadwick explained 
the production of the neutrons is 

$Be + ‘He->«C + $» ( 1 ) 

The energy distribution of the neutrons, when a thick layer of beryllium 
is bombarded with a-particles from radon, has been investigated by 
Dunning ( 1934 ), who detected the neutrons by recoil protons counted m 
an ionization ohamber connected to a linear amplifier The maximum energy 
found by Dunnmg is consistent with (1), inserting the atomic masses now 
fairly well known from other nuclear reactions and from mass-spectroscopic 
determinations (Oliphant 1936 , Bonner and Brubaker 1936 ) It appears, 
however, that in most cases the neutron doeB not carry away the whole 
energy available, but leaves the **0 nucleus in an excited state Dunnmg 
finds an excited state of c 6 ® e-volts, and Bernardim and Bocciarelli ( 1936 ) 
in similar experiments using polonium a-particles find excited states of 
6 6 ®, 4 6 ® and 3 0® e-volts 

This is m good accordance with measurements of Bothe ( 1936 , cf also 
Maier-Leibmtz 1936 ), who found that the y- ray spectrum from beryllium 
bombarded with a-particles consists mainly of three lines with energies 
6 7 ®, 4 2 ® and 2 7® e-volts The y-lines found by Crane, Delsasso, Fowler 
and Launtsen (1934 and 1935 ) in other nuclear disintegrations giving rise 
to the formation of an excited *JC nucleus are consistent with these values, 
see also the general survey in the report of Livingston and Bethe ( 1937 ) 

In the experiments just mentioned only neutrons of energies greater than 
about 1® e-volts could be detected When the experimental technique 
employed for the study of the neutrons emitted from beryllium under 
[ 243 ] 
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a-particle bombardment permits of measuring also neutrons with energies 
less than 100,000 e-volts, it appears that there is, besides the neutron groups 
already discussed, also a large amount of comparatively slow neutrons 
present This was first pointed out by Auger (1933), who studied the energy 
distribution by means of a hydrogen-filled Wilson chamber and found that 
the neutrons could be divided into two mam groups, one of them having 
energies of several million electron-volts (these are the neutrons measured 
by Dunning and others as already mentioned), the other having energies 
distributed around a 100,000 e-volts When the neutrons originated from 
a beryllium-polonium source, the two groups were about equally abundant 
From a beryllium-radon source, however, the number of neutrons of the 
slower group was about five times larger than the number of neutrons of 
the faster group 

Further evidence for the existence of a large amount of fairly slow neutrons 
accompanying the neutron groups of several million electron-volts energies 
is provided by various experimental facts concerning the slowing down of 
neutrons to thermal velocities by collisions with hydrogen nuclei Amaldi 
and others (1935) made a comparison between the density distributions of 
slow neutrons in a large vessel of water around two different neutron sources, 
viz a beryllium-radon source and a boron-radon source The distribution 
around the former showed a much more pronounced accumulation of slow 
neutrons m the direct neighbourhood of the source than the distribution 
around the latter, although the faster neutron groups from a berylhum-radon 
source have rather larger energies than the neutrons from a boron-radon 
source Also the total number of neutrons emitted from a beryllium-radon 
source can be determined m various ways by slowing them down in hydro¬ 
genous media Paneth, Gluckauf and Loleit (1936) find this number to be 
greater than 7000/sec /millicune of radon, and Amaldi and Fermi (1936) 
find c 28,000 (the figure now generally adopted is about 20,000), whereas 
for the neutrons of more than about 1® e-volts Dunning (1934) finds a yield 
of c 1500/sec /millicune of radon Jackel (1934) finds 9000 for the number 
with energies higher than 90,000 e-volts A comparison between these 
figures shows that only about 10 % of all the neutrons from a beryllium - 
radon source belong to the faster group, while the rest have energies of 
the order of 100,000 e-volts or less 

2— Theoretical considerations 

Starting from the point of view put forward by Bohr (1936) the nuclear 
reaction m question has to be considered in two steps First the a-particle 



Production of Neutrons by Bombardment of Beryllium 245 

and the JBe nucleus fuse together, thus forming a compound nucleus X |C 
of high energy content 

JBe+JHe-^C (2) 

Then this highly excited nucleus may disintegrate in a number of different 
ways, each of which has its own probability 

Thus the whole of the excitation energy (12-14® e-volts) may at some 
time become concentrated on one neutron, giving rise to the disintegration 

IC-^O+Jn, (3) 


where the X JC nuoleus is left m the ground state, but it is more probable that 
only so much energy will be concentrated on one neutron, that the J |C 
nucleus is left m one of its excited states From more detailed considerations 
(Bohr 1937, cf Bohr and Kalckar 1937 and Weisskopf 1937) it follows, in 
fact, that the most probable values for the kinetic enorgy of the ejected 
neutron should be about 1 or 2® e-volts for the disintegration in question, 
and that the number of neutrons ejected with greater energies should 
decrease exponentially with increasing energy The distribution of fast 
neutrons from beryllium bombarded with a-particles, as found experi¬ 
mentally, eg by Bemardmi and Bocciarelh (1936), is m agreement with 
these expectations 

The ejection of a neutron with an energy as small as 100,000 e-volts, on 
the other hand, should be a very unlikely process, and the presence of a large 
number of such fairly slow neutrons can, therefore, not be explained by the 
reaction (3) It is, however, quite likely, and indeed highly probable, that 
in addition to (3) the disintegration 

*$€ -> JBe + JHe (4) 

takes place If in this process the JBe nucleus is left m the ground state, the 
total process ((2) and (4)) is a scattering of the a-particle If, however, the 
JBe is left in an excited state (which on Bohr’s theory would be more pro¬ 
bable, as soon as the energy is sufficient), it would, on account of its small 
binding energy, have a great chance to explode 

JBe -*■ JBe + Jn, (5) 

or more likely 

jBe-*2$He + Jn (6) 

In (0) especially, the energy of the neutron might be quite small, because 
the mutual repulsion of the two a-particles will consume a large part of the 
energy present. 
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The total of ( 4 ) and (6) is a process by which an excited *|C nucleus 
breaks up into three a-particles and a neutron, such a process has been 
observed by Cockoroft and Lewis (1936) and by Bonner and Brubaker 
(1936) bombarding boron with deuterons 

1 JB + fH-^“C^3|He + Jn (7) 

Chadwick, Feather and Davies {1934), bombarding carbon by neutrons in 
the expansion chamber, have found a tnple fork of tracks presumably 
oaused by the disintegration 

1 «C+J»-* I jC-*-3jHe + in (8) 

An excited JBe nucleus, breaking up in accordance with (6), can also be 
formed by the process 

JLi + }H -> JBe -*■ 2|He + Jn, (9) 

see e g Oliphant, Kempton and Rutherford (1935) 

The interpretation of the slow-neutron group expressed by (2), (4) and (6) 
has been proposed already in a very similar form by Auger (1933), who 
noticed that the different behaviour of the two groups, when the energy 
of the incident a-particles is changed, makes it likely that they are connected 
with two different modes of disintegration With the better knowledge of 
atomic masses which we have now, it is possible to give this argument the 
following more precise form whereas (1) is energetically possible for any 
energy of the incident a-particle and therefore may take place as soon as 
the a-particle has sufficient energy to break through the potential barrier, 
the process consisting of (2), (4) and (6) requires that the a-particle must 
deliver more than 2 8 e-volts to the system in addition to the energy necessary 
for an a-particle to break out through the potential barrier The hypothesis, 
that the fast neutron group is due to (1), the slow neutron group to (2), 
(4) and (0), is therefore supported by the fact found by Auger, that the slow 
group becomes relatively more abundant, when more energetic a-particles 
are used 


3—Excitation curves fob neutrons 

The experimental work reported in the present paper was undertaken at 
the suggestion of Professor Bohr with the object of obtaining more evidence 
as to the ongin of the slow-neutron group mentioned above 
If the a-particles emitted m the processes (4) and (0) could be detected 
and studied either in an expansion chamber or by counting methods, this 
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would no doubt give the most direct information Unfortunately, however, 
the energies of these a-particles are small and it would be difficult to deteot 
them, especially as the a-particles scattered without any great energy loss 
would probably predominate As this method, therefore, did not seem very 
promising I confined myself to trying to establish more quantitatively the 
different behaviour of the two main groups of neutrons when the energy 
of the incident a-particles is varied 

Excitation curves, giving the yield of fast neutrons from beryllium as 
a function of the energy of the incident a-particles, have been obtamed by 



Flo 1—Arrangement for measuring the yield of neut runs 
as a function of the « particle energy 


Chadwick (1933), who counted the neutrons by the recoilB in an ionization 
ohamber connected to a linear amplifier, and by Rasetti (1932) and 
Bemardim (1933), who measured the ionization current in a methane 
pressure ionization chamber The curves of Chadwick and Bemardim are 
reproduced m fig 2 A sensitive method for measuring the yield of slow as 
well as fast neutrons is to surround the neutron source with paraffin and 
detect the neutrons, slowed down by collisions with the hydrogen nuclei 
of the paraffin, by means of a boron-bned ionization chamber connected 
to a linear amplifier, or still better by an ionization chamber filled with BF S 
at a suitable pressure The experimental arrangement is shown in fig 1 
ThS neutron source A consists of a copper hemisphere of 2 5 cm radius, 
lined inside with a beryllium layer of 4 mm air equivalent (This layer was 
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evaporated on to the copper hemisphere by placing a beryllium crystal 
(c 50 mg) in the centre and heating it by bombardment tn vacuo with 
electrons (from a hot tungsten filament) accelerated through some thousand 
volts ) At the centre of the hemisphere is placed a polomum source (about 
12-14 millicunes) deposited on a 7 mm silver disk The hemisphere together 
with the brass plate holding the polomum source form an airtight box 



Fig 2—Yield of neutrons as a function of a particle energy, large paraffin block 
(C and B are the curves of Chadwick and of Bemardim, respectively ) 

A given energy of the a-partioles falling on the beryllium is obtained by 
filling this box with carbon dioxide at a given pressure The a-particles 
leaving the surface of the source at nearly glancing angles are cut off by a 
cylindrical metal screen which allows only the rays withm a cone of c 120° 
to reach the beryllium 

The ionization chamber B is a steel cylinder, 2 6 cm inner diameter and 
c 15 cm long, filled with boron tnfluonde at a pressure of about 1 5 atm 
The inner electrode is connected to a Wynn-Williams linear amplifier with 
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a mechanical counter driven by a thyratron The steel cylinder has a positive 
potential of c 1000 V, it is surrounded by an earthed brass oylmder of 4 cm 
outer diameter The chamber was made by Dr Jorgen Koch, who kindly 
put it at my disposal 

In one experiment A and B were embedded m a block of paraffin wax 
35 x 30 x 24 cm , in another, they were surrounded by a layer of paraffin 
wax, 2 cm thick on an average 

The result of the former experiment is plotted m fig 2 To obtain each 
point counts were taken for a period of 10-30 mm The values of the ordinates 



Fio 3—Yield of neutrons as a funotion of a. particle 
energy, small layer of paraffin 


have been corrected for the time-resolvmg power of the mechanical counter, 
and the “natural effect” of the chamber (15/mm ) haB been subtracted 
The residual range is taken as 3 90 cm less the air equivalent of 2 5 cm C0 2 
of the given pressure (and temperature) The errors indicated are the statis¬ 
tical mean-square errors, the curve was taken in both directions several 
times, and every time the steep rise beginning at about 3 5 cm residual 
range was conspicuous The sensitivity of the detecting apparatus, however, 
appeared to vary a little from day to day, so that, when plotting all the 
points together, their spread around the best curve through the points is 
somewhat larger than to be expected from the statistical errors For com¬ 
parison, the curves obtained by Chadwick and by Bernardim are also given 
in the figure All three curves have a very similar appearance except that 
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the fast-neutron curve of Chadwick does not show the steep rise beginning 
at c 3 5 cm residual range This rise therefore is probably due to a group 
of fairly slow neutrons 

In order to establish this point more clearly, the large paraffin block was 
now taken away, and the source and counting chamber were surrounded 
with a 2 cm layer of paraffin wax Fast neutrons of several million electron- 
volts energy have a greater chance of escaping nght through this layer than 
have neutrons of c 100,000 e-volts The measured yield should therefore 
be more reduced for the faster group than for the slower, when changing 
to the smaller paraffin layer The result is plotted in fig 3, it will be seen that 
the group starting at 3 3 cm * is relatively stronger than m fig 2, whereas 
the curve for smaller energies of the a-particles has a shape practically 
identical with that of fig 2 This is seen very clearly in fig 7, where the two 
curves are scaled up to have the same ordinate at 3 2 cm It may be men¬ 
tioned that a curve taken with an intermediate amount of paraffin had an 
intermediate shape 


4 — Excitation curves for y-RAYs 

If the ongm of the slow-neutron group is that mentioned in § 2, clearly 
no y-rays will be emitted m connexion with the emission of the neutrons 
of this group The excitation curve for y-rays from berylhum bombarded 
with a-particles has been measured by Becker and Bothe (193-2) Their 
curve, which is reproduced m fig 6 (B & B), is derived from an integral 
curve obtained with a thick berylhum layer, and it is difficult to obtain the 
details correctly by this method I therefore considered it of interest to 
measure this excitation curve, using the same neutron source as was used 
in the experiments of § 3 

Fig 4 shows the experimental arrangement A is the same neutron source 
as m fig 1 The y-rays emitted from the berylhum layer produce Compton 
electrons in the copper hemisphere and the 1 mm copper plate P Some of 
these electrons will penetrate the two thin walled Geiger counters B and C, 
of which B is shown in section They have 3 cm diameter and 4 cm inner 
length and are made of 0 1 mm copper foil with ebonite bungs and a 
0 05 mm tungsten wire at the axis The cylindrical wall is strengthened 
by ring-shaped corrugations The gas-filling is dry hydrogen at 100 mm 
pressure The two Geiger counters are connected to two identical two-stage 
amplifiers, from which the impulses are fed on to two tnodes in a Rossi 

* It is difficult to say whether the apparent difference in abscissa from 3 5 to 
3 3 cm is real or is due to experimental errors 
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coincidence oirotut When both Rossi valves are extinguished simultaneously, 
the impulse in their common anode circuit strikes a thyratron, which drives 
a meohamcal counter The high tension for the Geiger-counter cylinders 
(1500 V negative) was taken from one dry-cell battery, interaction between 
them being prevented by filter oirouits and by the earthed screen 8 The 
source and counters were arranged in a horizontal plane m order to minimize 
the number of coincidences from cosmic particles No shielding was pro¬ 
vided, because neutrons captured in the shielding material might have 
produced y-rays sufficiently hard to give coincidences The screen 8 was 
a 0 4 mm iron plate, which means that the total stopping power of the 
material between the two counters was equivalent to 2 mm aluminium, 
this will out off completely any secondary electrons produced by the y-rays 


P S 



Fig 4—Measurement of y rays by coincidences 

of the polonium (Bothe and Becker 1930) The “natural effect” of each 
counter was c 120/min , the time in which the Rossi valve ib extinguished 
by any impulse m its Geiger counter is c 2 x 10~ 4 sec (calculated from the 
time constants of the circuits), from which it is found that the accidental 
coincidences should be about five per hour, m good agreement with the 
experimental value six or seven 

When the source is pumped out so that the a-particles fall on the beryllium 
with full energy, the number of counts per hour increases to an amount 
between 60 and 100 This number varied slowly during the two weeks in 
which the measurements were made, the variation seemed to follow the 
variation of the moisture in the room 

When plates of aluminium were interposed between the counters, the 
number of coincidences decreased as shown in the curve, fig 6 This curve 
is a measure of the hardness of the y-rays and is practically identical with 
the one given by Becker and Bothe (1932) 
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Fxa fi—Number of coincidences plotted against thickness 
of aluminium between counters 



Pig 6 —Yield of y rays a 
“B & B” is the 
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When only the iron plate S was interposed between the counters, and the 
CO* pressure m the neutron source was varied, the curve of fig 0 was 
obtained The value at 3 9 cm residual range (all C0 2 pumped out) was “used 
as a standard of reference in the following way For every measurement 
the reference point was first counted through 1 hr , then the point in question 
was counted through 1 hr , then again the reference point Usually the 
measurement was repeated In this way two or three points were taken 
during a day and one during the mght (A similar procedure was used 
for the points of fig 5 The values for the reference point vaned very slowly 
and steadily between 80 and 100/hr when the curve fig 6 was taken, and 
was about 00 during the measurement of fig 6 ) 


5 — Conclusion 

In fig 7 the three excitatioji curves of figs 2, 3 and 0 are plotted together 
on an arbitrary scale of ordinates, chosen so that they coincide at the 
point with abscissa 3 2 cm residual range The yield of faster neutrons 



Fig 7—Excitation curves for beryllium bombarded with Po a particles 1, y rays, 
2, neutrons, large paraffin block, 3, neutrons, small paraffin lajer 


follows the yield of y-rays, whereas the group of slower neutrons emitted 
when the incident a-particles have a residual range of more than 3 4 cm 
(average of the two values), is not accompanied by y-rays 
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While the faster groups and the y-rays are accounted for by the prooess (1), 
this process cannot, on theoretical reasons, account for the slower group 
The only natural explanation of this group is that given by the reactions 
(2), (4) and (0) The present experiments support this explanation by 
showing, in the first place, that the slower group of neutrons is not accom¬ 
panied by y-rays and, in the second place, that this group is emitted aB 
soon as the a-particles have a range of at least 3 4cm, corresponding to 
an energy of 4 9® e-volts Within the limits of error this is just the energy, 
which the a-particle must have in (2), in order that the JBe left m (4) has 
sufficient energy to split up into two a-particles and a neutron (prooess (6)) 
This energy is calculated as follows of the energy of the incident a-partiole 
(process (2)) only is changed into inner energy of the nucleus When 
this nucleus splits up (process (4)), the JHe takes away a lunetio energy of 
at least 0 7* e-volts (measured in the centre-of-gravity system), and the 
JBe at least 0 3® e-volts [This is deduced from the fact derived from fig 7, 
that an a-particle must have a kinetic energy of 1 4® e-volts (0 8 cm range) 
in order to have a reasonable chance of penetrating into a beryllium nucleus 
When measured m the centre-of-gravity system, this energy becomes 
0 7® e-volts, and the kinetic energy of the JBe nucleus before the collision 
becomes 0 3® e-volts If we suppose the corresponding mutual velocity to 
be necessary for penetrating the potential barrier, this will also be the 
minimum mutual velocity, when a l \C nucleus splits up into JHe + JBe ] 
Further, when m process (6) the JBe splits up mto a neutron and two 
a-particles, these latter will have a total kinetic energy (in then centre-of- 
gravity system) of at least c 0 5® e-volts (the potential energy of an a-particle 
in the Coulomb field of JHe being half the energy in the field of JBe at the 
samo nuclear distance) Taking the masses given by Oliphant (1936), we 
thus find for the excited JBe (process (0)) the mass 

2x4 0039+1 0091 +0 0005 = 9 0174, 

1 e 2 3 s e-volts more energy than the normal JBe = 9 0149 In order to 
give the JBe this excitation and m addition provide the 1 0® e-volts necessary 
for the splitting up of “C in prooess (4), the incident a-particle must have 
an energy of ^ (2 3 + 1 0) =* 4 8® e-volts 

The experimental value 4 9® e-volts has some uncertainty (c 0 2® e-volts), 
especially because the finite thickness of the beryllium layer may have 
changed the curve slightly in a way that is difficult to estimate A similar 
uncertainty has to be ascribed to the calculated figure 4 8® e-volts 
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6—Summary 

In the energy spectrum of the neutrons from beryllium bombarded with 
a-particles there are present some groups with energies of several million 
electron-volts These are accounted for by the process 

JBe + lHe-^jC + J* (1) 

The may be left in an excited state and afterwards emit a y-quantum 

There is also, as shown by Auger and others, a neutron group of energies 
of the order of c 100,000 e-volts Auger gave reasons for supposing that 
these neutrons are created in a process, where the incident a-partiole first 
transfers some energy to the jBe, which then disintegrates in the following 
way 

SBe-»2$He + J» (6) 

This view is supported by the ideas of Bohr on nuclear reactions The present 
paper describes experiments which give the yield of the faster and slower 
neutron group and of the y-rays as a function of the a-particle energy It is 
shown that the slower group is not accompamed by y-rays, and that it 
begins to be emitted at the a-particle onergy which ib just necessary for 
the process (6) to take place 

[Note added m proof —In collaboration with Mr K Overgaard an 
attempt has been made to extend the excitation curve for neutrons to 
higher a-particle energies by using thorium (B + C) preparations of 0 3-0 5 
milhouries When the range of the incident a-particles increases from 3 9 
to 8 0 cm the yield of neutrons increases by a factor of 3, the rate of 
increase being apparently fairly Bteady with a tendency to dimmish as 
wae to be expected Still, this can only be taken as a rather rough measure¬ 
ment, the effect obtained being too small for ascertaining the details of 
the curve ] 
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On the Penetrating Component of Cosmic Radiation 

By H J Bhabha 

Gonmlle and Caius College, Cambridge 
(Communicated by R H Fowler, F R 8 —Received 4 October 1937 ) 
Introduction 

The position in cosmic radiation has changed considerably in the last year 
both from the experimental and the theoretical side, so that it is now possible 
to co-ordinate the various independent observations to a degree which was 
not hitherto possible and to draw some important conclusions from them 
Sinoe it has been shown by Rossi (1934a) and his co-workers, Auger 
and Ehrenfest (1934) and Street, Woodward and Stevenson (1935) that 
there are single ionizing particles m cosmic radiation which penetrate 
more than a metre of lead, and further, according to the theory, no electron 
of any reasonable energy can make its effects felt through more than about 
15 cm of lead, it has become clear that the behaviour of the penetrating 
component of cosmio radiation faces us with at least one of the two follow¬ 
ing conclusions 

a —The theoretical formulae for the energy loss of fast electrons break 
down for energies above some critical energy, where this cntioal energy may 
or may not depend on the material 

b —The penetrating component does not consist of electrons 
Moreover, since Blackett (1937 a) has found that there is a rough equality 
in the number of positive and negative particles up to the highest measurable 
energies, it follows that the second alternative already demands the existence 
of a hitherto unknown particle, since even if we assume, as was supposed at 
first, that these penetrating particles are protons, for which the radiation loss 
is small due to their larger mass, resulting m a corresponding increase of 
penetrating power, the presence m the penetrating group of negatively 
charged particles forces one to admit the existence of negative protons. The 
assumption that these particles are protons has, however, met with the 
difficulty noticed by several investigators that far fewer protons, identifiable 
at the end of their range by a heavy track m a Wilson Chamber, are observed 
t.bau there should be, a difficulty which can only be removed by certain 
plausible but ad hoc assumptions about processes (such as nuclear collisions 
[ 257 ] 
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and explosions) which would remove protons from the beam before they 
became slow enough to show a noticeably greater ionization 

Street and Stevenson (1937) have, however, Bhown that among those 
particles which have already traversed 10 cm of lead, there are some with 
curvatures which would correspond to energies of Icbs than 7 5 x 10 8 
e-volts if they were electrons, whose behaviour is not that to be expeoted 
theoretically for electrons, and which are certainly not protons The 
latest experiments of Blackett and Wilson (1937) also show that at 
energies as low as 4 x 10* e-volts in lead, cosmic-ray partioles have an 
energy loss much less than the theoretical loss for electrons, and they further 
claim that it is possible to exclude the hypothesis of protons since they 
would show a noticeably greater ionization along their tracks at these 
energies Tor the further discussion, therefore, we will only consider the 
conclusion (6) stated above m the form 
b —There are in the penetrating component of coBimc radiation new 
particles of electronic charge of both signs, and mass or masses intermediate 
between those of the electron and proton For brevity, m the further dis¬ 
cussions we shall describe such particles simply as heavy electrons 
The two alternatives (a) and (6) are not mutually exclusive 
As has been shown by Rossi (19346) and especially stressed by Auger 
.and Leprinoe-Ringuet (1934), the radiation at and above sea-level definitely 
consists of two groups distinguishable by then- penetrating power If we 
measure the absorption m lead of the vertically incident particles at sea- 
level, we find that the first 10 cm of lead absorb 26-30% of the total 
number of particles At about this point a distinot change in the slope 
of the absorption curve occurs, and a metre of lead only serves to decrease 
further the number of particles by about 30 % We shall call the group 
of particles absorbed 111 about 10 cm of lead the soft group, and the other 
the hard or penetrating group It should be emphasized that in this paper 
the words soft and hard are used to denote only the penetrating power of the 
particles and have nothing whatsoever to do with their energy 
As we shall see in the next section the soft component is not m equilibrium 
with the hard component above sea-level Further, the hard component 
obeys the mass absorption law, whereas the soft component shows an 
absorption per atom which vanes as the square of the atomic number as 
would be the oase for electrons obeying the theory 

In recent papers it has been shown independently by Carlson and 
Oppenheimer (1937) and Bhabha and Heitler (1937) that a consistent 
application of the formulae of Bethe and Heitler (1934) to the successive 
emission of radiation by electrons and the creation of electron pairs by 
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y-rays cannot only explain the showers and bursts observed m oosmic-ray 
phenomena, but is capable of deaonbmg the typioal features of these 
phenomena, namely, the transition curves investigated by Rossi (1933ft) and 
the absorption curve in the atmosphere It is therefore certain that the soft 
group consists of electrons and positrons and their accompanying y-radia- 
tion, and its behaviour is described correctly by the theory 

In view of this fact it is of interest to discuss the experimental material, 
particularly with regard to the hard component, and to see whether it sup¬ 
ports the first or the second of the alternatives mentioned above We oarry 
through this discussion in § 1, where it will appear that although assumption 
(a) may also be true for extremely high energies , it is insufficient to explain all 
the facts, and that there are sufficient grounds to justify us in considering 
the presence of new particles of electronic charge and mass between those of 
the electron and proton at least as a possibility Under these circumstances 
we think it not unprofitable to consider the behaviour of such partioles 
theoretically, in order that a comparison may then be made with experiment 
Of course only that part of the behaviour of such a particle can be calculated 
which depends essentially only on its charge and mass, namely, the magni¬ 
tudes of the various collision processes and the ionization and radiation losses, 
as also the creation of pairs of such particles by y-rays This has been done 
in § 2, assuming that the particle obeys the Dirac equation We shall see that 
the radiation loss is not just inversely proportional to the square of the mass 
of the particle, since for particles of different masses the effect of screening is 
different Moreover, since we do not know what mass to attribute to such 
a particle if it exists, we have carried through the calculations for particles 
ofrest energy equal to 5 x 10 ® e-volts and 6 x 10 7 e-volts, 1 e lOand lOOtimes 
the electron mass respectively, so that together with the already known 
results for the electron and proton, we obtain ourves from which the energy 
loss can be read off for particles of any given rest mass and energy It will 
appear m the course of this paper that if the existence of new particles is to 
be assumed as a solution of the various difficulties which still remain m the 
oosmic-ray phenomena, it seems probable that particles of various different 
rest masses will have to be assumed with perhaps the possibility of particles 
making transitions from one rest mass to another 
In § 4 we discuss the production of showers by heavy particles, that is, 
particles with any mass greater than that of the electron, either by the 
emission of a sufficiently large quantum of radiation, or by the production of 
a sufficiently fast secondary electron by collision In §3 we calculate the 
average number of positive and negative electrons accompanying the pene¬ 
trating heavy particles as a result of these processes, thus forming a soft 
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component m equilibrium with the penetrating particles In § 5 we have 
briefly considered the effect of the creation of pairs of heavy particles in 
decreasing the rate at which cascade processes die out This may find a 
possible application in the penetration of partioles to sea-level 


1—Discussion of the experimental material 


A—Latitude effect 

We have already stated in the introduction that the soft group (defined as 
those particles absorbed in about the first 10 cm of lead) is not m equilibrium 
with the hard group This statement is established by the experiments of 
Auger, Ehrenfest and Lepnnce-Ringuet (1936), who have measured the 
absorption curve m lead at sea-level and at Jungfraujoch Table I gives their 
results 

Table I 



Jung 

fraujoch 

Sea level 

Absorption 
coefficient in 
air in cm */g 

Hard group 

190 

120 

0 70 x10-» 

Soft group 

170 

25-30 

6 x 10-* 


Absorption 
coefficient m 
lead in om */g 
0 70x 10-» 

32 ± 2 x 10 _> 


The first two columns give in arbitrary units the number of particles of 
each group found at the two heights, the third column then gives the 
absorption coefficient deduoed from these figures assuming an exponential 
absorption The last column gives the absorption coefficients deduced from 
the absorption curve m lead These results again confirm those of Rossi, 
Alocco (1935), and of Clay (1936), and show that the hard component obeys 
a mass absorption law The soft group, on the other hand, is seen to show an 
absorption per atom which is roughly proportional to the square of the atomic 
number 

The above figures show that the soft group increases with height much 
more rapidly than the hard group Ionization measurement by Compton 
and Stevenson (1934) and Bowen, Millikan and Neher (1934) at great 
heights with an ionization ohamber shielded by 6 and 12 cm of lead confirm 
this, and show that at these heights the hard component contributes less 
than 30 % to the total ionization The shower intensity as measured by 
Woodward (1936) and Braddick and Gilbert (1936) increases with height 
much more rapidly than the total radiation and runs more parallel with the 
intensity of the soft group Heitler (1937) has shown that the variation of 
showers with altitude and latitude can be understood if they are due pre- 
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dominantly to the soft oomponent Further, Montgomery and Montgomery 
(1935) find that the intensity of bursts increases with height even more 
rapidly than the shower intensity, and recently Young (1937) has shown 
for small bursts containing ten particles and more that the morease with 
height of bursts of a given size is greater, the larger the size of the bursts 
Thus we regard this as evidence that bursts, which have been shown 
by Ehrenberg (1936) to be very large showers, are also predominantly 
due to the soft component But such a view is incompatible with the 
assumption (a) For on this assumption, the soft component consisting 
of particles which are absorbed in about 10 cm of lead must be electrons of 
energy below the critical energy in lead , whioh is less than 4 x 10 8 e-volts 
Such electrons would be incapable of producing bursts, merely because they 
have less energy than the bursts themselves There is no difficulty of this 
sort on assumption (6), since if the soft component consists of electrons 
obeying the theory, they would be absorbed m about 10 or 15 cm of lead 
even for energies of the order of 10 u e-volts 
We finally come to consider the latitude effect at sea-level Bhabha and 
Heitler (1937) have shown that the shape of the absorption curve m the 
atmosphere is a proof that electrons of energy near 3x10® e-volts (the lowest 
energy which can reach a magnetic latitude 60° due to the magnetio field of the 
earth) multiply according to the cascade theory Heitler (1937) has further 
demonstrated by a more detailed analysis of the same curve that if a break¬ 
down of the theoretical energy loss formulae takes place, the breakdown 
energy must be at least as high as 5 x 10® e-volts The latest measurements 
Of Bowen, Millikan and Neher (1937) show that particles of energy at least 
as high as 10 10 e-volts produce a rapid multiplication in the upper layers of 
the atmosphere which is at least m qualitative agreement with the cascade 
theory, thus provmg that the radiation loss of electrons demanded by 
quantum mechanics is correct in air for energies up to 10 10 e-volts 

Let us oonsider these facts on assumption (a) Now the theory shows 
(Bhabha and Heitler 1937, p 454) that the chance of an electron of energy 
less than 10 10 e-volts makmg its effect felt at sea-level is negligible Further, 
particles of energy greater than 10 l ° e-volts will not show a latitude effect at 
latitudes greater than about 35° Thus there should be no variation of 
intensity at sea-level at latitudes greater than 35° 

Bhabha and Heitler have already shown that if the theory of energy loss 
for electrons be nght for all energies, then no latitude effect at sea-level could 
be due to the electrons Our present considerations show that even if the 
theory of energy loss break down above some critical energy, no latitude 
effect beyond 35° could be due to electrons, provided the breakdown energy 
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ib greater than 10 10 e-volts Since at sea-level the latitude effect starts at 
about 50°, and is quite considerable at 35°, we regard this as a very strong 
argument against the hypothesis (a) and m favour of the existence of new 
particles 

Indeed, m our opinion, the very discrepancy between the theoretical 
absorption curve in the atmosphere and the experimental difference curve 
of Bowen, Millikan and Neher for primaries of an average energy of 
10 10 e-volts is evidence of the existence of new particles For the first part 
of the experimental curve shows that an enormous multiplication takes 
place in the atmosphere, thus establishing the existence of large radiative 
losses, from which it follows merely from arguments of self-consistency 
that the rest of the curve should agree with the theoretical curve at least 
as regards the order of magnitude, whereas in fact some thirty times as 
many particles are found at sea-level as there should be We believe that 
a large fraction of these sea-level particles are heavy electrons, either of 
primary origin, or secondaries created in the atmosphere, together with 
the electron component m equilibrium with them which they produce 

B—Bursts and transitions curves 

It has been shown by Bhabha and Heitler, and Carlson and Oppenheimer 
in the papers quoted above that not only does the theory Bhow that electrons 
and y-rays will create showers in their passage through various substances, 
but that it also gives the shape of the curve connecting the number of showers 
containing a given number of particles as a function of the thickness of the 
material in which they are produced These curves are like the curves found 
by Rossi (1933) for the number of coincidences between a number of 
counters placed below a plate of some heavy substance, usually lead, 
plotted as a function of the thickness of the plate Further, Bhabha and 
Heitler have shown that the maximum of the Rossi curve for large showers 
should he at greater thicknesses than the maximum of the Rossi curve for 
smaller showers, a prediction which has been confirmed recently by Auger, 
Ehrenfest, Freon and Gnvet (1937) for small showers containing a few 
particles Moreover, Boggild (1936) has also observed that for bursts of 
different size there are indications of the same shift of the maximum 

The questions we have to answer then are (1) Do electrons of sufficiently 
high energy produoe bursts by cascade multiplication only, as the quantum 
theory predicts? (2) Do electrons and other particles produce showers in 
one elementary process ? The two alternatives are not mutually exclusive 

Before we discuss the burets, we will analyse the Rossi curve for showers in 
some detail The Rossi curve for showers at and above sea-level as measured 
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by Auger and Meyer (1933) has the shape shown by ourve 1, fig 1 It is 
important to notice that after the maximum the curve falls away rapidly till 
about 10 cm of lead, after which the deorease would be much more gradual, 
being then comparable to the decrease of the penetrating component (of 4) 
The same curve, measured by these authors at a depth below the ground 
equivalent to 30 m of water, where only the hard component is found, has the 
shape shown by curve 2, and below 75m by curve 3 The deorease of both 
these curves after the maximum has an absorption coefficient ten times less 



Fiq 1—Rossi curves for showers Curves 1, 2, 3, Auger and Meyer, curves 4, 5, 6, 
Sohwegler The ordinates of curves 1, 2, and 3 have been reduced so that the 
maximum heights of 1 and 4 shall be the same 

than that of (1) and is parallel to the decrease of the vertical intensity More¬ 
over, the observation of Clay, Gemert, and Wiersma (1936) that after thick¬ 
nesses of 200 g /cm * the decrease of the number of showers is parallel to 
the decrease of the primary intensity also shows that at least some showers 
are to be associated with the penetrating component It is therefore 
reasonable to suppose that the sea-level curve 1 is made up of the super¬ 
position of two effects, those due to the soft and hard components respec¬ 
tively This supposition has been confirmed directly by Schwegier (1935) 
By placing a 10 cm lead block between the three counters used for recording 
the tnple coincidences and thus eliminating the effect of the soft component 
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he gets curve 5, being the number of coincidences plotted as function of the 
lead above the counters Without the 10 cm blook he gets the usual curve 4 
The difference between the two is shown by the curve 6, and gives then the 
showers produced by the soft component alone This is just what we should 
expect theoretically, for 10 or 16 cm of lead should suffice to absorb more or 
less completely all electrons or y-rays of energy below 10 11 e-volts 
The Rossi curve for bursts measured by Beggild (1936) in iron and 
Carmichael (1936) in lead have the same shape as curve 1, except that the 
maximum lies at greater thicknesses We wish to emphasize particularly the 
fact that after the maximum the decrease is much more rapid than that of the 
total intensity Moreover, Boggild has found that there are definite indica¬ 
tions that the maximum shifts to greater thicknesses for larger bursts We 
now wish to consider these facts m the light of the assumptions (a) and (6) 
We will first discuss them on the assumption that for energies above a 
oertain critical energy the theory of energy loss fails, and that above these 
energies the radiation loss is much less than the theoretical, and goes more or 
less gradually to zero with increasing energy According to Blackett and 
Wilson’s experiments this critical energy must be below 4x 10 8 e-volts in 
lead The energy of the particle starting the burst must be at least as great 
as the total energy of the burst, which in the case of a burst of 100 particles of 
5 x 10 s e-volts each amounts to 5 x 10® e-volts and is higher than the critical 
breakdown energy Since, according to the cascade theory, bursts of a 
hundred particles or more require an energy in lead which is at least 1 5 x 10* 
e-volts, it means that the cascade theory of bursts will fail A burst would 
then have to be started by some elementary process in which a number of 
very energetic particles or quanta are created at once Of course, those elec¬ 
trons or quanta so formed, whose energy was less than the critical energy, or 
became less than it on penetrating the lead plate, would then have the theo¬ 
retically correct energy loss, and multiply according to the cascade theory 
But the Rossi curve for such bursts will show a shape characteristically 
different from curve 1 As the thickness of the lead plate above the ionization 
chamber is increased from zero, bursts started anywhere in the plate will be 
registered, and so the number of bursts will increase The effect of adding 
more lead at the top is merely to add those bursts which are started m this 
new layer of lead, although it may be that these bursts do not add to the 
number of registered bursts because the particles are absorbed by the inter¬ 
vening lead A decrease of the number of recorded bursts can only take place 
if less bursts are started m the lower layers of material, which can only happen if 
the intensity of the electrons starting these bursts has been decreased by the 
superposed lead Since these electrons have energies above the critical 
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breakdown energy they belong to the penetrating group, and their decrease 
will be proportional to the decrease of the penetrating component Thus, 
after the maximum, the curve for bursts should decrease at roughly the same rate 
as the penetrating component, which is contrary to observation It should be 
noticed that his oonolusion is independent of the exact mechanism of the 
bursts and holds whether or not there are highly absorbable intermediate 
links In fact, with this mechanism the transition curve would look like 
curves 2, 3 and 6 for the showers which we have seen to be associated directly 
or indirectly with the penetrating component We conclude then that the 
observed shape of the transition curve for bursts makes it highly improbable 
that the theory of energy loss fails for electrons m lead at energies of 4x10® e-volts, 
and it allows us to answer the first question Btated at the beginning of this 
section m the affirmative, l e that electrons of sufficiently high energy do pro¬ 
duce bursts entirely by cascade multiplication We are still not m a position to 
answer the second question, for those showers and bursts which are associated 
with the hard component may be produced by a penetrating particle emitting 
a sufficiently hard light quantum, or producing a very high energy electron 
by collision, either of which would then produce showers according to the 
cascade theory 

It would be possible to decide whether or not particles can produce showers 
in one elementary process by investigating the showers produced in sheets 
of material so thin that it would be impossible for sufficient multiplication of 
the number of particles to take place on the cascade theory in such sheets 
According to Bhabha and Heitler, in a thickness corresponding to 2 in the 
units characteristic of the material (Bhabha and Heitler 1937, eq (15)) the 
mean number of particles with energy greater than 10 7 e-volts produced by 
an electron of 2 x 10 11 e-volts is 30, and since roughly an equal number of 
particles have an energy below 10 7 e-volts, this shower will contain on the 
average about 60 particles Electrons of less energy produce still smaller 
showers Messerschmidt (1936) has observed behind 9 cm of aluminium or 
20 cm of coal m a chamber whose walls were of 0 7 cm iron, bursts of more 
than 200 particles with a quite comparable frequency * Since these thick¬ 
nesses of absorber correspond to thicknesses less than 2, one would have to 
suppose that these bursts represent fluctuations m the number of particles 
in a shower from the mean number The chance that a shower of more than 
200 particles should appear as a fluctuation when the expected average 
number is 60, is (Bhabha and Heilter 1937, eq (31)) of the order lO -48 It 
would thus appear as if these experiments proved without doubt that high- 

* I wish to Repress my thanks to Professor Heisenberg for drawing my attention to 
these results in the course of an exchange of letters 
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energy particles can in fact also create a shower of particles in one elementary 
process The force of these results is, however, weakened by the fact that 
there was a low wall at a distance of 1 5 m from the ionization chamber, and 
the surrounding walls were only 4 m removed from it A number of particles 
of a shower occurring m the walls might then quite easily hit the apparatus, 
thus upsettmg our calculations We also do not know to what extent the 
particles of a shower produced, say, in the top of the chamber produoe sub¬ 
sidiary showers in the walls by cascade multiplications A similar difficulty 
is met in interpreting the results of Carmiohael (1936) who, in a chamber 
made of iron |in thick, and with no heavy material above the chamber, 
found bursts corresponding to more than 200 particles One cannot be sure 
that the burst was not started in some iron girder m the roof * We neverthe¬ 
less hold it for not improbable that cases do occur in which a number of 
particles are created in one elementary process Indeed, that such processes 
are to be expected on Fermi’s /?-ray theory has been shown by Heisenberg, 
although the theory has to be modified before it will give results of the nght 
order of magnitude 

C—Wilson chamber experiments 

Blackett and Wilson (1937) have recently measured the energy loss of 
cosmic ray particles passing through lead and aluminium plates put across 
their Wilson chamber Their results may be summarized as follows For 
energies up to 2 x 10 8 e-volts the energy loss of cosmic-ray particles in lead 
is in agreement with that to be expected theoretically for electrons, con¬ 
firming the earlier results of Anderson and Neddermeyer (1936) For energies 
greater than 2 x10 s e-volts the ratio of the experimental to the theoretical 
energy loss in lead decreases rapidly, reaching a value of about a quarter at 
energies of about 4 x 10 s e-\ olts After this the decrease is more slow, the 
ratio being less than about a twentieth for energies near 4x10® e-volts 

In aluminium the relative energy loss seems to be about one-fifth of that in 
lead for the energy range from 5 x 10* e-volts to 2 x 10* e-volts, although the 
accuracy of the aluminium measurements is admittedly not as high as that 
in lead 

It is clear from these experiments that there is already a marked dis¬ 
crepancy with the theory for curvatures which correspond to an energy of 
4 x 10 8 e-volts if the particles be electrons Since for such curvatures the 
ionization of a proton would be about two and a half times that on an eleotron, 
and it is claimed by Blackett and Wilson that it is possible to notice differences 
m the ionization of this amount, the possibility of these particles being 

* Mr Carmichael in a com creation himself drew my attention to this possibility 
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protons may be excluded Thus these experiments compel one directly to 
acoept either hypothesis (a) or (6) 

If the explanation of these experiments is to be found m a breakdown 
above some critical energy of the theory for radiative energy loss, then it is 
quite dear that this critical energy must depend on the atomic number of the 
material, for the cntical energy m lead must be put between 2 and 4 x 10 8 
e-volts, whereas we have seen that in air it cannot be below 10 10 e-volts 
Indeed, the rough energy loss measurements in aluminium seem to support 
this view 

To explain the observed energy loss in lead on hypothesis ( b) it would be 
necessary to assume that at sea-level the radiation consisted of a mixture of 
electrons and heavy electrons, possibly having several different rest masses 
Particles below 4 x 10 8 e-volts would be mostly electrons, those above this 
energy mostly heavy electrons If the energy losses of all these particles be 
due entirely to the ionization and the ordinary Bremsstrahlung, then we 
would have to conclude that the majority of partioles of energy round about 
4 x 10* e-volts should have a rest mass of about five times the electron mass 
or more, since the observed radiation loss is less than about one-twentieth of 
that for electrons This sets a lower limit to the mass of heavy electrons with 
energies in the neighbourhood of 4 x 10® e-volts We cannot give an upper 
limit from such considerations, since the observed loss may be due to an 
average of the energy loss of heavy particles and a small number of electrons 
The fact that in the atmosphere the particles seem to show the theoretical 
loss for electrons up to energies as high as 10 10 e-volts presents no difficulty, 
for m the upper atmosphere the soft electron component would predominate 
and control the shape of the absorption curve, whereas, by the time the 
radiation has reached sea-level, most of these electrons would have already 
been absorbed 

But an explanation along these lines meets with the difficulty that in 
lighter elements, for example, aluminium, the observed energy loss would 
also be less than about a twentieth of the theoretical at about the same 
energies, whereas m fact it seems to be comparable with the theoretical 
energy loss Thus, if the findings of Blackett and Wilson are correct, namely, 
that the actual energy loss deviates from the theoretical in lead for energies 
above 4 x 10* e-volts whereas in aluminium no considerable deviation occurs 
for energies up to some much higher value, say 2 x 10® e-volts, then we are 
forced to the following conclusion If the explanation of these experiments 
is to be sought by assuming the existence of new particles, then we must con¬ 
clude that for high energies part of the loss is not due to the ordinary Brems¬ 
strahlung (which varies as Z*), but to some other process which allows the 
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possibility of large losses besides the ionization loss, such losses varying in 
different substances not as Z* but rather as Z One possibility for Buoh losses 
is discussed in the preceding section 

Recently Neddermeyer and Anderson (1937) have reported energy-loss 
measurements m a platinum plate put across the chamber m which they 
divide the tracks entering the chamber into two groups, shower particles and 
single tracks The tracks of the first group show the energy loss to be 
expected theoretically for electrons, while the particles of the second group 
Bhow a much lower energy loss in the same range Since the lowest energy 
tracks of the second group have a curvature corresponding to an energy of 
about 1 4 x 10 8 e-volts if they were electrons, one may, as before, exclude 
the possibility of these particles being protons, since protons of this curvature 
would exhibit a much larger ionization Under these circumstances Nedder¬ 
meyer and Anderson conclude that their experiments indicate the existence 
of a new particle of electromc charge and a mass intermediate between those 
of the electron and proton * 

Lastly, Anderson and Neddermeyer have found that m certain photo¬ 
graphs of showers, particles are seen which show an ionization definitely 
heavier than that of an electron On the other hand, the range of these 
particles is much longer than it would be for protons having the observed 
curvature If, therefore, no error has occurred in the estimate of the curva¬ 
ture or range, these photographs would supply additional evidence of a new 
particle of the type we are considering, as the authors themselves point out 
The mass of these particles would be of the order of a few hundred times the 
electron mass 

To sum up then, we may say that while the energy-loss measurements 
of Blackett and Wilson would find a more simple explanation on the 
hypothesis (a) that the theory of radiation loss fails for electrons, this 
hypothesis would seem to be in contradiction with other definitely established 

* It must be remarked however that these results are not quite in harmony with 
those of Blaekett and Wilson Since the first group shows a normal energy loss, and 
the second group a lower energy loss, it follows that the energy loss averaged over 
particlos of both groups is less than that to be expected theoretically, whereas 
Blackett and Wilson find that the energy loss up to 2 x 10* e volts is m reasonable 
agreement with the theory On the other hand, apart from the actual value of the 
energy losses for the two groups, the fact that the two groups show a markedly different 
energy loss seems to be clear, m accordance with the observation often made by 
various investigators that the particles in showers seem to show a higher energy loss 
and cue more absorbable than those not in showers In passing we may remark that 
the suggestion that has been made, that the shower particles have a mass smaller 
than that of the electron, may be rejected on the ground that a gamma ray would 
have a greater chance of producing a pair of Buch particles than an electron pair, and 
the threshold frequency for pair creation would also be lower than 10* e volts 
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phenomena connected unth the latitude effect and the transition curves for 
bursts In these circumstances we seem to be compelled to accept the hypo¬ 
thesis ( b) of the existence of new particles 


2—Energy loss 
Free collision and ionization 

We now proceed to investigate as far as possible the behaviour of a 
partiole, of charge e equal to the electromc charge, and of some arbitrary 
mass M between those of the electron and proton We shall assume that the 
particle obeys the Dirac equation, and that its interaction with other 
charged particles is that given by quantum electrodynamics for the inter¬ 
action of point charges The correctness of our results will then be limited 
by two possibilities First, the particle may have a direct interaction with 
other particles like itself or even with electrons other than that operating 
through the electromagnetic field, as is indeed the case for protons We, 
however, regard it as unlikely that such interactions, if they exist, would 
affect the ionization loss appreciably, since the important contribution to 
the loss comes from processes which take place at large distances, and direct 
interactions between particles are usually short-range forces Secondly, the 
interaction of the particle with the radiation field may differ from that due to 
a point charge owing to the particle possessing something corresponding in 
the classical picture to its charge being Bpread over a region of finite exten¬ 
sion This will again not affect the ionization loss appreciably, but, as we shall 
see when we come to consider radiation loss, it may impose restrictions on 
the validity of the radiation formulae which are more stringent than those 
for electrons since the “Compton wave-length” hjMc of such a particle is 
less than the Compton wave-length ft/mc of electrons 

We shall first consider the cross-sections for the collision of a “heavy 
electron” with an ordinary electron at rest m the material The general 
expression for this cross-section taking retardation into account has been 
given by Mailer (1932), and it can be evaluated exactly as has been done in a 
previous paper (Bhabha 1936) We give only the result here The differential 
effective cross-section Qdq for the production by a “heavy electron” of 
total energy E 0 of a secondary electron of kinetic energy W lying m the 
interval corresponding to dq, where 

q = W l(E 0 —Me 1 ) 

and y = EJMc a . 
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Q(K W)dW s Q(q)dq 


°M(y 




(2 1 ) 


Here m is the mass of the electron, r 0 = e 9 /mc s , and 


W m _ 2 mM(y+\) 

E 0 -Mc * = ?m “ m* + M 2 + 2 mMy 


(2 2 ) 


q may take on all values consistent with the conservation of energy and 
momentum, namely, from 0 to q m Then W m s q m {E 0 - Me *) is the maximum 
energy whioh can be transferred to an initially stationary electron m a free 
collision, and it plays a certain role in our later calculations It is clear that 
q rn tends to umty for sufficiently large y however great M may be 

We must emphasize that just the cross-sections for hard collisions given 
by expression (2 1) might be considerably altered by the existence of close- 
range forces In the absence of any knowledge about such forces and a 
relativistic formulation of them, we cannot estimate the magnitude of this 
correction We would mention in passing that the spin of the particle also 
plays an important role for just these hard collisions, and since the spin of 
the proton, for example, is not described completely by the Dirac equation, 
it is of interest to estimate the order of this correction If we had described 
the heavy particles by the Klein-Gordon equation instead of the Dirac equa¬ 
tion, thus ascribing no spin to them, the last term in square braokets in (2 1) 

would have been replaced by . 

i m 

y + I M q 


The difference due to the spin therefore bears a ratio to the total cross- 
section of the order (y a — 1) m*jM 2 , which for protons is small compared with 
unity except for energies of the order of 10 la e-volts 
The total ionization loss per oentimetre is given by the formula of Bloch 




where a is the number of atoms per cubic centimetre of the substance, Z the 
atomic number, cp the velocity of the heavy electron given by/? = ^(1 — 1 /y*) 
and IZ the mean ionization potential of the atom, where we put, with Bloch, 
/ = 13 5 e-volts W m has been defined above Our results are given m 
Tables II and III 


Radiation loss and creation of pairs 

We mentioned in the preceding section that the quantum-mechanical 
formulae for the radiation loss of heavy electrons are not on as sound a footing 
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as for ordinary electrons To see this we consider the derivation of the formulae 
by the method of Weizs&cker and Williams We consider the whole process 
in a Lorentz system in which the radiating particle is at rest In this system 
the nucleus moves along a straight line with extremely high velocity, and its 
field may then be considered as a superposition of quanta of different 
frequencies The radiation process corresponds in this system to the 
scattering of one of these quanta by the stationary particle Weizs&cker has 
shown that the important contribution to the radiation comes from the 
scattering of all quanta whose energy is equal to or less than the rest energy 
of the particle In other words, the validity of the radiation formulae depends 
on the validity of the Klein-Nishina formula for wave-lengths as small as the 
“ Compton wave-length ” of the particle Now m the case of electrons, the 
Compton wave-length h/mc is large compared to the classical radius of the 
electron e 2 /mc 2 , so that the validity of the Klein-Nishma formula is not m 
question The classical radius e 2 /Jfc 2 of a heavy electron would also be small 
compared to its Compton wave-length til Me, so that m this case, too, no 
difficulty would arise We, however, think that it may be a property of 
charge in general that it may not be possible to localize it in a region smaller 
than e 2 /mc 2 , whatever the mass of the particle with which it is associated 
In this case the Klein-Nishina formula may no longer be valid for quanta of 
energy equal to the rest energy of “heavy electrons” if 

±<-ii 

Mc ~ me 2 ’ 

c we 2 .... 

,e,f < a4) 


Thus we must be prepared to find that for particles of mass greater than 
137m the radiation formulae may not be valid 

It is quite easy to calculate the radiation loss for heavy electrons, taking 
screening into account to the same degree of accuracy as in the original 
calculations of Bethe and Heitler The calculations follow those of Bethe 
(1934) olosely It can be shown exactly, as has been done there, that the 
differential effective cross-section for the emission of a quantum k in the 
energy interval dk by a heavy electron of energy E 0 is 




— 1^0 R [J * — ^)* ~ ^°g I _ + Hj J ’ < 25 > 
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(Mc*)*k 

where 8 = -—r—=- We shall assume throughout that 

ZMiqUi 

E 0 , E,k> Me*. 

for it is only then that screening is important, so that 
8 4 Me* 


The form factor F which represents the effect of screening is given by 





(2 6 ) 


and is a function of q/iZ~^/ch only The integration in (2 6) extends over the 
whole of space 0 is the function tabulated by Fermi, and determines the 
density of electrons at a distance r from the nucleus in the units of length 
defined by fi, where 




/ 3ff \» h* 
\8^/2/ me* 


(2 7) 


Now <j> is only considerable when r is less than or of the order umty, so that 
F 4, 1 when 

(2 8 ) 

/i he 

Screening is therefore only effective when 8, the minimum value of q, 
satisfies 

e* 

8 <, y Z* me* me* (2 8 a) 


Hence if the inequality (2 8 a) is not satisfied, i e if 


(2 86 ) 


we may neglect F in (2 5) altogether, and the integrations can then be earned 
out exactly We now consider the first q integral in (2 5) when (2 8 a) is 
satisfied We may write it 


J]"* (1 - F)* (q-8)&+ J2”(l" n (9-*)** 


(2 9 ) 


In virtue of (2 8) and (2 8 a) both F and 8 may be neglected in the second 
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integral in (2 9) and it becomes log Mjm The first integral has been 
evaluated numenoally by Bethe and may be written m the form 

Mfl + log*-*. 


where £ = 

(2 9) therefore reduces to 


200 z _ ls _ 100 Mc*k M 
me * ~ Z* E 0 E m 


(2 10 ) 


The second q integral in (2 5) can be treated similarly We get finally 

- §tf 0 {&(£) +4 log ^Z-*)] (2 11) 

Here £ is defined by (2 10), and the functions <f> 1 and <f> 2 have been given by 
BetheandHeitler(i934,fig 1) Moreover, as Bethe (i 934, eq (B3))hasshown, 
for the case of complete screening <1 = 0 

0i(O)«0,(O) + f = 4 log 183, 

so that (11) reduces to 

(2 12 ) 

For low energies when the inequality (2 86) ib satisfied, 1 e when £ > 1, 

A® - Atf) - 4 ( 1 o 8t _ ^)' 

so that (2 11) reduces to 

**>*' < 213 » 

as mdeed a direct integration of (2 5) neglecting the factors F would have 
given 

The average energy loss by radiation per centimetre is given by 

,214) 
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where a is the number of atoms per o o and <f>(k) is given by (2 11) Intro¬ 
ducing the variable e = k/E 0 , it may be written in the form 



l' or i’ - 


Fig 2—The above carves are accurate only as long E 0 ^> Me 2 For electrons this 
condition ceases to hold for g' less than about 20, and the dotted line gives the more 
accurate curve for this case 


The integrals containing (j> 1 and <p t can only be evaluated numerically, and 
are functions of £' only Equation (2 14 a) may therefore be written in the 
form 



(2 16) 
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We have plotted x as a function of £' in fig 2, where £' defined by (2 15) is 
the energy measured m millions of volts multiplied by the factor Z*(m/M) 2 
Since for the case of electrons, M = m, the expression m curly braokets must 
reduoe to already calculated by Bethe and Heitler (1934, eq (48)), the 
values of x can be deduced from those of ^ ra(1 For £'4 137 (negligible 
screening) 

X(£'K41og4£-*, 
and for £' > 137 (complete soreenmg) 

X(n^41ogl83+f, 

so that in the first case 



and in the second case 


^ 137 \Jkfc*J 


E 0 4 log 


2 E 0 4) 
Me 2 3)’ 


(2 16a) 


2 / e 2 \ 2 I M 21 

7U*)4 l0gl83 m^ + 9j (216 ^ 


We therefore see that the larger the mass of the particle, the later screemng 
becomes effective and the less its effect 
In Tables II and III we give the collision and radiation losses in lead and 
water of particles of masses 10 and 100 times the electron mass for various 
energies The total energy loss is shown m fig 3 


Table II—Energy loss in lead 


Millions of electron volts per centimetre 

A’.-Afc* 10* 10 ? 10" 10* 10“ 10 n 10»» 

Electron Coll 11 4 13 9 18 0 23 4 28 2 33 0 37 7 

Rad - 14 4 177 1900 19,400 1 94x 10* 1 94x10* 

d/c* = 5 x 10* e volts Coll 26 4 129 100 20 8 26 4 30 3 36 0 

ffclOme* Rad — — 1 72 20 4 296 3080 31,100 

Me* = 6x 10’ e volts Coll 132 26 8 132 109 22 2 27 1 31 8 

sslOOmc* Rad — — — 0 17 2 9 38 1 413 


Proton Coll (637) 203 40 3 13 9 16 7 21 7 27 4 

M = 1840m Rad — — — — — 0 07 1 01 


Using (2 3) and (2 16) we find that the ratio of the radiation to the collision 
loss is given by 

- (dE 0 /dx) na ZE 0 / m\ 2 
-{dEJdx)^ “ 130 Omc 2 \M) 


(2 17) 
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Table III— Energy loss in water 

Millions of electron volts per centimetre 

E t -Mc* 10* I0» 10* 10* lO* W 10“ 

Electron Coll 1 B3 2 15 2 72 3 29 3 94 4 53 5 10 

Rad — 0 18 2 07 22 5 233 2 33 x10 s 2 33x10* 

Hfc' = 6xl0*e volte Coll 4 76 2 10 2 44 3 02 3 61 4 19 4 77 

salOmc* Rad — — 002 028 3 26 345 360 

ilfc s = 5x 10’e volte Coll 28 1 4 82 2 14 2 54 3 20 3 80 4 89 

(^100mc» Rad — — — — 003 0 40 445 

Proton Coll (284) 47 1 7 48 2 32 2 40 3 13 3 84 

M = 1840m Radiation loss negligible 



Mjm 


Fig 3—Energy loss in lead 

By putting (2 17) equal to unity, we may define a critical energy at which the 
rates of radiation and collision losses are equal, namely 
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For energies greater than this the loss is predominantly due to radiation, for 
smaller energies to collision This energy is correctly given by (2 18) to 
within 20 % More accurately, the numerical constant in (2 18) should be 
1600 for if = m, 1300 for if = 10m and 1100 for if = 100m 
The total rate of energy loss of the particle may be roughly written in the 
form 

-(§L (2,9 “> 

where C u is a numerical constant, 

C u - 23 for if = 10m, and C M =» 30 for if = 100 m 


The mean range R is then roughly given by 


R 


137 



log(l + 


igp-ifcn 

E m + Mc*}’ 


(2 196) 


which is accurate to within 30 % except for kinetic energies small compared 
to the rest mass of the particle (2 196) would give a better fit with the 
numerically calculated ranges if we chose slightly different values for E M , 
putting the numerical constant in (2 18) equal to 1100 for M = 10m and 
920 for if = 100m respectively 

The cross-sections for the creation of pairs by y-rays are obtained from 
the above formulae if we change the sign of the energy E 0 of the initial state, 
writing m its place - E + , E+ being the energy of the positron, and replacing 
the factor dklE\k by dEjlc 3 We thus get for the cross-section for the 
creation by a quantum k = hvof a pair, the electron of which has an energy m 
dE, the expression 


+ f^ + {M) + 4log^Z-‘}] (2 20) 

The total cross-section for pair creation is given by 

< 22i > 

The funotion *(£’) is plotted in fig 2, where 
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When £* < 137 (negligible screening) 

io g 4r-w, 

and for complete screening > 137 


K(r)->¥logl83-^, 


so that (2 21) becomes 


j 

«~137 


uw I 


r 8 logl83^Z-t-|L 


in the two cases respectively 


(2 23) 


3—THE SECONDARIES ACCOMPANYING HEAVY PARTICLES 

A heavy particle in its passage through matter will directly or indirectly 
produce secondary electrons which on account of their lower energy and 
lighter mass will behave like a soft component accompanying the penetrating 
heavy particle It is therefore of interest to calculate the number of electrons 
or positrons of energy greater than some value E in equilibrium with a homo¬ 
geneous beam of heavy particles of mass M and energy E 0 

The number of secondaries produced by direct hard encounters is given 
by (2 1) But this is not the quantity, which is of direct interest in cosmic- 
ray experiments These direct secondaries will produce further positive and 
negative electrons by cascade multiplication in the subsequent layers of 
material In addition to this, the heavy particle may emit a quantum of 
radiation which will also produce electrons by cascade multiplication The 
average number of electrons which emerge from the bottom of some layer 
of substance through which the heavy particle has passed is therefore 
different from that given by a simple application of (2 1) We now prooeed 
to estimate this number 

We will first calculate the average number of positrons and electrons 
which accompany the passage of a heavy particle of energy E 0 , and which are 
due only to the direct production of fast secondaries by collision as given by 
(2 1) and the ensuing cascade processes We will suppose that the layer already 
traversed by the heavy particle is so thick that a cascade process started at 
the beginning of the layer does not reach the point we are considering Such 
a layer may be described as “infinitely thick ” A layer satisfying this con¬ 
dition has a thiokness of about 30 in the units A 0 characteristic of the 
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material in the cascade theory 
eq (15)) 

A, 


A 0 is given by (Bhabha and Heitler 1937 


137 

aZ 2 r%<r’ 


(3 1) 


with a equal to 20 for lead and 23 for air or water, so that an infinitely thiok 
layer is about 10 m of water or 12 cm of lead Under these circumstances it 
can be shown (Arley and Bhabha 1937 ) that the number N s> of electrons 
(+ and —) with energy greater than E is given by 


2n 137 me' 
aZ E 


[^1' U + I’'"' -‘>4" ‘I 

*>-' + >)}]■ < 3 2 > 


where r = H 'JE, and a *»0 224 and y? = 1 029 are numerical constants 
W M is defined in (2 2 ) This is valid for E > E c , where E c is the “ critical 
energy ” for the substance, being the energy at which the ionization loss of 
an electron is equal to the radiation loss This limit is (Bhabha and Heitler 
1937 - § 1 ) 

10 7 e-volts in lead, 1 5 x 10 8 e-volts in air or water (3 3) 


(3 2) is accurate to the same degree as the calculations of the cascade theory, 
1 e to within about 30%, except when W m ~E C 

To estimate roughly the number of electrons below E c we use the result of 
the cascade theory discussed m § 4, namely, that in a shower the number of 
particles with energy below E c is very roughly equal to the number above 
E c We may thus deduce the following expression for the number N a< of 
positrons and electrons with energy below E c accompanying the heavy 
particle, 


K< 


2n 137 me 2 [~[ 1 2a/? 

aZ E c LI 1 r + /?-l 


(/->*— 1 — 1 )J 


r 2 

y*-i 


-^logr — ^(r>— 1) 


1 VzJirn 
zy+ 1 r* 


+ /?+ 


(3 4) 


We give the values of (3 2 ) and (3 4) in Table IV 

We see that for extremely high energies ( 10 12 e-volts) the number of second¬ 
aries due to this process alone is practically independent of the mass of the 
particle, being about 33 % of the hard component m lead For lower energies 


Vol. CLX1V—A 
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it depends on the mass to a greater extent For particles with a kinetic energy 
of 10 10 e-volts passing through lead the secondary electron component would 
constitute about 20 % for particles of ten to a hundred times the electron 
mass, whereas it is about 7 % tor protons In water the secondary electron com¬ 
ponent vanes from about 7 % for particles with kinetic energy of 10 10 e-volts 
to about 15 % tor particles ot 10 12 e-volts According to Auger and his co¬ 
workers, the soft component in water which is m equilibnum with the pene¬ 
trating component is of the order of 5 % or less,* which allows one to deduoe 
from Table IV, that the mean energy of the penetrating particles must be of 
the order of 10 10 e-volts or less, as is in fact otherwise known It must be 
emphasized that m estimating the equilibnum intensity, the number of 
particles appearing in showers must be included in calculating the average 
We see that the amount of the secondary electron component m equilibnum 
with the penetrating component as given by the theory is in qualitative 
agreement with experiment, although both the theoretical and experimental 
results are too inaccurate to allow of a quantitative comparison 

Table IV— The mean number per cent of positrons and electrons 

WITH ENERGY" GREATER THAN E c ( N s> ) AND ENERGY LESS THAN 

E c (N t< ) ACCOMPANYING THE HEAVY PARTICLE 


The addition of secondaries from radiative losses would roughly 
double the figures for M = 10m (figures in brackets) 





Lead 



Air or water 

E 0 — Me* m mV 


10* 

10“ 

10“ 

10* 

10“ 

10“ 

Me 1 = 6 x 10* e volts 

N t> 

1 8 

94 

10 

— 

30 

7 2 

aalOmc 1 

N.< 

30 

11 0 

18 

— 

3 9 

8 1 


Total 

48 

(10) 

20 4 
(41) 

34 

(70) 

- 

09 

(14) 

15 3 
(31) 

Me * = 5 10 7 e volts 


__ 

90 

16 

_ 

2 9 

72 

!=s lOOmc* 

N.< 

— 

10 0 

18 

— 

39 

8 1 


Total 

— 

19 0 

34 

— 

6 8 

15 3 

Proton 

N.> 

_ 

25 

15 1 

_ 

_ 

05 

M= 1840m 

N.< 

— 

41 

10 7 

— 

— 

74 


Total 

— 

60 

31 8 

— 

— 

13 9 


We must add to the figures of Table IV the number of electrons which 
result from cascade processes caused by quanta emitted by the heavy 
particle It will appear in § 4, eq (4 1), that the ratio of the relative prob- 

* This equilibrium intensity must be taken from measurements under water, for 
as wo have pointed out m § 1, the two oompononta are not in equilibrium above sea 
level 
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abilities of the emission of a quantum and of the production of an electron 
by collision both with energy greater than E e is of the order unity for 
M =* 10m and is small compared to one for M > 10m A quantum, more¬ 
over, produces roughly the same number of particles by cascade multiplica¬ 
tion as an electron, so that in Table IV the figures for M = 100m and for 
protons will not be appreciably altered, whereas the figures for M — 10m will 
be somewhat more than doubled by the addition of this process A compari¬ 
son with the measurements of Auger and others therefore allows one to con¬ 
clude that if the hypothesis of new particles is right the majority of the 
penetrating particles must have masses nearer to a hundred times the electron 
mass rather than ten times the same 


4—Number and size of showers 

We now proceed to investigate the production of showers by heavy 
particles There are three distinct ways in which a heavy particle may cause 
a shower (1) It may produce a very fast secondary electron by direct 
collision which in its turn may produce a shower by cascade multiplication 
if it has sufficient energy (2) It may emit a quantum of radiation of 
sufficient energy to produce a shower by cascade multiplication * (3) It may 
produce a shower directly by a multiple process The second process may 
itself occur in two distinct ways The emitted quantum may be just the 
ordinary Bremsstrahlung, which is emitted during a change m the motion 
of the particle as a whole in a given external field The probability of this 
process has been calculated m § 2 But in addition to this we must be pre¬ 
pared to find that under certain circumstances a particle may change its rest 
mass, the difference in energy being liberated as a quantum of radiation 
Present quantum mechanics of course does not enable one to calculate the 
probability of such a process We shall not concern oui selves here with pro¬ 
cesses of the type (3) Heisenberg has shown how they may result from a 
modification of Fermi’s /9-ray theory 

As has been shown by Bhabha and Heitler, cascade multiplication of the 
number of particles is only effective provided the particles or quanta have 
energies above the critical energy E c for the material under consideration, 
although a certain amount of multiplication may also take place below this 

* Since this paper was sent to press, a note has appeared by Landau and 
Rumer (1937) in which they estimate the probability of showers due to process (2) 
Our calculations below show that for M > 10m the process (1) becomes much more 
important than the process (2), so that for M on 100m, we get shower probabilities 
which are some hundred times larger than those of Landau and Rumer 

19 1 
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energy We will begin by estimating the relative probability of a shower 
being produced by processes (1) and (2), which amounts to estimating the 
ratio of the chance of a heavy particle emitting a quantum of energy greater 
than E to the chance of its producing by collision an electron of energy 
greater than the same amount The cross-sections for these two processes are 
given by formulae (211) and (2 1) respectively It can be shown by an easy 
calculation that this ratio is 


J*V(*)d* 

Q{q)dq 

J i-lE, 


7(S)'(^)' 0gS l0gJr (41) 


to a fair approximation provided y 2 > 1 and? = ^ g m ,i 6 provided 

E W mt the maximum energy which can be communicated to an electron is 
a free collision Here 


jl83Z-» 

\Mq l~g 
life* q 


when y.-- ? > 183Z-*. 

Me 2 q 

when 1^5 < 183 Z~* 

Me 2 q 


(4 1o) 


Even when E is not very small compared to (4 1) still gives the correct 
order of magmtude Since cascade multiplication of the number of particles 
is only important provided the electrons or quanta have energies above the 
critical energy E c for the material under consideration, although a certain 
amount of multiplication may also take place below this energy, the above 
formula is of interest when E ^E c Puttmg E = E c fv 1600 mc 2 /Z in (4 1) 
we find that the ratio (4 1) is less than unity if 

^> 273V(log ?c log*), (4 2) 


where q c = E C /(E 0 —Me 2 ) The right-hand side of (4 2) is practically inde¬ 
pendent ot the atomic number of the material and is roughly equal to 9 for 
E 0 ~ 10* e-volts and 14 for E 0 ~ 10 11 e-volts Therefore if the mass of the 
heavy particle M^lOm the effect of radiative processes is small compared 
with the effect of direct collisions in producing showers and eleotromc 
secondaries For M < 10m the radiative process is important, and may even 
predominate over the other 

We will now consider the following question When a particle of mass M 
emerges after its passage through a plate of some substance of atomic number 
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Z and thiokness l in the units (31) with energy E 0 , what is the probability of its 
being accompanied by N electrons and positrons ? Wo will first consider only 
the process! 1), namely, the production of a fast secondary electron by collision 
and the subsequent cascade process The chance of an electron of energy E 
in the interval dE being provided in the thin layer dl\ l' being measured 
from the lower surface of the material from which the particle emerges is just 

A 0 <rZQ(E' 0 (l'), E')dE'dl', 

using (2 1) As a result of this electron, F(l', y') electrons and positrons will 
emerge on the average by cascade multiplication from the lower surface of the 
material (l' = 0) with an energy greater than E, where y' - log E'jE The 
function F is given by 

F(V,y’) s W(V,y') + 2f-(l',y') (4 3) 

Here W(l', y') is the incomplete y-function and /_(/', y') is the function cal¬ 
culated by Bhabha and Heitler (1937, eqq (22) and (23) and Table I) 
The probability of N particles appearing instead of F by a fluctuation is then 
(Bhabha and Heitler, eq (31)) 


The total probability of the heavy particle appearing accompanied by 
N positrons and electrons of energy greater than E is therefore 


P(N) = ^crzj'dl'JdE'e~«‘ Q(E' 0 (l'), E ') (4 5) 

We may neglect the small variation in the energy of the heavy particle m 
thicknesses of the plate m which F is considerable and put E' Q (l') — E 0 We 
may then write 

P(N) = A 0 crZ f ” "dE' Q(E 0 , E') J^y'), (4 6) 

J E 

where J N (y) - J dX e - (4 7) 

As before, we are interested mainly in large thickness of material, so that we 


may put l = 00 in (4 7), since for l > 30 no significant contribution comes to 
the integral It does not seem possible to proceed further analytically 
We have worked out numerically the values of J for several values of N 
and y and they are given in Table V 
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Table V—Values of J N {y) 

o l 3 5 7 10 

0 (1 2) 3 03 2 40 2 60 3 06 

0 (0 43) 2 0 1 78 1 40 1 86 

0 0 0 48 1 18 0 66 0 70 

0 0 0 0 96 0 43 0 38 

0 0 0 0 0 23 011 

The accuracy of the figures is not high, since the function F is itself only 
known to within about 30 % It is easy to see the general form of the depend¬ 
ence of J on N and y The function F(l, y) for a given y has the value of 1 for 
l = 0, increases rapidly to a maximum for an l between 4 and 12, and then 
falls away somewhat more slowly to zero The actual value at the maximum 
depends on the value of y and increases rapidly with increasing y being 
determined by the equation 

F m = 0 062 e®-»»v (4 8) 

(Bhabha and Heitler, eq (28)) for y larger than about 3 Moreover, the 
expression (4 4) has a maximum when F = N and is small when F differs 
considerably from this value Thus, for a given N, if y be so small that 
F m < N the integrand of (4 7) will always remain small, and hence the value 
of J will be small As y increases the value of F m increases rapidly, but the 
value of J will remain small until a y is reached such that F m ~ N For all 
values of y equal to and less than this, the integrand in (4 7) has but one 
maximum, namely, at the point at which F — F m As y moreases still 
further, however, F m becomes larger than N, and the integrand b1iowb two 
maxima For still larger y such that F m $> N the contribution to the integral 
(4 7) comes from two quite separate regions, one for small V when F is 
increasing and is in the neighbourhood of N, and the other for large l' when 
F is decreasing and is also in the neighbourhood of N Thus as y increases 
beyond the point for which F m > N the positions of the two maxima in the 
integrand of (4 7) change, but the value of the integral does not alter 
appreciably Due to the form (4 4) in which F occurs, the contribution to the 
integral (4 7) of two regions of l' m which F ~Nib not the same when the two 
regions overlap as when they are separate The value of J is largest when the 
two regions overlap for then the integrand of (4 7) is considerable for the 
largest domain of l' Hence it follows that the largest value of J occurs for 
some y such that F m ~ GN, where C is a numerical constant somewhat greater 
than unity Table V clearly displays this behaviour of J For a given N and 
y small, J is negligible It rises rapidly to its maximum for values of y near 
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some value t/ lV , say, depending on N, after which it decreases a little, but 
nevertheless remains of the same order of magmtude Further, for large N all 
values of J are smaller than for small N since then the maximum of the 
expression (4 4) is itself smaller 

For a rough estimate, therefore, we may put J — 0 m (4 6) for y' < y N , 
l e /or E' < E n , and equal to a constant value «4(Vv) f°r y' > 2/jv or R' ^ Rn> 
where y N and E N are the values of y and E respectively at which the maximum 
of J occurs We may determine them approximately by the condition that 
the maximum number of particles F m which can be created for this y as given 
by (4 8) shall be equal to CN, C being a numerical constant somewhat larger 
than unity This gives 


or 


0N_ 

\EJ 0 062’ 

E n = 1 67(CW) 1075 E 


(4 9) 


Using the expression (2 1) tor Q(E 0 , E') and (3 1) for A 0 we get 


P(N) * - 


aZ 1 67(CW) 1075 F 


Jn(Vn) 


(l-M) + alogw + 


iZz 1 

2y+l 


g^u(l-u) 


where 


1 67 (CNy™E 
W m 


(4 10) 


This expression is vahd only provided u < 1 The constant a is equal to 20 
for lead and 23 for air or water We should regard (4 10) merely as a rather 
careful determination of the order of magnitude of P(N) The expression 
(4 6) is of course much more accurate 
We see at once from (4 10) that for a given E, P(N ) vanes inversely as Z, 
i e the chance of a shower containing N elei trons and positrons mth energy 
greater than E being produced by a heavy particle is inversely proportional 
to the atomic number The reason for this is obvious, for the production of 
fast secondary electrons by collision is just proportional to the number of 
electrons, l e to Z, whereas the distances within which this production has 
to take place are determined by A 0 , the unit of length in the cascade theory for 
the matenal concerned which is inversely proportional to Z 2 The above 
result is, however, not of direct experimental interest 

In the usual cosmic ray experiments we are interested m the relative 
frequency of showers containing different numbers of particles irrespective 
of their energy The lowest value we can give to E m (4 10) is the critical 
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energy E e Substituting this in (4 10) we would get the probability of a 
shower containing N particles above the cntical energy of the substance 
To a rough approximation E 0 may be put equal to 1000 mc*jZ, so that in this 
case the factor outside the square brackets in (4 10) ceases to depend 
explicitly on Z In other words, the frequency of small showers for which 
u < 1 is independent of the atomic number of the material to a first approxima¬ 
tion * The average energy of the particles in a shower is however higher in lighter 
elements since this is roughly proportional to E r More accurately, E c = 10 7 e- 
volts in lead and 15 x 10 8 e-volts in air or water, and the value of a is also 
somewhat larger in lighter elements, so that the frequency of showers m 
lighter elements is also somewhat less than in heavier ones Large showers 
will, however, be markedly less frequent in light elements due to the 
operation of the expression m square brackets in (4 10) 

The size of the largest shower which occurs with any probabihty is deter¬ 
mined by the fact that when u = 1 (34) vanishes This gives 

( W \o-sa 

jjj?) (4 ID 

E c being roughly inversely proportional to Z, it follows that 18 crudely 
proportional to it The frequency of small showers is very roughly inversely 
proportional to N 

All we have said above refers to the number of particles with energies 
above the cntical energy, the total number of particles in a shower is 
roughly double this, as we shall deduce from the following general results of 
the cascade theory (Bhabha and Heitler 1937 , fig 4 and §7, A) The 
number of particles in a shower with energy > E is proportioned to 1/E pro¬ 
vided E > E c The number in any energy range dE therefore vanes as 

* Note added in proof —The recent experiments of Morgan and Nielsen (1937) show 
that the intensity of secondaries and showers m equilibrium after largo thicknesses 
of absorber with penetrating particles is roughly the same in lead and iron, m 
agreement with our theory This is not the case on the theory of Landau and 
Rumer, where only the process (2) is considered (More exactly, Morgan and 
Nielsen find that the intensity in iron is 20 % highor Wo believe that this dis¬ 
crepancy can be attributed to geometrical difforonoes in the two cases, since the 
dimensions of the counter system are the same m both, whereas the characteristic 
units of length A„ are quite different in iron and lead ) They also observe typical 
transition effects on adding load or iron after large thicknesses (274 g /cm* ) of iron 
or lead respectively, the addition of lead causing a rapid increase followed by a 
decrease to the air lead curve, and the addition of iron to load causing a rapid 
decrease followed by an increase to the air iron curve These results are completely 
in accordance with our theory and result from the fact that although the secondary 
intensities are roughly the same m all elements, the mean energy of the secondaries is 
much higher in lighter elements, as we have already pointed out m the text 
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dEjW Multiplication does not continue below the critical energy E c , so the 
number above E does not continue to increase as 1 jE But the number of 
particles in a given energy range dE is roughly the same as at the critical 
energy, namely dE/E e 2 Hence the total number of particles below E c is just 
proportional to 1 jE c whereas the number above E e is also proportional to 
E c We thus get the following rough result of the cascade theory The 
number of particles m a shower with energies below the critical energy is 
roughly equal to the number above the critical energy, which is what we 
wished to deduce 

In Table VI we give the values of P(N) for lead and water assuming the 
constant C to be unity * The figures give the probability for a shower con¬ 
taining N particles above the critical energy The total number of particles 
in the ahower is roughly twice this as we have already stated The figures 
show, what we have already said, that while the probability of shower 
production is less m lighter elements, it is nothing like as small as would 
follow from a Z 2 law This result seems to be m accordance with what little 
is known about shower production by the penetrating component We also 
see that the chance of a shower of some ten electrons and positrons accom¬ 
panying the heavy particle is not very small, being of the order of 0 6 % 
This seems to be of the right order of magnitude to agree with experiment 
Further, except for large showers, the figures are not very sensitive to the 
mass of the heavy particle 

From these figures we may calculate the average number of particles 
accompanying the heavy particle This is what we have calculated fairly 
accurately m § 3 We thus get figures which are on the average about twice 
those of Table IV This is due to the fact that m calculating Table VI, we have 
put the constant C equal to unity whereas in fact we know that it is larger 
The comparison shows that C is nearly 2 and that hence the figures m Table VI 
are roughly too large by a factor 2 The agreement is as good as could be 
expected and confirms our statement that the formula (4 10) is a fairly 
accurate determination of the order of magmtude of the shower probabilities 

Lastly we would remark that Tablo VI gives the shower probabilities due 
only to the first process mentioned at the beginning of this section The 

* Note added m proof —We might have proceeded more accurately as follows 
Putting E = E C m (4 10), the mean number of particles of energy greater than E c 
accompanying the heavy partiole is just ENP(N), which is a function of G This 
is just N t> of (3 2) By equating the two we can determine the value of C This 
is to be inserted in (4 10) m evaluating P(N) We find that C is m the neighbour¬ 
hood of 2 Due to the occurrence of V in u, this method would have gi\ on slightly 
smaller relative probabilities for larger showers than those of Table VI, m addition 
to reducing all the probabilities by roughly a half, as is stated in the text below 
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probabilities for the second process, 1 e for showers caused by quanta emitted 
by the heavy particles can be calculated similarly We shall not do this 
explicitly Indeed the expressions (4 2) and (4 3) show that for particles of 
mass M 1 Out the chance of emitting a hard quantum is negligible com¬ 
pared to the chance of producing an electron of the same energy Thus for 
particles of M = 100m and protons the second process is negligible For 
particles of mass 5x10® e-volts the two probabilities are roughly equal, so 
that if we took the second process into account as well, all figures m Table VI 
for particles of 5x 10* e-volts would be roughly doubled Moreover the 
second process would make larger showers relatively somewhat more 
probable since the emission of light quanta does not favour the lower energies 
as much as the production of fast secondaries 


Table VI 


U 0 -Me* Me » 

6 x 10* e volts 

5xl0»e volts 
5 x 10’ c volts 
Protons 
5 x 10* e volts 
5x 10 ? o volts 
Protons 


N l 2 

Lead 24 04 

Water — — 

(Lead 4 7 15 

(Water 2 5 0 72 

/Lead 46 14 

(Water 2 6 0 69 

/Lead 2 9 0 6 

(Water — — 

/Lead 4 7 15 

(Water 2 8 0 88 

Lead 4 7 162 

Water 2 8 0 88 

Lead 4 7 15 

Water 2 8 0 86 


4 5 

0014 — 

0 58 0 40 

0 26 0 16 

0 67 0 38 

0 22 011 

0 08 0 025 

0 60 0 42 

0 36 0 24 

0 60 0 42 

0 36 0 24 

0 60 0 42 

0 35 0 24 


10 50 


0 12 0 37x 10-* 

0 034 — 

0 12 0 34x10-* 

0 026 — 


0 13 0 54x10"* 

0 077 0 29 x 10-* 

0 13 0 54 x 10-* 

0077 0 29x 10** 

0 13 0 53 x 10'* 

0 074 0 26 x 10'* 


The figures give the probabilities per cent of the heavy partiole being accompanied by a shower 
containing N particles above the critical energy The total numbor of particles m the shower is 
roughly twice this The upper figures in each row refer to lead, the lower figures to air or water 
If showers started by emitted quanta be also taken into account, then the figures for particles of 
M = 10m, would be somewhat more than doubled, and the others would be unaffected 


5—The cbeation of heavy particles 

In this section we will just discuss very briefly what effect the possibility 
of pair-creation of heavy particles would have on cosmio ray phenomena 
Since the pair-creation cross-sections vary roughly inversely as the square 
of the mass of the particle it follows that it is much more likely that an 
electron rather than a heavy particle should be created by a y-ray Thus, if a 
heavy particle emit a quantum, the subsequent range of the quantum is 
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almost entirely controlled by the probability of its creating electrons, 
and the number of quanta and electrons at any point is determined by the 
cascade process which follows The ohance of a pair of heavy particles being 
created by one of the quanta emitted by a heavy particle is therefore a 
process of a higher order 

The creation of heavy particles however has an effect on questions con¬ 
cerned with penetratmg power Suppose a very high energy quantum or 
electron enters some material The number of particles and the ionization 
up to distances of 20 or 30 m the characteristic units A 0 is determined by the 
usual cascade process In this process many quanta take part at some stage, 
and there is a finite though small chance of some heavy particles being 
created These, due to their low radiation loss would continue to penetrate 
to distances much larger than 30A 0 while the cascade electrons do not do so 
with any comparable probability The following question is therefore of 
interest Supposing a quantum of energy hv enters a sheet of material, what 
is the number of heavy particles of mass M with energy greater than some 
arbitrary value E found at distances so large that the cascade process 
following on the original quantum has died out? The distances however have 
to be small compared to the range of the heavy particles Both these condi¬ 
tions can be fulfilled if M and E are large enough We have solved this 
problem very orudely, and give only the answer here The number of heavy 
particles with energy greater than E is of the order 



The order of magnitude of the expression (5 1) is determined by t, and it is 
only valid when r 1 for then the creation of heavy particles does not 
appreciably influence the cascade process 

It is premature to draw any definite conclusions, but we wish to point out 
in passing that the above considerations may have some bearing on the 
following discrepancy between theory and experiment While the ordinary 
cascade theory predicts that an electron of 10 10 e-volts at the top of the 
atmosphere will produce an entirely negligible number of electrons at sea 
level, Bowen, Millikan and Neher find a number of particles which is an order 
of magnitude larger, being about 1/500th of the number at the maximum 
A considerable fraction of these particles at sea level could be attributed to 
pair-creation in the atmosphere of heavy electrons with rest mass of the 
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order of 10m, if such pair-creation is possible at all This does not exclude the 
possibility that some heavy particles at sea level may have come in from 
outer space 

In this connection we would remark that the well-known second maximum 
of the Rossi curve which occurs at 17 cm of lead shows that penetrating 
particles are also produced m the lead (cf Sohmeiser and Bothe 1937) 

6—General discussion and conclusions 

In discussing the experimental evidence in the light of assumption (6) we 
have not limited ourselves to the hypothesis that only one new particle is 
concerned m cosmic radiation Indeed in the experimental evidence itself 
there are definite hints that one new particle alone may not suffice to explain 
all the facts We must therefore be prepared for the eventuality that a later 
and more complete theory may allow particles to exist whose rest masses 
may take on one of an infinite number of possible values of which only a few 
may tum out to be stable With this idea is connected the possibility of a 
particle changing its rest mass, the difference m the energy being radiated 
or communicated to some other particle in the immediate neighbourhood 
This change in the rest mass may be spontaneous, or caused by an external 
agency The former possibility is not very interesting as far as cosmic 
radiation is concerned, for if the probability is large, the change will take 
place before the particle reaches the earth, if small, then the chance of its 
taking place m the very short time taken by the particle in penetrating the 
earth’s surface is also negligible We will therefore only consider the second 
possibility, and in particular the chance of a heavy electron changing its 
rest mass while moving very rapidly near a nucleus We consider the process 
m the system m wluch the heavy electron is at rest, so that the nuclear field 
acts like a superposition of quanta The change of rest mass with the emis¬ 
sion of radiation then corresponds, as it were, to radiation induced by the 
presenco of one of these quanta, the particle passing into a state of lower 
rest mass We of course do not ascribe any internal structure to the particle 
The emitted quantum would therefore be sent out in the direction m which 
the nucleus is moving, and hence m the system in which the nucleus is at rest 
would have very little energy indeed duo to the action of the Lorentz trans¬ 
formation The particle would nevertheless have changed into a particle of 
smaller rest mass, and its subsequent behaviour would, therefore, be 
different The only chance of a large quantum being emitted in the system 
in which the nucleus is at rest is therefore if a direot collision takes place 
The cross-section for this is therefore at most the nuclear cross-section, l e 
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of the order (e^wtc 1 )* and it may be very considerably smaller Since the 
process however depends on a direct collision, we might expect it to vary for 
different nuclei as Z rather than Z 2 This behaviour might be connected with 
the fact observed by Blackett and Wilson that for very high energy particles 
the energy losses in lead and aluminium are comparable Of course, the 
possibility of such radiation losses does not affect the ordinary Bremsstrah- 
lung loss we have calculated above, but will be m addition to it 

Finally, we wish to draw attention to a discrepancy of which not sufficient 
notice has been taken A comparison of the results of several investigators 
has shown, as has been put into direct evidence by Auger, Ehrenfost, Freon 
and Fournier (1937) that measurements of the absorption of cosmic radiation 
by change in the zenith angle of three counters in a plane are not m agree¬ 
ment with measurements in which the depth of the counters below the top 
of the atmosphere is changed It directly follows that the absorption of the 
radiation is not a unique function of the thickness of atmosphere traversed 
The discrepancy is not attributable to differences m intensity at the top of 
the atmosphere due to the earth’s magnetic field since the results do not 
depend on the direction in which the zemth angle measurements are made 
Nor is this attributable to a transition effect as Blackett (19376) suggests, 
since air and water have roughly the same atomic number, and further, 
geometry does not play a role when single track coincidences are measured 
These discrepancies however could be reconciled by the assumption that 
for some unknown reason the uppermost layer of the atmosphere absorbs 
more strongly than we should expect it to This would also bo in agreement 
with the observation of Bowen, Millikan and Neher (1937) that the maximum 
of the absorption curve in the atmosphere occurs at about two-thirds of the 
distance from the top that the theory predicts 

We may then sum up the results of the discussion of this paper as 
follows 

1— The measurements of energy loss by Blackett and Wilson in lighter 
elements, if they are correct, are easily reconcilable with a “breakdown” 
theory in which the breakdown energy depends on the atomic number 
They can only be explained on a “new particle” theory by attnbuting a 
behaviour to the new particles which is not described entirely by present 
quantum mechamcs Processes giving nse to large energy losses must be 
assumed which however vary as Z rather than Z l , as for example a possible 
change in the rest mass of the particle (§ 1C) 

2— An analysis of the transition curves for large showers and bursts 
shows that a breakdown theory is unable to explain the shape of these curves, 
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and allows one to conclude that at least some large bursts and showers must 
be entirely due to cascade processes in accordance with the theory {§ IB) 

3— The latitude effect at sea level which extends to 50°, in conjunction 
with the direct proof by Bowen, Millikan and Neher that the cascade theory 
is correct in air up to 10 10 e-volts demands the existence of new particles A 
breakdow n theory cannot explain this sea level latitude effect since a break¬ 
down below 10 10 e-volts cannot be m question (§ 1 A) 

4— A soft component consisting of electrons must accompany any energetio 
penetrating particle and/or heavy electrons of mass M ~ 100m is in air or 
water of the order of 7 % for particles of 10 10 e-volts and of the order of 
15 % for particles of 10 ia e-volts The former figure is of the same order as 
the expenmental findings of Auger and others In lead the soft component 
varies from about 15 to 30 % For M ~ 10m the figures are roughly double 
these (§ 3) 

5— The frequency of production of showers by a heavy particle does 
not depend on the atomio number for the smaller showers, though it is 
somewhat less in lighter elements The size of the largest shower which 
is produced with any reasonable probability by penetrating particles of a 
given energy is, however, proportional to Z The mean energy of the shower 
particles is higher in lighter elements for showers of the same size (§ 4) 

6— The probability of a shower of Nr particles being produced by a very 
energetic heavy particle is roughly inversely proportional to Nr provided N 
is not too large, where y is somewhat larger than 1 (§ 4) 

7— The large number of particles observed at sea level by Bowen, Millikan 
and Neher may partly be heavy electrons of mass almost ten times the 
electron mass created m the atmosphere by the quanta emitted by electrons, 
though some of them may be heavy electrons which entered the atmosphere 
from outside (§ 5) 

8— The discrepancy between the zenith angle and direct absorption 
measurements, and also the observation of Bowen, Millikan and Neher that 
the maximum of the atmospheno absorption ourve oocurs at two thirds of 
the theoretical thickness from the top, may both be explained by assuming 
that for some unknown reason the uppermost layer of the atmosphere 
absorbs more than we should expeot it to, i e more like a substance of larger 
atomic number This may be due to the fact that the atoms m these layers 
are largely ionized (§6) 

9— A breakdown theory based on limiting the acceleration of the electron 
in the rest system would carry with it not only a modification of the radiation 
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formulae but also a diminution in the ionization lose According to Cosyns 
the ionization of cosmic ray particles seems to be less than the theoretical 

Summary 

An analysis of the experimental data is earned through to show that a 
“breakdown” theory for radiation loss of electrons cannot explain (1) the 
latitude effect at sea level from latitudes of 35-50°, (2) the large number of 
particles found at sea level in the difference curves of Bowen, Millikan and 
Neher for charged particles of 10 l ° e-volts, (3) the shape of the transition 
curve for large bursts All these facts can be explained by assuming that the 
penetrating component consists of new particles with masses between those 
of the electron and proton But in order to explain the energy loss measure¬ 
ments of Blackett and Wilson, one must then assume that these particles 
suffer large energy losses in addition to the ordinary Bremsstrahlung which 
must vary in different substances as Z rather than Z 2 , as for example a change 
in the rest mass of the particles 

The radiation loss and the pair-creation cross-sections taking screening 
into account accurately for “heavy ” electrons are calculated The frequency 
of the production of showers of different sizes by such heavy electrons as also 
the intensity of electrons in equilibrium with such particles forming a soft 
component are also calculated, and it is shown that though both these are 
somewhat larger in heavier elements, the variation is much less than a Z 2 
law would give A comparison with experiment gives the mass of the 
penetrating particles as of the order 100m 

If such heavy electrons can be created as usual in pairs, then a part of the 
hard component at sea level could consist of heavy electrons of mass 10m 
created by the soft component m the upper atmosphere 

It is shown that there are reasons to suppose that the uppermost layers 
of the atmosphere are more absorbing than one should expect from their 
mass This may be due to the faot that the atoms m these layers are largely 
lomzed thus increasing the effective radiation and pair-creation cross- 
sections 
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The Hydrolysis of the Methyl Halides 

BrE A Moelwyn-Httqhes 

(Communicated by Eric K Rtdeal, FR S —Received 19 October 1937) 

An assumption common to the many current theories of chemical kinetics 
is that the velocity (k) of reaction is proportional to the Maxwell-Boltzmann 
factor e~ BiRT , which in simple oases represents the fractional number of 
molecules possessing an amount of internal energy not less than E The 
condition that reaoting molecules must possess a critical energy in exoess of 
the average value for all the molecules is, however, only one from a number 
of conditions which must in general be fulfilled before chemical ohange can 
take place The present development of the subject calls for quantitative 
information concerning these conditions, which have hitherto been dis¬ 
cussed almost exclusively from the theoretical standpoint 

When the complete expression for the velooity of reaction contains 
temperature-variable terms other than the Maxwell-Boltzmann faotor, it is 
clear that the Arrhenius energy of activation (Ej), defined by the relation 

E a = RT 2 cannot be constant To determine its variation with tem¬ 
perature requires, however, data of higher accuraoy than those usually 
available, and our experimental knowledge on the problem is still meagre 
Perhaps the best example is the inversion of cane sugar, for which it has 

been found that = -98 ±4 (Moelwyn-Hughes 1934) Values of the 

same order of magnitude must prevail also for disaocharides generally 
(Moelwyn-Hughes 1928) An important consequence of these results is 
that the true energy of activation is at least twice as great as the familiar 
but erroneous figures generally accepted, and that the corresponding 
Maxwell-Boltzmann factor in the expression for the velocity is incomparably 
less than one had imagined 

The glycosides—particularly sucrose—are complicated structures, which, 
moreover, hydrolyse only m the presenoe of catalysts, and the questions 
arise as to how far high values of — dE A /dT are specific to changes suffered 
by large molecules, or to catalysis The experimental investigation of 
the unoatalysed hydrolysis of a suitable and simple molecule should allow 
of a decision Ethyl iodide presented itself as a favourable case 
(C 8 HjI + H a O-> C t H 5 OH + HI), 


30 


Vol CLXIV—A. 


[ 295 ] 



296 


E A. Moelwyn-Hughes 

but its study is complicated by a side reaction (CgH 6 I -> C a H 4 4- HI) which 
is responsible for severe if only occasional explosions, and the work, for 
this reason and for others, was abandoned (Moelwyn-Hughes 1933) 

We here describe experiments on the uncatalysed hydrolysis of three 
methyl halides, which we have found to be free from complications, and to 
proceed ummoleoularly to completion at all accessible concentrations and 
temperatures The results m condensed form are shown m Table I, with 
energies in calories per gram-molecule, and velocity constants in reciprocal 
seconds These figures show beyond doubt that high values of ~dE A jdT 
are not specific to the catalysed hydrolysis of glycosides, but hold also for 
the uncatalysed hydrolysis of methyl halides In both cases the values of 
- 3 E A jdT are of a higher order of magnitude than those found for reactions 
occurring between ions and polar molecules (Moelwyn-Hughes 1936a) 


Table I 



CH,C1 

CH,Br 

CH,I 

*,..1 

1 99 x 10~» 

3 67 x 10-» 

6 87 x 10- 

k t , sl 

1 08 x10-« 

1 31x10-> 

4 47 X 10- 


27,703 

26,626 

28,147 

•®«7H 

22,706 

21,424 

23,111 

dE A l8T 

-66 62 

-68 01 

-67 14 


It is too early yet to generalize, but we may say that a marked fall in the 
apparent energy of activation with rise in temperature characterizes both 
simple and complicated hydrolyses for which most accurate data are avail¬ 
able 

Experimental method 

Fig 1 illustrates the apparatus used for preparing the solutions 
Ordinary distilled water, which separate experiments showed to be as 
suitable as the purest conductivity water, is Bucked into the 500 c c bulb A, 
where it is vigorously boiled at 20° C The vapour of the methyl halide, 
stored in the 3 -litre bulb B, is led over anhydrous calcium ohlonde into the 
water m A, where it is allowed to bubble slowly for a day or two, pending 
saturation After measuring the partial pressure of the methyl halide, 
the solution is delivered into graduated reaction vessels by letting in air 
gently and at equal rates to both limbs of the bubbler, agitation of the 
solution leads to loss of solute vapour—a difficulty responsible for some of 
th^ irregularities found in previous work (Moelwyn-Hughes 1933) The 
sealed tubes are placed separately in pairs of concentric metal cylinders of 
the type described by Moelwyn-Hughes and Hinshelwood (1931) After 
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immersion for a measured time in electrically regulated or m boiling-vapour 
thermostats, the contents of each tube are analysed for halide and hydrogen 
ions and for free halogen The end-point of each run corresponds to complete 
hydrolysis according to the equation 

CH 3 X + HjO -> CHjOH+H+ + X- 



Due, however, to an inevitable escape of some solute vapour, the first tube 
of a senes to be filled usually required rather more analytical reagent than 
the last, but the loss seldom exceeded 1%, and, as shown in Table II, was 
less in favourable oircumstances 


Table II —Standabo reagent (o o ) eob representative 

END*POINT TITRATIONS 


CH,C1 CHgBr CH S I 


First tub© filled 38 38 10 48 42 43 

Last tube filled 38 90 10 38 42 12 


First 

Last 

First 

Last 


87 40 24 96 43 84 

67 14 24 84 33 74 

93 37 108 55 61 61 

92 43 108 50 61 68 
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That the end-points correspond to oomplete hydrolysis was shown by 
treating the hydrolysed solutions with alcoholio potash or with aqueous 
silver nitrate, when no further change oould be detected Previous work 
(1933) traced the formation of some free halogen—not exceeding 1%— 
quantitatively to atmospheric oxidation, hence in the present work no 
precautions were taken to exclude oxygen from the vapour above the 
solutions in the sealed tubes In the case of methyl iodide, a tared solution 
made up to 0 3118# gave on analysis 0 3071# iodide, or 98 5%, and 
0 88% molecular iodine In the case of the other halides, the amount of 
free halogen formed was even less, and was ignored The methyl halides, 
supplied by Kahlbaum, were found to be free from acid and uncombmed 
halogen 


Static measurements 

The distribution of methyl chloride and methyl bromide between the 
vapour phase and an aqueous solution was determined at 20° C , the 
particulars of a given experiment being as follows Bulb A containing water 

Table III— Distribution of methyl chloride at 293 1° between 

THE VAPOUR PHASE AND AN AQUEOUS SOLUTION 

Partial pressure 

m the Concentration 


vapour phase in solution 

(mm Hg) (mmol /litre) p/c 

26 5 2 36 10 8 

108 3 10 74 10 1 

183 17 68 10 36 

269 6 26 31 10 26 

364 33 4 10 6 

432 6 41 26 10 6 

480 46 1 10 4 


Average = 10 4 


saturated with methyl chloride had a total pressure of 278 5 mm Hg Sub¬ 
tracting the vapour pressure of pure water (17 5 mm ) and the hydrostatio 
pressure (1 5 mm ) due to a head of 2 cm of water, the partial pressure, p, 
of methyl chloride in the gas phase is 2785—190 = 269 5 mm , assuming 
Dalton’s law The first tube of 20 c c required, after hydrolysis, 44 75 c c 
of 0 0114# sodium hydroxide to neutralize the acid generated, and the 
last tube required 44 05 c c Hence the concentration of solute is 25 31 mmol 
per litre, and the distribution ratio (p/c) is 10 25 in these units Other values 
found are reproduced in Tables III and IV Occasionally, at the lower 
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pressures, high values of this coefficient were found, but repetition showed 
the tabulated figures to be correct, and the discrepancy to be due to loss of 
vapour, which has a relatively greater effect under these circumstances 
Within the region of pressures examined, Henry’B law is obeyed Con¬ 
verting the concentrations in both phases to molecular units, we have 
c soiution/ c vapour = 9 000 m the case of methyl chloride, and 1 315 in the 
case of methyl bromide The corresponding energy terms, 

w — In (C do iutlon/ c Oa«)> 

are -297 and + 159 respectively These figures, while being useful for the 
kinetic purpose for which they were obtained, have no thermodynamic 
significance as they do not refer to equilibria 

Table IV —Distribution of methyl bromide at 293 1° between 

THE VAPOUR PHASE AND AN AQUEOUS SOLUTION 


p c pic 

42 8 86 4 76 

210 43 9 4 78 

336 70 7 4 74 

360 73 2 4 78 

472 99 0 4 73 

497 104 2 4 77 

498 104 6 4 78 


Average = 4 76 


Kinetic measurements 


Ummolecular velocity coefficients were determined by the usual methods 


from the equation 


k 


T oo-T 1 
Too — T % ’ 


where T stands for the titre at time t sec Determination of halide by 
Volhard’s method, using standard silver nitrate and potassium thiocyanate 
with ferric alum as indicator, gave results in agreement with estimates of 
aoidity using litmus For example, Exp 12 of the methyl bromide senes 
gave = 1 84 0 x 10 -4 sec _1 by the first method, while Exp 2 performed 
some weeks previously at the same temperature gave 1 83 4 x 10~ 4 by the 
second method The two procedures v, ere adopted indiscriminately, exoept 
in the case of methyl chlonde, where the estimation of hydrogen ion is less 
labonous than the other Some specimen results are shown m Tables V, 
VI and VII The positive titre for f = 0 in Table V indicates Borne delay 
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Table V —Methyl chloride in water at 357 30° 


t T t , c o 0 0095 ON NaOH * x 10* 

mm per 20 o c sample sec -1 

0 0 22 — 

50 5 00 2 74 

134 11 04 2 70 

180 13 74 2 76 

288 20 81 2 70 

420 27 86 2 75 

560 33 20 2 70 

830 40 77 2 65 

00 55 53 — 


Average 2 71 
Duplicate 2 67 

k=2 69 x 10~* 

Table VI —Methyl bromide in water at 330 70° 


t T lt c c 0 02020 AT AgNO, fcx 10 * 

min per 10 o c sample sec -1 

0 0 — 

35 2 43 2 43 

88 5 92 2 46 

108 7 13 2 43 

140 9 11 2 48 

256 15 42 2 49 

300 17 30 2 46 

412 22 08 2 46 

482 24 76 2 47 

oo 49 49 -- 


Average 2 46 
Duplicate 2 48 

* = 2 47 x 10—* 

Table VII —Methyl iodide in water at 321 23° 


t T x , <J o 0 02018JV AgNOj k x 10* 

mm per 20 c c sample sec _1 

0 0 — 

524 2 48 1 95 

865 4 08 1 94 

1475 6 83 1 95 

1953 9 00 1 99 

2770 12 03 1 96 

2932 12 85 2 00 

2735 15 22 1 93 

oo 43 62 — 


Average 1 96 
Duplicate 1 90 

k= 1 93x 10 -» 
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between charging the tubes and starting the run Results to be described 
in the following paragraph suggest the possibility of a slight variation in k 
during the course of a single experiment No such change could, however, 
be detected, where drifts occurred, they were as often upwards as down¬ 
wards, and are probably due to experimental error 

The dilution effect 

The extent to which the rate of hydrolysis is influenced by the dilution 
Is illustrated m Table VIII, where the initial concentration of methyl 
bromide has been varied ninefold, which is the limit attainable by the 
present apparatus and technique 

Table VIII— The variation of k with dilution 
Initial concentration 

T of methyl bromide k x 10 4 

0 aba g mol /l'tre sec -I 

363 40 ±0 06 0 0122 5 28 ±0 10 

363 33 ± 0 06 0 0303 6 68 ± 0 08 

363 12 ±0 04 0 1046 6 06 ±0 10 

The reaction was m each case followed until at least 75% of the total 
change The results are approximately expressible by a square-root law 
(k x 10 4 = 5 00 + 3 3c*), but supplementary evidence points to a hmitmg 
velocity constant for the saturated solution The results leave no doubt as 
to the kinetic order of reaction 

The influ encf of temperature 

With a fixed initial concentration of solute, the velocity ol hydrolysis has 
been determined over a temperature range sufficient, in each case, to alter 
the rate by a factor of at least one thousand The results do not conform with 
an equation of the Arrhenius type, but may bo represented, as shown in 
Tables IX, X and XI, by the following formulae 

Methyl chloride log 10 jfc = 110 223 - - 33 559 log 10 T, 

Methyl bromide log 10 fc - 112 656- 34 259log 10 T, 

Methyl iodide log 10 jfc = 111 859--33 821 log 10 T 
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These expressions are valid as first approximations, and have been used 
to obtain the values of E A and aE A jdT given in Table I The most aoourate 
set of data refer to methyl bromide, on account of its relatively great solu¬ 
bility Detailed analysis of all the results suggest that - 8 EJ 8 T passes 
through a maximum within the experimental temperature region, but from 


Table IX —Methyl chloride (0 037 6X) 


T 

^observed 

^formula 

314 78 

2 30x10~ 7 

2 21xlO" 7 

328 24 

9 58 x10~ 7 

9 80 x10“ 7 

333 11 

216 x10-» 

2 18 x10-* 

341 28 

6 43 x 10* 

5 40 x10-* 

348 99 

1 22 x10-* 

1 20 x10-‘ 

357 30 

2 69 x10-* 

2 70 x 10“* 

373 37 

1 08x10-* 

1 10 x 10-* 

383 98 

2 48 x 10~* 

2 54 x 10-* 

Table X— 

-Methyl bromide (0 0949 N) 

T 

^observed 

^formula 

290 13 

I 07 X 10" 7 

1 04 X10" 7 

308 83 

1 65 X10~* 

1 66 x10-* 

319 50 

6 71xl0"« 

6 57 x 10-* 

330 70 

2 47 x10~* 

2 46 x 10-* 

336 02 

3 91x10-» 

3 94 x 10-* 

360 27 

1 84x10-* 

1 84 x 10-* 

383 38 

8 06 x10~« 

6 12 x10 - * 

373 18 

1 28 x10“» 

131x10-* 

Table XI 

—Methyl iodide (0 0407 N) 

T 

^observed 

^formula 

308 87 

3 43 x 10"» 

3 53 x 10" 7 

321 23 

1 93 x10~* 

1 92x10 * 

323 69 

2 70x10'* 

2 04x10-* 

328 72 

4 81x10* 

4 926 x 10-' 

333 88 

8 72 x10-* 

9 08 xlO"* 

342 92 

2 49 x 10-* 

2 60 x 10-* 

363 06 

180x10-* 

I 84 x10 * 

372 92 

4 31 x 10-* 

4 34 x 10"* 


the form of the above empirical equations, the second differential coefficient 
of E a with respect to temperature cannot be estimated with accuracy The 
last numerical constant in these expressions (and consequently 8 EJ 8 T) is 
to be regarded as the average value for the explored temperature interval 
In the case of methyl bromide, it vanes from the actual values m the different 
temperature regions by about ± 10% of the mean value The variations in 
the other cases are higher 
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Discussion 

The principal feature of these results is that the temperature coefficient 
of the apparent energy of activation is as great as - 67 for the most simple 
cases of uncatalysed hydrolyses hitherto investigated No single theory yet 
advanced can consistently account for this magnitude, and it appears that 
many of the hypotheses independently furthered in various directions 
must be co-ordinated to furnish a satisfactory solution of the problem 
Before briefly referring to these, we may make some inferences as to the 
meohamsm of hydrolysis on the basis of the present experimental facts 

The methyl halide molecule is capable of nine internal motions, most 
of which, from the known molecular frequencies, are fairly stiff vibra¬ 
tions, incapable at ordinary temperatures of contributing appreciably to 
the specific heat term To explain the present observations we must con¬ 
sequently look to certain extramolecular effects, such as the rotation of the 
solute molecule as a whole m its solvent envelope, or to the weak vibrations 
which characterize the solute-solvent contacts The measurable step in 
hydrolysis requires the participation of many bonds, exceeding in number 
those which are found within a single solute molecule The reaction is thus 
a multimolecular one, although there is no objection to regarding it as the 
ummolecular decomposition of a cluster of solvent molecules with a solute 
molecule at the centre The conclusion tallies well with the fact that the 
products of reaction are solvated ions with a pseudocrystalhne structure 
The halide ion retains this structure, but the methyl ion replaces a hydrogen 
ion from a water molecule 

The decomposition of the alkyl hahdes in the gaseous phase (Vernon and 
Darnels 1932) requires a greater apparent energy of activation than the 
true energy of activation (ca 48 , 000 ) for the hydrolysis The difference is 
great enough to render improbable, though not to exclude, the meohamsm 
of a rate-determining formation of free radicals in solution, followed by 
rapid polar changes, including lomc solvation 

Another mechanism, provisionally ignored pending further work, is the 
simultaneous approach of a hydroxyl ion and a hydrogen ion from opposite 
sides of the methyl hahde molecule (cf Ogg and Polanyi 1935, Moelwyn- 
Hughes 19366) 

Accepting the rate-determining step to be the simultaneous attack of 
the solute moleoule by many of the solvent molecules which surround it, 
we may note three effects which can contribute to the fall in the Arrhenius 
energy of activation (1) Let some of the energy reside m a number, F, of 
bonds which are assumed to oscillate classically and to be feebly coupled, 
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then E a = constant - F BT (Hmshelwood 1926 , Fowler and Rideal 1927 ) 
It is improbable that the whole of the observed effect is due to this dis¬ 
tribution of energy, if it were, the activated cluster would have an 
average life of 1 sec (when F - 34, T = 373 1 , E = 47,600, activated 
fraction = 1 86 x 10 ~ 4 ) Moreover, m cases such as the inversion of cane- 
sugar (F = 49, E = 58,200, T = 298 1 , activated fraction = 1 74 x 10 ~ 7 ), 
the supply of activated complexes is barely sufficient to maintain a stationary 
concentration It seems evident, however, that the distribution of the 
activation enfergy among a number of degrees of freedom accounts for some 
of the observed effect, and yields a theoretical expression which is formally 
compatible with experiment This opens up the question of how far the 
actual motions resulting from the interaction of solute and solvent mole¬ 
cules may be treated as classical oscillations (2) Let the solute and solvent 
molecules have electrical moments of magnitude fi A and fi 9 respectively, 
and an average separation f 0 Assummg the critical separation, which 
differs from r 0 , to be independent of temperature, and considering one solute 
molecule to make contact with x solvent molecules, we have 

E a = constant+ X ^^ ? |l +j j (Moelwyn Hughes 1937 ) 

Hence the existence of dipole-dipole attractions also partly accounts for 
the observed fall in the Arrhemus constant, though the motion implied 
cannot be a simple harmonic one (3) The acquisition and appropriate 
distribution of internal energy by the reactmg cluster and the adjustment 
of potential energy are not the only conditions which must be fulfilled 
before chemical change can take place The internally activated solute 
molecule must turn round m the sheath of solvent molecules to find a 
position which, from the purely stenc as well as from the potential-energy 
consideration, is most favourable to reaction To do so entails the ex¬ 
penditure of energy, which vanes with the temperature, and may be 
estimated from the average speed of rotation of a solute molecule Using 
Einstein's expression for a sphencal molecule of radius r in a medium of 
viscosity 7f, we have v = kTl^nr 3 ^ This effect accounts for a partial dE A /dT 
of about — 15 

Not one of the three expressions discussed here can be regarded as quan¬ 
titatively applicable to the systems under investigation, but they all 
indicate directions along which further progress may be sought 

The average decrease in molecular heat attending the dissociation of 
fifteen electrolytes, chiefly acids and bases, m aqueous solution at 298 1° 
is — 38 8 The reverse process, 1 e the combination of 10 ns to form un- 
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dissociated molecules, is known to be accompanied by much smaller specific 
heat ohanges, hence the ionization of electrolytes m water may be moluded, 
along with the hydrolysis of glycosides and alkyl hahdes, m that category 
of chemical changes for which the equation of Arrhenius is not applicable 
These examples are experimentally more reliable than the dubious instances 
cited by La Mer ( 1933 ), with whose theoretical treatment, however, we are 
in agreement While this work was in progress, two further instances have 
come to light of reactions which probably belong to this category They are 
the mutarotation of glucose, for which dEJdT = — 27 0 + 1 6 (Smith and 
Smith 1937 ), and the decomposition of oxalic acid in water, for which a 
much higher value holds (Dinglinger and Schroer 1937 ) It is rather sur¬ 
prising that no such effect has yet been detected in the numerous hydrolyses 
and alcoholyses of the substituted methyl halides (e g Dawson and Pycock 
1936 , Hughes and Ingold 1937 ) Though dEJdT in solvents other than water 
may well be relatively small, the “fall effect” must be regarded in these 
instances as unrevealed rather than absent 

As far as we are able to generalize, we may say that ( 1 ) The inapplic¬ 
ability of the Arrhenius equation is most marked in reactions involving 
solute and solvent These reactions have for some time been regarded as 
somewhat special cases, requiring a modification of the Arrhemus law 
(Moelwyn-Hughes 1933 ), hence the present discoveries, while demanding 
an adjustment of ideas, need not distort the general presentation of the 
kinetics of reactions m solution ( 2 ) The temperature coefficient of the 
apparent energy of activation is always negative in the regions explored 

The present work was earned out in collaboration with Professor E K 
Rideal, F R S , for whose advice and guidance I am once more greatly 
indebted 


Summary 

For a chemical reaction proceeding with measurable rate, the most 
significant single constant is the energy of activation, found by the familiar 
method of Arrhemus The value obtained is, in the majonty of known 
cases, a true constant over the accessible temperature regions In the case 
of the catalysed hydrolysis of some complicated molecules, namely the 
glycoBides, it has, however, been found ( 1934 ) that the energy of activation 
falls markedly with a rise m temperature As the result earned significant 
theoretical consequences, it became necessary to give an experimental 
answer to the question as to whether this fall was specific to the acidic 
hydrolyses of glycosides, or of a more general character In the present 
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work, we have investigated the unoatalysed and uncomplicated hydrolysis 
of some very simple molecules, namely the methyl halides, and have found 
that in these cases also the Arrhenius constant falls as the temperature is 
raised 

The fall effect .poems to be most pronounced for, if not oonflned to, 
reactions involving collisions between solute and solvent molecules, and as 
far as can be judged is always negative The conclusion is confirmed by 
independent collateral evidence 

At least three causes are recognized as responsible for the total effect 
They are (1) the distribution of energy among a number of osoiUators, 
(2) the electrostatic interaction of the polar molecules of solute and solvent 
and (3) the frequency of the rotation of a solute molecule m the solvent 
atmosphere 
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Significance tests for continuous departures from 
suggested distributions of charge 

By Harold Jeffreys, F R S 
{Received 1 November 1937 — Revised 18 November 1937) 

1—The problem to be considered is as follows A trial law gives the chance 
of an observation in a given range of an argument as a continuous function 
of the argument, for instance, the suggested distribution of chance may be 
uniform or normal We wish to know whether a set of observations indicates 
any departure from this law, thus for a suggested uniform distribution we 
may want to test a linear or a harmomc departure, and for a suggested 
normal one we may want to test a symmetrical departure giving excesses 
or deficiencies at the tails 

In the first place we consider problems where the trial hypothesis q is 
that the distribution of chance is uniform, we can then choose a linear 
function t of the argument x, so that t will be 0 at the lower and 1 at the 
upper limit The chance of an observation falling in a range dx is dt, and that 
of » observations m specified ranges is IT{dt), provided that they are in¬ 
dependent 

On the extended hypothesis ~q we can use the same t as a parameter, but 
the chance will be p(t)dt = {1 +af(t)}dt, where f(t) is a specified function 
and a a parameter to be found Since the total chance must be 1 we must have 


j'mdt — o, (1) 

and without loss of generality we can take 

J o 7w« = i (2) 

Then the chance of all the observations, given ~q, is ll[{l+af(t)}dt] 

If two functions f(t) and g(t) naturally arise at once, as for a harmonic 
vanation, the corresponding form will be 77[{1 +a/(f) + bg(t)}dt], with 

/>*-/>*-* ( 3 ) 

Jyv) dt - £ g*(t) dt - 1 , JyWflW dt - o (4) 
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—Tbe problem of the mtroduction of one new function /(f) suggests 
comparison with the testa already given for the introduction of new functions 
to express a senes of measures (Jeffreys 1936 ), and for the consistency of a 
sampling ratio with a predicted value (Jeffreys 1937 ) It differs from the 
former, because the standard error of any determination from the data, 
given the hypothesis of independence, cannot be less than a minimum 
fixed by the number of observations, in the former problem the measures 
were supposed to have an unknown standard error, which might be in¬ 
definitely small, and our problem was to say how much of the outstanding 
vanation was to be attributed to the random error and how much, if any, 
to systematic variation * The latter test could be adapted to the present 
problem, since the trial hypothesis predicts the chances of an observation 
in the ranges where /(f) is negative or positive If then we combine all 
observations m these ranges we can compare their numbers with the 
predicted ratio by means of the test for sampling ratios This method, how¬ 
ever, would involve a sacrifice of information if/(f) is a continuous function 
An excess of observations where /(f) is small would receive as much weight 
as one where it is large, but the latter would be more convincing evidence 
for the presence of/(f) Neither test would therefore be satisfactory as it 
stands The former resembles the present problem, since it allows for /(f) 
being a continuous function, the latter because it allows for the fact that the 
standard error cannot be indefinitely small, but each fails where the other 
succoeds A special discussion is therefore needed 

The possible values of a are limited by the fact thatp(f) cannot be negative 
Thus if — 1/a and 1//? are the extreme negative and positive values of /(f), 
a must he between — f) and + a Within this range we can take its pnor 
probability uniformly distributed It may be desirable, however, to 
consider an alternative statement of ~g If q is far from the truth, other 
functions than/(f) may occur in the chance The extreme departure possible 
in some problems may be that the chance is zero wherever /(f) is negative 
and uniform wherever it is positive, or conversely It will no longer be 
expressible m the form 1 +af(t), but it will be expressible with the addition 
of other terms orthogonal to /(f), whose coefficients we may suppose to be 
small compared with a when a is itself small Then if the total length of 
the ranges where/(f) is positive is A, the maximum positive value of a will 
be given by 

(1) 

* The statement of the problem in this way is virtually given m Fisher's oon 
vement term “The Analysis of Variance” 
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and the maximum negative one by 





(2) 

p(t) being assigned for the respective cases We denote the range of the 
permissible values of a by c 

In the case where f(t) is a linear function it must be V /(12)(<-^) The 
extreme values of a in the first case will be + 1/^3 The maximum possible 
in the second case is given by 

a=jy y /(l2)(t-l)dt = y3 


(3) 

Thus c will be 2/^/3 and ^3 in the respective cases 

Proceeding as usual, we have 



P(q\h) = b P(~9,da \ h) — 7j~~ > 


(4) 

P(6 1 qk) = n(dt), 


(S) 

P(d\~q,da,h) = /7[{1 +af(tj}dt], 


(6) 

P(q\0h)o:l, 


(7) 

P(~ q,da\Oh)ccfl{l+ af(t)} ^ 


(8) 

Then the posterior probability density for a, on ~ q, is e^/c, a 

•here 


<j> = riog{ 1 +o/(i)}, 


(9) 

j/ r /<*) a* r /*<*> 

* =Z 1 +af(ty * - Z (1 +«/(<)}* 


(10) 

The maximum is at a = a 0 , where 0'(a o ) = 0, if a 0 is small (as it will be 
whenever a test is needed) this is 

0 . W) 1 


(11) 

nearly, where n is the number of observations Then 



^(a o ) = iagr/»(0 = i««8. 


(12) 



(13) 
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nearly Hence 

P(~q\6h) oc JJexp(in«»)exp{-i»(o-o 0 ) s }do - J (14) 

(,6 > 

The term in/(<) will therefore be supported if a 0 is such as to make this less 
than 1 The standard error of a 0 , m this notation, is »"*, so that the ex¬ 
ponential factor has the usual form exp( — fa 4 ) 

The following table, for various values of n, gives K for o 0 = 0 for the two 
values of c, and the values of x 2 and a 0 n* that make K = 1 For comparison 
we may notice that Fisher’s (1936, Table III) 6% and 1 % limits, for one 
degree of freedom, are at x % — 3 84 and 6 64, the former would agree m the 
first case at about 200 observations, the latter at about 4000 In the second 
case the agreements would come at about 100 and 1700 observations His 
test, of course, does not mean quite the same thing, it says when an observed 
result would be surprising on hypothesis q, whereas mine, for the larger 
numbers of obser\ ations, may admit this and yet say that it would be still 


6 

10 

20 

50 

100 

200 

500 


5,000 

10,000 


K 


1 03 1 55 

1 46 219 

2 06 3 09 

3 20 4 89 

4 61 6 92 

6 51 970 

10 31 18 46 

14 6 21 9 

20 0 30 9 

32 6 48 9 

40 1 09 2 


0 25 0 94 
0 87 1 25 

1 20 1 50 
1 54 1 78 

1 75 1 97 

1 94 2 13 

2 16 2 34 

2 32 2 48 
2 46 2 62 
2 64 2 79 
2 77 2 86 


X* 

0 06 0 88 
0 76 1 57 

1 45 2 26 

2 36 3 17 

3 06 3 87 

3 75 4 50 

4 67 5 48 
6 30 0 17 

6 05 6 86 
0 97 7 78 

7 60 8 19 


more surprising on ~ q In any event cases where the observed a 0 would oome 
in the disputable region would be expected to be rare if either of the hypo¬ 
theses compared was correct, and some third alternative may suggest itself 
The low critical values for n = 5 and 10 might be altered by a more accurate 
solution, but their correct interpretation is that with so few observations 
the result will be indecisive in any case Thus if we take o 0 = 1/^3 as the 
extreme value consistent with the first case, we have for n = 10 

o 0 y/n = 1 83, exp( - fa*) = 0 19, K = 0 28 

Thus a set of 10 observations all as favourable as possible to ~q make K 
about 0 3, there would be about 3 5 to 1 odds on ~g on the data 
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The case/(<) =* -1 for t < J, f(t) = 1 for t > $ would mean that on q there 
is an even ohanoe that t < J, but that on ~ q there is a difference between the 
chances of positive and negative t, these chances themselves being uniformly 
distributed In this case c =■ 2 and 

*~(5)*e* P(~k 2 ) (16) 

This may be compared with the test of departure from a predicted ratio m 
a sample (Jeffreys 1937 ) 

< 17 > 

which reduces to (10) when x+y = n, p \ It has already been notioed 
that in this case no very decisive result is obtained if the number of obser¬ 
vations is less than about 7, even when they all agree For the linear form of 
f(t) in the present problem the ratio of the standard error of a to its extreme 
possible value is larger, and the extreme of x 2 correspondingly smaller, and 
decisive results need more observations 

3 —Grouping of data In the above work the estimate of the unknown a 
is practically identical with that given by the method of maximum likeli¬ 
hood, using the observations in detail Any preliminary grouping involves 
some loss of accuraoy, m problems of pure estimation this loss may not be 
important, but when the significance of the parameters is not yet settled, 
the increase of the standard error may reduce the contribution to x 2 from 
a given systematic vanation by enough to bring it below the critical value 
when an accurate determination would give a significant x 2 On the other 
hand if the standard error or, for harmomo variations, the equivalent 
Schuster criterion, is adopted from a formula adapted to an aoourate dis¬ 
cussion, and then oompared with amplitudes found by grouping, large 
random amplitudes will appear to occur more often than they should, and 
may be accepted as genuine Grouped data, treated correctly, will therefore 
sometimes fail to detect variations that more accurate methods would find, 
treated incorrectly, will sometimes give systematic variations that more 
aoourate methods would show to be spurious 

Nevertheless grouping sometimes saves much labour, and it is desirable 
to have tests adapted to it If we take first the case of a linear vanation, the 
coefficient may be found by comparing the numbers of observations m the 
ranges t » 0 to p and t =» 1 -p to 1 If we call these n_ x and n 1( ?i 9 being the 
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number in the intermediate range, and the true coefficient of t - $ is a, the 
expectations for the three ranges are 

np{l-\a(l-j>)}, n(l-2p), np{l + Jo(l -p)} 

Hence our estimate will be 

«p(l — p)a = n l —n_ x ( 1 ) 

We therefore need the standard error of % — n_ x Now the sampling error 
of n 0 , if known, would tell us nothing about the sign of the error of — n_ x , 
the error of which is the difference of two equal and opposite errors, therefore 
<T(n x — j) is twice the standard error of n x given that n x + n_ x — 2np nearly, 
and the latter is \ <J(n x + n_j) Thus 

np(l-p)a = n l — n_ 1 ±(2np) i (2) 

Thus the uncertainty of a will be made a minimum by takmg p so that 
(1 -p)p* JH a maximum, and therefore p = \ This result was obtained for 
measures by Eddington It makes 

<j\ = 27/2» (3) 

If we took p = i, we should have 

<r* - 16/n (4) 

The present a is 1/ N /12 times the a 0 of 2 ( 11 ), which had a standard error 
1/y/n, hence the most accurate possible determination of a would have a 
standard error given by 

= 12/* (5) 

The comparison of the first and last thirds of the range therefore approaches 
the best value in accuracy, and nearly three times as closely as the com¬ 
parison of the first and second halves of the range In Fisher’s terminology, 
its efficiency is 89 %, that of the comparison of halves is 7S % 

If this method is used we shall need an estimate of the outside factor m 
a significance test, the contribution to x* from a given a will be 8/9 of that 
m the accurate solution The outside factor will be the same as for testing 
an even chance in a sample of number 2n/3, and this is ^/(4n/3rr) The accurate 
solutions gave, on different hypotheses about the extreme types of variation 
admissible, the outside factors ^/( 2 n/ 37 r) and J(3n/2n) The critical values 
of will therefore be slightly less than for the latter solution 
Similarly, if a Fourier term is a cos 2 irf, we may try to estimate it by com- 
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paring numbers of observations between t = -p and p and between p 
and J +p The expectations for three ranges analogous to the above will be 

2»^H-“Bin2jrpj, n(l-4p), 2n^p-^sin27rpj 

Hence our estimate of a will be given by 
2 no 

-sin 2 np = »_! — m,, (6) 

IT 

and the standard error of n_ l -n 1 is twice <r(n x ) given n_ t + = 4 np, 

namely 

<r(n_ 1 -n 1 ) = 2j(np) (7) 

Hence <r(a) = ir^j cosee 2np (8) 

This has a minimum for 2 np — 66° 47', namely 

<r*(o) = 2 168/n (9) 

The convement value 2 np = 60° gives 

<r*(o) = 2 193/m, (10) 

and therefore a negligible loss of accuracy 2 np = 90° gives 

<r»(o) = 2 467/n, (11) 

so that proceeding right up to the vanishing of cos 27rt gives an appreciable 
loss The standard error of a, as found from a complete Fourier analysis, 
would be given by 

<r*(a) = 2 00/m (12) 

The effect of finding a by comparison of opposite ranges of 120° is therefore 
only to increase its standard error by about 5 % (Incidentally it eliminates 
all harmonics whose arguments are multiples of two or three times that of 
the fundamental ) The respective efficiencies are 92 %, 91 %, 81 %, 100 % 
With the rule (10) the outside factor in a significance test would agam be 
> /(4n/37r), if the occurrence of a cosine does not suggest the presence of the 
corresponding sine and require both to be tested together 

It appears therefore that if parameters are found by comparing numbers 
of observations m ranges about the extreme values of the departure con¬ 
sidered, each extending 2/3 of the way to the nearest point of agreement, 
there will be little loss of accuracy in comparison with the best possible 
solution, and the significance tests will not be greatly altered The change, 
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such as it is, will be represented by taking 2n/3 for n m the sampling tests, 
while using the corrected standard errors 

4 —Departures from a non-uniform, distribution Even if the suggested 
distribution is not uniform its determination is fundamentally a problem of 
sampling We could regard the observations as grouped by ranges of the 
argument and use then: numbers to estimate the true chanoes of an obser¬ 
vation lymg in the respective ranges by the usual theory of sampling, the 
chances being taken as initially unknown except for their sum being unity 
The prior probability for this problem has been given (Jeffreys 1936 , p 422 ) 
and leads to the maximum likelihood solution Laws of error connecting 
the chances are essentially subsidiary to the main problem of estimating 
the chances To test whether a given law of chance, for instance the normal 
law, agrees with an observed distribution, we oannot use the individual 
observations and apply the x 2 test, since this test applied to individual 
observations will always appear to give agreement * The observations must 
be grouped m ranges before the test is applied, and the grouping at once 
introduces the conditions appropriate to sampling The fact that a change 
of the parameters in a law will in general introduce changes in the ohances 
for different ranges that are not in general connected linearly implies that 
when the law is taken as part of the data we no longer regard the chances 
as initially unknown and unrelated, but when we wish to test divergences 
from a suggested law the problem of estimating the chances must be re- 
discussed as such 

If the suggested law is that the chance for a range dxisf{x) dx and we wish 
to discuss a modification {f(x)+ag{x)}dx (the integral of f(x) over the 
permitted range being unity and that of g(x) zero), the chanoe in any finite 
range is linear m the unknown a Since m sampling problems we take the 
prior probability of a chance as uniformly distributed over the range per¬ 
mitted, that of a must be taken as uniformly distributed The point is that 
if we were to use only one range to estimate a we should estimate the chance 
of an observation in this range by simple sampling, taking its prior prob¬ 
ability as uniformly distributed, and if f(x) and g(x) are given functions 
this imphes that uniform distribution for the prior probability of a is the 
only form consistent with the rules that we have adopted already, and 
special rules can be adopted only for special reasons The limits permissible 

* If the grouping w no fine that not more than one observation can occur m any 
group, and the expectations in all groups, on the hypothesis to be tested, are equal, 
there may be m groups, n of which contain one observation and the rest none, x* 
evaluated for this distribution will be m — n whether the suggested law is true or not 
Nobody would use x‘ for so fine a grouping 
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for a will then be given by the condition that f(x) + ag(x) cannot beoome 
negative m the range permitted for x, and the rest of the work proceeds as 
before Thus no new hypothesis is needed 

Here also grouping at wide intervals may be convenient We can sub¬ 
divide the range and retain about two-thirds of the observations about the 
maxima of g(x ), the numbers in the ranges retained where g(x) is positive 
and negative respectively can then be compared with the ratios predicted by 
the trial law f(x) A significant departure will show that f(x) is not the best 
form attainable on the data, and it will be possible to assert at least that 
the correct law implies modifications in the sense indicated by g(x) 


Summary 

A method is developed for testing whether a senes of observed frequencies 
supports a uniform distribution of chance or a suggested departure from it, 
and is applied to linear departures A modification applicable to grouped 
data is given, and a possible way of extending the method to test departures 
from suggested non-uniform laws of chance is descnbed 
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New bands ending on the l^<r %p<r 1 2 u state of H 2 

By O W Richardson, FRS 
Yarrow Research Professor of the Royal Society 

( Receive$ 8 December 1937) 

In a recent paper (Richardson 1937 ) I referred to the importance and 
interest of the *X state of H 2 This is much deeper than any other state then 
known which goes down to the well-known odd state l«<r 2 p<r 1 2 u on which 
the strongest lines in the visible part of the H 2 spectrum end In 1932 I 
decided that *X must have the configuration Isa 2sa 1 S (7 , a state which 
should give strong transitions down to \sa2pa l Y. u and which otherwise 
would unaccountably be missing I came to this conclusion in spite of some 
really quite strong arguments against it, which had been put forward by 
Weizel ( 1930 ), who considered l X to be a state with two electrons excited, 
to which he assigned the configuration (2 p<r)* 1 h g An account of both 
these points of view may be found in my book (Richardson 1934 , pp 307 - 12 ) 

As a matter of fact the first suggestion that *X was lsa2sa 1 E was first 
made tentatively by Dieke ( 1929 ), p 450 , shortly after this state had been 
discovered It is very satisfactory to note that (Dieke 1936 a), by a com¬ 
parison of the spectra of H 2 and D 2 and by an extension of the spectrum 
further into the infra-red, using the recently developed photographic 
technique m that region, he has been able to prove that X X undoubtedly is 
Isa 2sa 

The main reasons why this very natural configuration for X X was not 
immediately acceptable were as follows In the first place until Dieke’s 
( 1936 a) work was published the numbering of the vibrational levels was 
always doubtful In our account (Richardson and Davidson 1929 , p 82 ) of 
the *X -> 2 p 1 2 system which described the discovery of the l X state we 
definitely queried the tentative quantum numbering we assigned to all the 
initial vibrational (*X) levels I have contmued to query this numbering m 
every subsequent publication referring to the J X state In fact, the first 
account of the “Infra-red System ” ( l X~* Isa 2pa 1 S) (p 81 ) opens with the 
words “ It is probable that there is a great deal more of this system beyond 
the present limit of the infra-red measurements ”, and then goes on to justify 
this statement This situation had at least two important effects It made it 
possible that the depth of the electronic level of 'X might be some thousands 
[ 316 ] 
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of wave numbers below that which was regarded as probable The reper- 
cusmon of this particular uncertainty on the question of the identity of X X 
with lsir2s(r 1 2j was not so very severe at that time, as the identity of the 
experimental states which had been tentatively assigned to l«cr 3«r 1 2 and 
1 8<t 4 sa X E was also insecure The second effect was the more formidable, for 
it made the value of the moment of inertia of the X X state of H s doubtful 
by possibly 30 % The value estimated with the tentative numbering was 
quite abnormal (too high) for l«<r 2acr X Z 
The next difficulty was that the ls<r state was expected to have a 

very regular structure, whereas the explored part of the 2 X Btate was 
characterized by a structure of pronounced irregularity both rotational and 
vibrational There is no known cause of an irregularity of this type except 
a perturbation by some other state This led to another difficulty In mole¬ 
cular spectra, according to current theory, largely due to Kromg and now 
substantiated by a considerable body of experimental support, states 
capable of mutual perturbation are subject to a very considerable number of 
restrictions Among those important in the present case are (1) the energy 
levels of the states concerned must either approach close to or overlap one 
another, (2) the states must have values of the quantum number A differing 
by 0 or ± 1 , the same multiplicity, not very different values of the equili¬ 
brium mtemuclear distance and the same type of symmetry, odd or even 
Now 1 scr 2aar X E must be an even singlet state, and if it is to be identified 
with X X the state which perturbs it must also be, among other things, an 
even singlet state with a not too different energy The difficulty now arises 
that X X is a deep-lying state on the energy scale of H 8 states, and it is safe to 
say that there is no possible unknown normal singlet state of H s , if X X is 
ls<r2sa' l 'L v , which could he nearly so low as 2 X By normal I mean a state 
with only one of the two electrons in H 2 excited 

States attributed to atoms with more than one excited electron are not 
common in spectroscopy A few have been found in atomic spectra, the 
best known examples occurring in the spectra of the alkaline earth metals, 
as, for example, calcium, while some of the corona lines have been attributed, 
but with how muoh certainty I am unable to judge, to transitions from doubly 
excited states of He In the case of molecular spectra the situation in this 
respect is not so clear, as the electromc configuration of so few excited states 
is known with certainty However, in the case of H 9 there are many states 
whioh are quite incomprehensible if only one electron is excited (Richardson 
>934) PP 306 - 17 , Richardson and Rymer 19340 , 6 ) 

The situation now is that we have to acoept as a fact that, as a result of 
the work of Dieke ( 1936 a), the state formerly called X X or, alternatively,'the 
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infra-red state, is actually Isa 2s<r 1 'Z e To account for the irregularities in 
the structure of Isa 2 sa 1 2 (r , the existence of which is established beyond 
any possibility of doubt, Dieke ( 1936 a) postulates the existence of an un¬ 
discovered state of H, lying in its neighbourhood and perturbing it If 
such a state exists and is able to perturb Isa 2s<r 1 I, g , even before we find it 
we have quite a lot of useful information about its properties In the first 
place it must be a state which lies low down on the energy scale of excited 
H s states, probably in the neighbourhood of lsa2sa 1 S g and l«o , 2pjr 1 II u 
To perturb ls<r 2 s(r 1 S I7 , its quantum number A must be connected with 
that of Isa 2scr 1 S (7 by the relation A A => 0 or ± 1 Since A = 0 for a 2 state, 
the postulated state must have A = 0 or 1 It must therefore be either a 2 
or a II state It must also have the same multiplicity and even or odd 
symmetry as Isa 2sa 1 E g It is therefore either a 1 2 ( , or a 1 II ff state It must 
also have a B e and r t (equilibrium mtemuclear distance) not very muoh 
different from the corresponding quantities for Isa 2 sa 1 2 a 

This information about the postulated states settles quite a lot about the 
emission bands to which it can give nse In the H, spectrum the rule which 
prohibits transitions between states of different multiplicity is universally 
obeyed so far as can be discovered, so that, this being a singlet state, it 
cannot emit bands ending on any triplet state In H s the g-+g prohibition 
also is always respected The state therefore cannot give nse to bands 
endmg on the ground state, Is Is 1 S„, or the *X state, Is 2 s *2^, or any other 
even singlet state In fact there are only two states, lsa2pa 1 h u and 
lsa2jm i n u , down to which it could have transitions, all the other odd 
singlet states lying well above it We have seen that there are reasons for 
expecting its electronic energy to be dose to that of lacr 2prr 1 n u , thus any 
transitions to this state would only involve small interchanges of energy 
and would not be expected to give rise to band lines of frequencies as high 
as the photographic infra-red limit Isa 2_pcr 1 E u lies nearly 9000 wave 
numbers below lsa2pn 1 U u , so that we have a reasonable expectation of 
bands ending on this state and with most of the intensity m the photo¬ 
graphic infra-red In fact the expected location is not far from that of the 
laa2sa *2 -> \sa2pa 1 2 u bands, as the new state must be fairly near to 
lser 2 sa 1 S ff m order to perturb it 

Although there is no great amount of unallotted strength in the part of 
the H t spectrum where this band system is expeoted, another set of circum¬ 
stances tended to make its discovery not too unpromising All the known 
states, and there are a large number of them, which have transitions down 
to 1 8a 2 pa * 2 U give rise to band systems characterized by long progressions 
These are usually easier to detect than the band systems with practically 
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all the strength along the diagonal axis which arise from transitions between 
states with values of r e nearly equal to each other It is fortunate, too, that 
the vibrational, as also the rotational, differences of the final state la<r 2 per 1 E U 
are known with great accuracy over a wide range of quantum numbers If 
we can find lines forming long progressions extending over several vibra¬ 
tional quantum numbers and continuing to satisfy the vibrational com¬ 
bination differences over a range of 4000 to 8000 wave numbers, that is to 
say 4 to 8 successive vibrational levels, with accuracy, we can be reasonably 
sure that we are dealing with a real band system and not with a succession of 
numerical coincidences This will be true, as I shall explain later, even if there 
are considerable gaps in the lines of such progressions 

It was with this background and with a few other ideas leas definitely 
formulated that I set out to look for this band system early this year I had 
not much difficulty m obtaining evidence of its existence My chief trouble 
has been that I found more than I expected It appears that there are two 
nearly coincident band systems ending on l«<r 2 per m this region It is 
true that one of them is weaker than the other and might possibly be a 
collection of coincidences, but I doubt it Another possibility is that there 
is really only one system and that what I have found is a jumble of this 
with a collection of coincidences This can easily happen in the interpretation 
of a complicated spectrum and haw, in fact, already happened several times 
in connexion with the spectrum of H a The only way to make certain, that 
I know of, is by a comparison with the spectra of D a and of HD These are 
being measured, by others, but the results are not yet worked out and 
published Also this method might prove difficult, even possibly indecisive, 
so I have resolved to set out what I have found and the best I can make of 
it and to leave it to others to find out what, if anything, is wrong with it, 
if they can 

As most of the suitable Roman capitals have been used up as provisional 
designations of excited H s states and it is undesirable to use any more or 
introduce a new system unless a large number of new states are found, an 
event which is quite likely to happen, I propose to call the upper states 
provisionally X S (a) and X E ( b ) Whatever else they may be, and this is a 
difficult point I discuss at length at the end of the paper, they are both 
clearly 1 S„ states They have transitions down to Iso 2 pa giving nse 

to bands which have P, R but no Q lines and also have P 1 lines These facts 
are all that is required to establish that they are states 

The band lines are set out m Tables I-VI In these tables the wave 
numbers of the band lines are followed by the experimental eye estimates 
in brackets of the relative intensities of the lrnes These are not very reliable 
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guides to the relative intensities except locally in small regions of the 
spectrum The most extensive and probably most reliable are those of Gale, 
Monk and Lee (1928) In general all these eye estimates are relatively far 
too high in the red, yellow, green regions compared with the real energy 
values This is not a matter of small differences The eye estimates may be 
out by a factor approaching 100, possibly more The ideas of different 
observers about the meaning to be attached to a given Bet of intensity 
numbers in a given region are not very accordant either All this is im¬ 
portant m connexion with the systems under consideration, which extend 
from the visible region to the present limit of the photographic infra-red 
It is certain from the work of Davidson (1932, p 593) that lines marked (1) 
by Gale, Monk and Lee (1928) near their infra-red limit may be as intense as 
lines they mark (10)—their highest intensity indicator—m the part of the 
spectrum centred about the yellow (around 18,000 wave numbers or 5500 A) 
There is thus much more strength m the infra-red lines of the present bands 
than the published eye estimates would appear to indicate 
The letters after the intensity numbers in brackets have the following 
meamngs The letter A stands for Alhbone( 1926) Preceding this and within 
the brackets a means a line observed on plate A only and 6 a line observed 
on plate B only D refers to Deodhar (1926) Both he and Tanaka (1925) use 
the letters p, q, r to indicate three successively weaker categories of faint 
lines all of which are less intense than Merton and Barratt’s (1922) lowest 
intensity (0) Di refers to Dieke (1936 a or b) Most of these wave numbers 
are the result of a private communication and are preliminary values subject 
to revision and not yet published I have evidenoe, however, that those 
between 9750 and 8860 wave numbers are very accurate G refers to Gale, 
Monk and Lee (1928) Here a, b, c, d mean wave numbers ol lines for which 
the measurements show an exceptional disagreement, m that order, a being 
closest to the normal error h means probably double Lines with any of 
these letters after them are probably blends M refers to Merton and 
Barratt (1922) and T to Tanaka (1925) (see also Deodhar, above) In Merton 
and Barratt’s tables — means a line found Only under exceptional cir¬ 
cumstances and thus difficult to assign an intensity value to Tanaka also 
uses — to indicate a weak line whose intensity estimate he found baffling 
P stands for Poetker (1927) In his notation h means hazy, diffuse d, per¬ 
haps double 6, broad v, shades towards violet, r, towards red * a line for 
which the measurements show exceptional disagreement All such lines 
are likely to be blends There is a systematic error in his measurements and 
the figures in the tables have had 0 30 wave number subtracted from his 
values m order to take most of this out 
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K refers to Kapuscinski and Eymers (1929) These are the only aocurate 
intensity data based on a true energy scale which are available The values 
are given as numbers, e g 7 0, not enclosed in brackets The data do not 
extend into the infra-red but some idea of the real intensities of the infra-red 
lines can be got from the published eye estimates of Gale, Monk and Lee 
(1928) and of Poetker (1927) by means of the relations given by Davidson 
( 1932 ) 

The symbol f means claimed as a line m another band, If means claimed 
as a doubtful line in another band, f*f means claimed as an established line 
in another band and also as a doubtful line in a third band, and so on 
? ?f means claimed as a very doubtful line elsewhere 

If the bands are Sj,-* 2 U bands, as we have been led to expect, there will 
be no Q branches on account of the selection rule AK m 0 or ±1 and the 
8 +-/-*-a prohibition which rules out AK = 0 in this case There should, 
however, be P branches (AK = + 1 ) and R branches (AK = — 1) In any 
v” progression every P(K + 1 ) line and every R(K - 1) line will start from the 
Bame initial level, the level whose rotational energy would usually be 
represented by F' V (K) This means that in each such band the R(K - 1 )- 
P(K + 1) wave number differences are equal to the double rotational differ¬ 
ences F"(K +1)- F"(K- 1) of the final state lsrr 2 pcr 1 S u at the corre¬ 
sponding v’ and, at the same time, the differences of the R(K— 1 ) and 
P(K+ 1 ) lines at successive values of v" are equal to the successive Av’ 
differences of Iso 2 par at the same A - 1 or A 4 -1 as the case may be 
Thus when the wave numbers of any R(K — 1) or P( K + 1) lme in a v" pro¬ 
gression is known the wave number of every single one of the remaining 
iZ(A-l) and P(K + 1) fines in the progression is fixed by the known 
rotational and vibrational intervals of ls<r 2 ptr l 2 u As these differences are 
known with certainty and high accuracy from the work of Richardson and 
Davidson (1929) this restriction on the fines is a very severe one It is 
unlikely that many cases will be found of fines which satisfy it as a result of 
chance coincidences, at any rate for progressions extending to a considerable 
number of R(K - 1) or P(K + 1 ) fines 

In order to set out in the tables the extent to which this requirement has 
been satisfied the following procedure has been adopted In each group of 
associated R(K - 1), P(K + 1 ) fines, in every progression, one fine has been 
chosen for which the measurement is thought to be about correct and under 
the wave number of that fine the letter O is placed Under each of the 
remaining associated R(K - 1 ), P(K + 1) fines will be found a wave number 
preceded by the letter d (defect) Thus d + 0 08 means that the measured 
wave number, of the fine, under which it ib placed, is less by 0 08 (that is to 
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Pi 
R 0 
P 2 
R 1 

P 3 
R 2 

P 4 

R 3 
P 6 
P4 

P6 


Table I— 1 S (f (a), a: -* lacr 2pa 1 S U , v" 


0 

11172 54(1) P 


9023 2 P 


11255 56(1) P 
O 


9939 9 P 
d -0 75 


11261 17(l)tP — 

d +0 18 

— 9694 93(00) Di 

O 


11264 0(0)0 


8672 29(l)tODi 
d -0 09 


11262 9(06)0 
d -0 14 


8697 49(1) Di 
O 


PI 

r J?0 

Pi 

rRl 

P 3 
R 2 

P 4 

R 3 
P 6 
R 4 

P 6 


Table I (con*)—^(6), *-► l«o-2pcr 1 S u , o* 


o 


11471 26(0*) P 
d +0 22 


11488 41(1*6) P 
O 


2 

T8805 67(0)t Di 
or (ca 8800 5) 
8872 09(00) Di 
d -0 45 
8766 18(00) Di 
O 

8801 66(2)t Di 
d +0 50 


11488 41(1*6) P — 

O 

11222 25(0) P 19923 2 P 

d -0 58 d -1 21 

11471 26(0*) P — 


8898 48(0)t Di 
d +0 78 
8666 34(00) Di 
d +0 04 


11447 94(1*6) P 
d -0 17 


8509 81(0)t Di 
O 
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tl'-+ 

0 

1 

2 

PI 

13606 26(0) A 
d +0 43 

12189 27(1) P 

O 

10910 3(0) P 
d -0 87 

P 0 

13671 0(0a)t G 

O 

12262 7(00) G 
d -0 04 

— 

P 2 

13464 6(0) G 
d +0 26 

12141 86( l)f P 
d +0 45 

~ 

-PI 

13682 6(1 )tt G 

O 

“ 

— 

P 3 

13390 0(0)t G 
d +0 24 

712083 8(8)t G 
d -060 

— 

-P 2 

13682 6(l)ft « 

O 

— 

— 

P 4 

13316 7(la)f G 
d +0 16 

12016 5(00a)TfG 
d -0 32 

10749 8(0/i) P 
d +0 79 

P 3 

13673 4(l)t G 

O 

- 

— 

P 6 

- 

11944 l(la) G 
d -0 33 


P 4 

13666 8(3)t G 
d -0 12 

12266 0(00) G 

O 

— 

P 6 

13148 3(4)f G 
d -0 32 

11866 8(00)f G 
d +0 24 

~ 


V* -> 

PI 

PO 
P 2 

PI 
P 3 
P 2 
P4 
P 3 
P 6 
P 4 
P6 


Tablk II (con<)—* 2 ,, (6), z + 1 -*■ lser 2 pa 1 S U , v" 
0X23 
13600 4(4) ?t O 12284 00(0) P 11004 3(1A)P — 

d 0 00 O d -0 16 


13648 8<0)f?tG 
O 

13677 0(5)f G 
d -0 34 
13484 3(1 )t G 
O 

13671*6(2) G 
d +0 06 
13408 9(1) a 
d +0 01 
13669 6(l)f G 
d -0 20 


12236 21(0*) P 
d +0 04 


12177 32(1) P 
d +0 04 
*12363 l(0)tf G 
O 

12109 4(1) G 
d -0 17 


12039 67(1) P 
O 


13663 3(0a)t Tt G 12363 16(2)Tf P 
d -0 10 L d +0 36 
13266 6(2a)t G — 

O 


T79720 3 P 

d -3 03 


11080 7(2A)P 
d -0 29 


11086 2(1A) P — 

d +0 3 

10844 1(1M) P 9611 OO(OOd) Di 
d -0 46 d +0 03 


Vol CLXIV—A 
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Table III —*2 g (a), x + 2 -+Ucr 2per 1 2 u , v' 


v’-+ 

0 

1 

2 

PI 

15723 84(0) G 

O 

14407 43(1) G 
d 000 

~ 

R 0 

r15787 23(5)f Tf ?t G 
d +0 60 

14409 22(0) G 
d +0 17 

~ 

P 2 

15671 59(2)t G 

14369 08(2) G 

13082 4(1) G 


d -0 01 

d -0 05 

d +0 03 

PI 

16800 70(10)f Tt G 

14483 84(0) G 

13203 0(la)f G 


d -051 

O 

d +0 40 

P3 

15007 91(0) G 

14300 97(1) G 

13029 29(1) A 


d -0 02 

d -0 02 

d -0 15 

R2 

16802 72(0a) G 
d +0 07 

14490 24(2) G 

O 

— 

Pi 

15530 11(2) a 
d -0 06 

14236 3(2 a) G 
d +0 07 

— 

R 3 

— 

14491 21(1) G 
d + 0 02 

— 

P 5 

15459 91(0) M 

14108 84(1) A 

112911 0(00)G 


d - 0 38 

d -0 32 

d -rO 50 

P4 

16787 23(5)t If If G 
d +0 00 

14488 24(00) Tf G 
<1 -0 03 

— 

PO 

T15380 80(0) G 

14099 2(0) G 

12850 38( 1A) P 


d -OOl 

d +0 05 

d -0 45 

Table III (coal )—*2^ 

, (a), x + 2 -*■ 1 8cr 2pcr 1 2„, v" 

«■ -+ 

3 

4 

5 

PI 

11882 3(0) G 
d +0 04 

— 

— 

HO 

11941 2(lc) G 

O 

10728 0(0) P 
d +0 19 

— 

P2 

11840 l(2a) G 
d -0 05 

10031 4(0) P 
d -0 41 

— 

R 1 

11958 8(0) G 
d -0 05 

— 

— 

P 3 

11791 0(0c) G 
d +0 02 

10585 4(0) P 
d +0 45 

— 

P2 

11971 3(00a) G 
d -0 04 

10702 9(1) P 
d -0 70 

— 

Pi 

11738 l(06)tG 
d +0 07 

~ 

— 

Ri 

11981 3(0) G 

O 

T10777 3(0) P 
d - 1 27 

— 

P 5 

11684 03(0*) P 
d -0 02 

— 

— 

H4 

11990 01(1) P 

T10788 8(0) P 

9621 64(00) Di 


O 

d + 1 11 

d +0 24 

P 6 

11031 94(1) P 

— 

— 


d -0 03 



325 


New bands ending on the l^r2p<r 1 S u state of H* 



Table IV — 1 2„(a), x+3 

-> l«cr2p<r 1 S u , v" 



0 

1 

2 

3 

PI 

17846 77(3) G 5 8K 
0 

16630 23(5)t <3 
d +0 13 


14005 4(2)t G 
d -0 13 

RO 

17002 12(0) G 

0 



14055 6(3)f O 
d +001 

P 2 

17785 83(5)t G 
d +0 14 

“ 


- 

R l 

17006 43(2) G0 7K 
O 

~ 

- 

14064 7(0)tG 
d +0 23 

P 3 

_ 

— 

— 

— 

R 2 

17003 73(0a) G 

O 

- 

15314 83(0 ah) G 
d -0 25 

14072 2(l)77fO 
d 0 00 

P 4 

— 

_ 

- 

— 

P3 

17808 62(l)?f G 
d -0 05 



14081 8(l)f G 

O 

P5 

— 

16208 73(r)D 
d +0 26 

— 

— 

Rl 

17889 06(0) G 

O 

16589 34(0) G 
d +0 04 

716322 31—M 
d +1 48 

t 

t 

P6 

17481 61(l)t G 
d -0 25 

— 


13733 0(l)tG 
d +0 08 

} Linos absent m Oale, Monk and Loe’s tablos but might bo part of an unnxolvod doublot 
Alii bone’s 

Table IV (cont)—(a), z + 3->lse r 2p<r v" 

d'-» 

4 

5 

6 

7 

Pi 

— 

— 

— 

— 

BO 

’12843 07(0) P 
d -0 49 


— 

— 

P 2 

— 

11569 39(0) P 
d -0 34 


— 

PI 

_ 

— 

— 

— 

P ) 

— 

— 

— 

— 

R2 


11687 09(0*A) P 
d -0 28 

— 

9430 78(00) Di 
d -001 

Pi 


11471 2(0c)G 
d -0 22 

— 

— 


- 

11704 0(00)fG 
d +0 11 

— 

~ 

P 5 

- 

11420 4(06) G 
d -0 45 


t 

P4 

12891 33(2) P 
d -0 26 

11722 87(5) P 
d +0 18 

7710585 4(0) P 
d +1 5 


PO 

— T11390 08(0*) P 

d +0 75 

{ The interval leading to these tv 

ro lines is unknown 

t 
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Table V— 1 S < , (fe), z + 2->l«cr2por 1 E u , 

v " 

t>'-+ 

0 

l 

2 

pi 

15733 48(rd«) D 

O 

— 

13137 12(l)t P 
d +0 11 

PO 

15795 05(2)t G 

O 

— 

13196 2(l)t?t< 
d +0 03 

P2 

— 

— 

— 

PI 

f 16802 72(0o)f G 
d +0 34 

— 


P 3 

15610 91(l)t ?t G 
d -0 65 

— 

— 

P 2 

-15802 72(0a)tG 
d +0 07 

14490 24(2) G 

O 

— 

P 4 

15636 11(2) G 
d -0 06 

14236 3(2a) G 
d +0 07 

— 

P 3 

15794 26(la) G 

O 

— 

T13214 9(00) G 
d +060 

P 5 

16455 31(j?d) T 
d +0 30 

— 

112907 21(1) P 
d -0 63 

P 4 

15779 68(0) G 

O 

— 

13214 58(1) A 
d -0 17 

P 0 15371 61(rd)D 

d +0 36 

Alternative or additional 

? 14090 4(4)tG 
d +0 63 


PI 

16821 82(1) G 
d +0 09 

— 

13226 5(0) G 
d +0 16 

P 3 

16629 18(0) M 
d +0 38 

— 

13060 8(la)Tf G 
O 

Table V (con*)—^ (b), z + 2-> l#<r 2pcr 1 E u , v" 

v”-+ 

3 

4 

6 

PI 

11892 l(0a)G 
d -0 12 

— 

— 

P0 

11948 6(3)f G 
d -0 08 

TT10733 2(0) P 
d +2 31 

— 

P 2 

— 

— 

— 

PI 

- 

10749 8(0A) P 

O 

— 

P 3 

— 

— 

— 

P2 

11971 3(00a) G 
d -0 04 

10762 9(1) P 
d -0 70 

— 

P4 

11738 l(06)tG 
d +007 

— 

— 

P 3 

— 

— 

— 
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t>'- 3 4 

P5 11681 19(166) P — 

d -060 

7*4 Til981 3(0) G — 

d +060 

P 6 — 10437 1(0) P 

d -0 16 


Alternative or additional 
R1 — 

P 3 ? 11812 24(1) P 

d +0 46 


6 


9613 05(0) Di 
d +0 02 


T9588 2 P 
d +1 68 
9434 87(00) Di 
d -0 10 


say it has a defect of + 0 08 ) than that calculated from the wave number of 
the associated R(K — 1 ), P(K + 1) Une under which the letter O is placed, 
when the appropriate cascade of combination differences is used These 
statements about associated R(K — 1), P(K +1) lines apply equally to 
progressions of P 1 lines, for which there are no R lines with the same upper 
level, negative K values being inadmissible 

In interpreting these defects a good deal of discrimination is necessary 
For pure lines of normal structure the defects should not be much in excess 
of ± 0 10 if the measurements are those of Gale, Monk and Lee (1928) or 
of Dieke (19366) (provided these are for wave numbers higher than 8840 ) 
Even when blends are involved I doubt whether there is a single authenti¬ 
cated case in Gale, Monk and Lee’s tables with an error as high as 0 40 wave 
number Errors approaching this are not very rare in the tables of Merton 
and Barratt (1922), Alhbone (1926) and Poetker (1927) Most of them arise 
from inferior resolution Lines with errors approaching 2 00 wave numbers 
may mean something in the tables of Tanaka (1925) and Deodhar (1926) 
These were for the most part made on plates taken by Merton under some 
special conditions, not particularly suitable for measurement but which 
seem to have brought up a number of lines not normally present Also m 
Poetker’s (1927) tables there are a number ot lines with wave numbers 
below about 11,000 as to the accuracy of which there is no known satis¬ 
factory check Several of these lie close to calculated values for band lines 
of the present systems Among them I have included a number with errors 
so large that they would be discarded if they occurred in the part of the 
tables with wave numbers above 11,000 

Each system appears to be represented by four initial (upper) vibrational 
levels As the correct vibrational numbering is not certain I have called 



328 


O W Richardson 



Table VI— 1 E„ (6), z+3 -+ 

\8(T 2pcr 1 Y. u , v ' 


p i 

- 

16474 52(0) G 
d +0 10 

15195 00(00)ta 
d -0 22 

13949 53(1) A 

O 

HO 

17860 87(7) 0 23 6K 
O 

16532 87(0a)tf G1 
d -0 36 

1526) 57(4/t) G' 
d -1 52 

— 

P 2 

17714 63(00) G 
<1 +0 00 

116420 14(rd) D 
d +2 03 


- 

HI 

17866 86(0) f Cl 
<1 +0 34 

16519 82(00) G 
d -0 03 

15260 81(r) Tl 
d -0 85 

14014 7(1) G 

O 

P 3 

17663 26(0) G 
d +0 68 

16366 44(0A)f G 
d +0 46 

- 

- 

R2 

17850 87(7) O 23 6K 
d - 0 33 

’16638 98(2)t G 
d -0 99 

15260 81<r) Tj 
d +0 69 


Pi 

17683 80(0) G 

O 

16283 83(2)t G 
d +0 39 

— 

'13787 17(6) A 
d -1 15 

R 3 

17817 29(3)tU 

O 

16630 23(6)t G 
d +0 12 

- 

— 

P5 

17498 66(2)t« 
d 0 00 

_ 


113724 74(1) A 
d -101 

Hi 

— 

116622 24(rd)D 
d -1 70 

115253 67(4 h) G- 
d +138 

14022 33(06) A 
d +0 01 

P 0 

17412 52( la) G 

O 

16112 09(5)t G 
d -0 49 

14881 60(2)f A 
d +0 66 

1366) )(0a)tl|G 
d +0 94 


Table VI ( cont) — 1 S ( ,(6), z + 3-> lecr2p<r 1 'Z t 



4 

6 

6 

7 

R 0 

12790 63(0 d,h) P 
d +0 80 

- 

10464 0(1A)P 
d -0 72 

9348 80(1 )f Di 
d -0 42 

P 2 

— 

— 

— 

19262 8l(00d) Di 
d -104 

HI 

12801 72(U r) P 
d +1 22 

— 

— 

— 

R 2 

12809 9(la)?t G 
d +0 06 


- 

- 

Pi 

112686 8(16)?tG 
d -0 88 

— 

— 

19123 14(00d) Dj 
d +061 

RA 

12816 06(0*) P 
d -0 80 

— 

— 

- 

P 5 


111367 l(la)f G 
d +0 62 


9070 55(0) Di 
d -0 07 

Ri 

12822 4(0)t G 
d -0 16 


— 

— 

P 6 

— 

— 

— 

— 
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these provisionally v' = x, x+l,x + 2 and x + 3 in succession for l Z<, (a) and 
v’ =* z, z+ 1 , z + 2 ,z + 3 in succession for 1 S g ( b) In each case I think there is 
little doubt that the successive v'a increase by unity I also think it probable 
that x and z are each zero 

It will be noticed that eight successive vibrational levels of the final state 
lscr2po rl S„ are represented by something m the progressions that come 
from the v' — x + 3 and v' = z + 3 levels The two progressions each extend 
from the yellow to the present photographic infra red limit at about 8500 
>eave numbers These are long progressions even when compared with the 
progressions ending on lacr 2p<r , D U which contain the most intense lines 
known in the H 2 spectrum (there may possibly be more intense lines in the 
Lyman region, but the energy of these has not been measured) It is possible, 
even likely, that there is more of both systems further out in the infra-red 
It is unlikely to be a coincidence that each of the eight progressions ter¬ 
minates at the present infra-red limit If we denote by t’JJ, the highest value 
of v* to which transitions have been found, the lines of the bands which go 
down to t£, + 1 would, in each case, lie just beyond the present photographic 
infra-red limit 

This puts a restriction on what can be asserted with confidence about the 
distribution of intensity in the bands, but that it is not a normal one is 
quite certain In the bands coming from typical states, such as 1 so- idtr 
down to Isa 2 pcr 1 2 u , the intensity distribution is of the usual Condon type 
for states having widely different values of r e and B e These have a minimum 
along the bands on or near the diagonal axis of the v\ v" diagram and maxima 
lying on a parabola which is symmetrical about this diagonal axis Now if 
we turn to Table IV we find eight lines in the band ending on r* = 0, three 
in the band ending on v" = 1, at most two at v" = 2, at least six at v" = 3, 
at most two at v" ~ 4, about six at v” — 5, a very doubtful one at v" = 6 
and at least one that looks good at v" = 7 Thus m this progression there are 
at least three and possibly four values of v" for which the intensity has a 
maximum and at least two and possibly three intervening values for which it 
has a minimum Turning to Table I in l h u (b), z-f lser 2p<r 1 Z u , v" there is 
something to indicate that six fines are represented in the band at v" = 0, 
there is only one line at v" = 1, and that very doubtful, whereas there are 
about six lines at v" = 2 The intensity distribution in z-*v" also 

appears to be similar to that m z-+v" If these were normal v‘ = 0 

progressions the intensity of the bands should fall steadily from v" = 0 to 
v" = 2 The same kind of behaviour is shown also by the other progressions, 
but owing to the occurrence of blends and probably also perturbations it is 
not so distinct 
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Intensity distributions of this type are no new phenomenon m the H, 
spectrum Turning to Richardson (1934), on p 141 we have a picture of a 
normal intensity distribution, that for Ucr 3 scr -► Ucr 2 per 1 Z U , m fig 10 , 
and on p 137, m fig 9 , one of a distribution, for *M-> l«(r 2 ptr 1 S <1 much 
resembling those of the systems I am describing On pp 126-32 will be 
found the lines of five systems which have intensity distributions of this 
type, some of them being among the strongest systems in the H s spectrum 
I believe these systems come from upper states which hav e both electrons 
excited, and I regard this similarity as support for attributing a condition 
of double excitation to the upper states of the present systems I have shown 
already that there are no known rational grounds for beheving that an 
undiscovered state w ith a singly excited electron could exist anywhere near 
where these states he 

Theoretically, when the intensities of the lines are reduced by the a prion 
probability quantum number K factor and the Boltzmann factor the lrnes 
with even K" should be three times as intense as those with odd K” Actually 
this means that the lines with even K” should have roughly three times the 
intensity of the average of the K’ — 1 and K" + 1 fines of the same band if 
K" is small When allowance is made for blends it can be seen from the 
tables that this condition is satisfied, although, owing to the vanous blends 
and perturbations and the difficulty of assessing and correlating the eye 
estimates of intensity, particularly when made by different observers, the 
agreement can only be regarded as qualitative for these band systems There 
are only three fines in the whole of the two systems for which the real in¬ 
tensities have been measured The line 17860 87 ( 7 ) G 23 6K whioh does 
duty as R 0 and R 2 of 1 £ ( , (b) z + 3 -* la<r 2 pcr ! 2 U , «* = 0 is one of the two or 
three strongest fines of the H* spectrum hitherto unclassified, whose real 
intensities have been measured by Kapuscinski and Eymers (1929) 

I have left 111 the tables a number of lines for which the combinational 
errors are so large that it is not very probable that these fines are really fines 
of the bands I have done this deliberately, with a view to saving time and 
trouble for those who are in a position to compare the spectrum of H g with 
those of D 2 and HD They should have little difficulty in deciding, m most 
cases, which, if any, of these doubtful lines are genuine band fines 

Prior to the recent work of Dieke only nine fines with wave numbers less 
than 9760 were known These were measured by Poetker (1927) Dieke’s 
(19366) extension of the photographic infra-red limit to 8600 wave numbers 
has raised the number of lines beyond 9760 from 9 to 114 Out of these 
114 fines, 39 are claimed by the systems Ucr Zpcr S 2 U -> leer 2 s<r 8 2 a and 
l«o r 2«(r 1 S a -> l«<r 2pcr 1 £„ and 21 by the bands of the two systems here 
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described Among these 60 lines, 6 are claimed twice and several are very 
doubtful In any event almost half the new lines are accounted for by four 
systems whose existence was established without knowledge of any of them 
The !)'»r+l progression of 1 £„(a) is not so well authenticated as most 
of them In fact it is not easy to be sure of this one as there are alternatives 
for most of the sets of lines attributed to it in Table II These are P l lines 
v" = 0 , 13496 56(16) A ab G, O, v" =* 1 , 12179 3(00o)*t G, d -0 16,t>' = 2, 
10899 0 ( 0 ) P, d +0 30 R0 lines v" = 0 , 13665 8(3)f G, d -0 09, v" = 3, 
9709 18(00) Di, O P 2 lines v" = 0, 13439 5(00)f G, d +0 06, v" = 2, 
U0851 7(0A) P, d - 1 29 R 2 lines v” = 0, 13568 4(0o)f G, O, v" = 1 , 
12256 0(00)G,d -0 15 P4hnes absent R 31ines = 0, 13571 0(0a)fG, 
O P 5 lines v" = 1 , 11941 2(lc)G, 11941 57(2A)P, d ofmean-0015 R 4 
lines v" ob 0 , 13561 8(2) G, 0 P 6 hnes v" = 2, *10623 1(1) P, d +0 74 
If any of these sets of hnes are substituted for those in Table II there would 
appear to be a perturbation at the v' = x + 1 level 


Rotational structure 

The rotational structure, or ensemble of rotational quantum level energy 
differences, of the lower state lstr 2 par 1 2 u is well known and probably with 
more accuracy than that of any other state of any molecule, so that we do 
not need to describe it The level differences for the upper states can be got 
from the relations 

F'(K) - F'(K - 1 ) = P(K + 1 ) - P(K) + F"{K + 1 ) - F"(K) 

= R(K-\)~R(K-2) + F l ’{K-l)~F"(K-2) 

The mean values of these intervals F'(K)- F'(K— 1) got from the appro- 
pnate hnes of the various bands and the accurately known lower intervals 
F"(K+ 1 )-F"(K) give the structures of the upper states of the systems 
shown in Table VII 

The Rl, P3 hnes which give the more regular structure for (b) at 
v' = z + 2 are not very securely established There are only three hnes, all 
of wluch appear to be blends, and the combinations are poor Also even 
with these hnes the structure is irregular If the alternative Rl, P 3 hnes 
at the bottom of Table V are substituted, the very irregular alternative 
structure shown at the bottom of Table VII is obtained It is possible that 
the level is spht and that both sets of lines belong to the bands In any event 
there seems to be a perturbation here 
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K 

4- 

5a 


0 s 


Table VII —Rotational structure of ^ (a) 
x x+1 x+2 z+3 


150 58 134 08 

-► 32 69 -► 28 22 

117 89 105 80 

-► 34 98 -> 28 56 

82 91 77 30 

-► 30 04 -► 26 85 

52 87 60 45 

-► 22 72 -> 23 80 

30 15 26 65 


141 42 142 25 

-+ 31 00 -*■ 32 30 

110 42 109 95 

-► 30 61 -► 34 74 

79 81 74 61 

-+ 28 37 -+ 31 34 

61 44 43 27 

-► 26 35 -► 27 11 

25 09 16 16 


Rotational structure of (b) 

v'-> z *+l Z + 2 

K 

5 

128 1 146 41 117 11 

4s -► 30 2 ► 36 52 -> 30 69 

97 9 108 93 106 52 

3a-► 20 6 -► 32 71 ► 29 49 

77 3 76 2 77 03 

2s -*■ 21 4 - -+ 25 5 -► JO 17 

55 9 50 7 46 86 

la -► 25 0? — -> 25 02 ► 24 14 

?30 9 25 68 22 72 

0 s 

Alternative in z + 2 

5a - 

137 11 

4s -► 30 59 

106 62 

3a-► 45 34 

61 18 

2s -► - 1 53 

62 71 

1 a -► 39 99 

22 72 
0 s 


* + 3 


134 61 

-> 33 11 
101 48 

-► 30 17 

71 31 

-> 27 47 
43 84 

-► 22 94 

20 00 


Apart from a few such irregularities, mainly due to perturbations, and 
to whioh I shall return in the next section, the rotational structure of all the 
bands is similar The second differences (shown m Table VII) which measure 
the effective value of the quantity B K are smallest at K =* 0 and increase 
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at first and have a tendency to diminish or, at any rate, to become steady at 
the highest K value found (K = 5) This is an indication of uncoupling, and 
the uncoupled state has a smaller internuclear distance than the coupled 
state Phenomena of this kind are common in states which go down to 
1 8<r 2per 1 S„ As I have remarked, the rotational structures of the two upper 
states I am now describing are much alike When compared with the others 
they Bhow most resemblance to 3 1 K, *L, and 1 N, the resemblance to 
being particularly close Each of these four states has been assigned to 
some state in which both electrons are excited, the main ground for this 
conclusion being that there does not seem to be any possible molecular 
state with only one electron excited to which they could be attributed These 
resemblances are additional reasons for supposing that the two new upper 
states are also states with two excited electrons 
On account of the irregularities in the structure of the bands it is not pos¬ 
sible to give exact values of the rotational constants If these irregularities 
are all due to vibrational perturbations the approximate effectne values 
are for 1 2 ff (o), B, = ca 15 1 wave numbers and r t about I 5 x 10 -8 cm , 
for 1 D ( , (b), B, = ca 13 6 wave numbers and r. about 1 5 S x 10 ~ 8 cm If, as 
is not unlikely, there is also some rotational uncoupling, the values of B x 
and B s for K small would be somewhat less and those for K large somewhat 
higher than these values The other values are roughly B x+1 = 13 7 0 , 
B t+2 = 14 2 , B x+ 8 = 13 4„ = 14 1 5 , B t+i = 13 « and P s+3 = 12 9 B 

The values of the “oonstant” a in B n => B 0 -na are for 2 (a), a = about 
0 5 8 , and for 2 (b) probably a little smaller 


Perturbations 

Some of these have been referred to already Returning to the v’ = z + 2 
level of 1 2 ff ( b) this may have a structure even more perturbed than that 
indicated at the bottom of Table VII Referring to Tables III and V we find 
that the K’ = 3 level (R 2, P4 lines) is identical with the K' = 3 level of 
J 2 ff (a) &tv' = x + 2 The distribution of intensity m this progression makes it 
certain that it belongs to 1 2 „(a), whether it also belongs to the other state 
is not at all certain An argument m favour of retaining it in both systems 
is that there are two lines m it marked a which are not claimed elsewhere 
On the other hand it is quite possible that this level in the I 2 i , ( b) system is 
displaced and quite weak, and thus difficult to find This might make the 
rotational structure very irregular 

That this 2 „ ( b) level is perturbed is not surprising, because these two 
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states (a) and l L g (6) cross one another within the v' = x + 2 levels for 
1 2 ( , (o) and the v' = z + 2 interval for (6) The actual point at which the 
two perturbed levels cross is very close to K' = 3 in each case Owing to 
some complications, which mclude the possible rotational uncoupling, I 
have not been able to decide exactly where the unperturbed levels cross 
There is some evidence of the mutual influence of this perturbation on the 
state (a), but it is not very marked This state x 2 ff (a) appears to be more 
stable than the other There is other evidence which supports this con¬ 
tention 

Another level which has an irregular rotational structure pointing to a 
perturbation is 1 S, (6) at v' = z When the spacmg of the rotational levels 
here is compared with a more normal structure spread over the same total 
energy interval it is found that the K' = 0 ,1 and 2 levels he above the normal 
values and the K' = 3 , 4 and 5 levels below them The perturbing level 
therefore appears to he between K' = 2 and K' =* 3 of v' = z of this state 
There can be httle doubt that the perturbing state is 1 sa 2 atr 1 S P , since the 
rotational energy levels of the v' = 1 level of Isa 2 sa *2^ cross the rotational 
levels of (6) at v' = z The perturbed levels of the two states cross one 
another between K' = 2 and K' = 3 It is very probable that the un¬ 
perturbed levels also cross between K' = 2 and K' = 3 , as the perturbation 
is Bmall compared to the level spacmg Dieke (1936a) remarks that there is 
a perturbation in Iso- 2so- 1 2 (; at v' = 1 for small K Possibly this is the 
counterpart of the one I have been describing The v' = x level of 2 (a), 
though rather close to v' = z of 2 (6), lies wholly below v' — 1 of 2s x 2, so 
that no corresponding perturbation should arise and none is observed 

We have seen (p 331 ) that the v' = x+1 progression of 1 2 fl (a) is very 
probably affected by a perturbation The state causing this perturbation is 
also most likely to be Iso- 2 sa 1 2 „ The v' -> 0' lines of 1 2 0 (a) -> Iso- 2so- X 2 U 
at v' = x he below the r'->0* hnes of Iso- 2so- 1 2 ( , -> Iso- 2 pa X 2 U at o' = 1 at 
low values of K, whereas, the reverse is the case when we compare the 
corresponding hnes of the successive pairs (x+ lJ'-^O", 2 '->■()' (x + 2 )'->- 0 '', 
3 '-> 0 * (x + 3 )'-»■()*, 4 '-* 0 * Thus the two states ^(a) and ls<r 2 so -1 2 17 
cross between v' = x and v' — x+ 1 for the first and between v' = 1 and 
v' = 2 for the second They should also recross within the hmits of the 
(x -I-1)' -> 0' and the 2' -> 0* bands for rather high values of K', in the 
neighbourhood of K' - 6, but hnes with values of K' as high as this are 
unknown Evidently the conditions for a perturbation to occur m this 
neighbourhood are satisfied 

If, as appears to be the case, all three mutually perturbing levels are 2 
levels, the perturbations must all be due to interaction between electronic 
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and vibrational energy according to a criterion mentioned by Dieke ( 19360 ), 
amoe they all have the same value of A, namely zero 

I do not wish to insist too much on these attempts to explain the observed 
irregularities The results do not appear to harmonize completely in all 
details with the properties of the state perturbing l«<r 2 str l 2 „, which were 
predicted by Dieke (1936 o) from his study of the perturbations of lacr 2 «<r ^ 
However, there are so many possible causes of perturbation that the effects 
are rather likely to be mixed up and difficult to disentangle It does not 
seem worth while to push further in this direction until someone haw 
examined the corresponding band systems of HD and D s 


The vibrational structure of the upper states 

The vibrational intervals have been obtained by subtracting pairs of 
corresponding lines of successive progressions, such as R(K) of (* + 3 )'->v* 
and R(K) of (x + 2)'-*■ v", v" — 0, I, 2, eto Since P{K + 2) lines give the 


Table VIII— Vibrational intervals of (a) 


Av'-> (*+!)-* 


A x v'(K = 0) 

A t v' (K = 0) 

A x v' (K= I) from RO 
A x v' (K=l) from P 2 
A x v' (K = 1) mean 
A t v' (JC=1) mean 
A x v ’ (K = 2) from R 1 
A x v' (K = 2) from P 3 
A x v' (K = 2) mean 
A,v' (K = 2) mean 
A x v' (K = 3) from jR 2 
A x v’ {K = 3) from P 4 
A x v' [K = 3) mean 
A,v' (K = 3) moan 
A x v' (K = 4) from i? 3 
A x v' (K = 4) from P5 
A x v' {K = 4) mean 
d,t/ (K = 4) moan 
A x v' (K = 5) from R 4 
A x v' (K = 5) from P 6 
A x v‘ (K = 5) mean 
A x v' (K = 6) mean 


2332 9 

2329 48 
2329 34 
2329 42 

2327 0 
2327 0 
2327 0 

2321 2 
2321 4 
2321 3 

2309 4 


114 5 


112 78 


109 4„ 


101 1 4 


2309 5 

2292 9, 
2292 8 t 
2292 9 


84 7 


80 7 


(*+2)- 

(*+D 

2218 40 

2216 62 
2216 74 

2216 64 

2217 57 
2217 63 
2217 60 

2220 18 
2220 13 
2220 16 


95 2 


102 18 


111 40 


119 04 


2224 7, 
2224 9, 
2224 8 

2232 14 
2232 2 4 
2232 17 


124 3, 


131 02 


(* + 3) — 
(* + 2) 
2122 98 

2114 60 
2114 42 
2114 46 

2106 19 
2106 22 
2106 20 

2101 12 
2101 12 
2101 12 

2100 60 
2100 29 

2100 46 

2101 16 
2101 14 
2101 15 
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same valuee as R(K) lines a considerable number of independent deter¬ 
minations can usually be made in this way The values for ‘E, (a) are set 
out in Table VIII In this table the values got from the R lines and the P 
lines are given separately as well as the weighted means, so as to give some 
idea of the consistency of the different determinations The values for (6) 
are given in Table IX The alternatives in this table anse from the alterna¬ 
tive K' = 2 lines given at the bottom of Table V I believe that the claims 
of these lines to belong to the bands are stronger than those m the body of 
the table, which give a more regular structure Even if the lines which give 
this more regular structure are adopted it will be seen from Table IX that 
there are some indications of a perturbation at or near K' = 2, v' = z + 2 of 
Table IX—Vibrational intervals ok , E ff (6) 

(* + 2) — (2 + 3)- 

dt>'-* (2+1)-* (2+1) (2 + 2) 

J,t>'(A' = 0) mean T2198 63 2133 06 2057 62 

/V'fK^OJmean T64 57 75 54 

^'(/Oljmean 2193 64 2130 10 2060 01 

A,v' (K= 1) mean 63 64 70 M 

«d,»' (K=i) mean 2188 1, 2126 07 2053 17 

A t v' (K = 2) mean 62 2, 72 90 

d,t>' (K = 3) moan 2187 3 2127 16 2048 16 

A,v' (K = J) mean 60 1, 79 00 

d,u' (A' = 4) mean 219820 212462 2043 34 

1 t v'(K= 4) mean 73 58 81 28 

A t v' (K = 5) mean 2215 32 2116 5, 2040 61 

A t v'(K = 5) mean 98 8, 76 0 0 

Alternative K = 2 

d,t/(K = 2)moan 2188 32 2144 84 2034 07 

A t v' (K = 2) mean 43 48 110 77 

Arranged as Table IV of Richardson (1937, p 500) these would be 
K -* 0 1 2 3 4 6 

Moan (* +1) — *, R, P 12198 63 2193 64 2188 3, 2187 3 2198 20 2215 32 

A 4 99 5 32 1 02 -10 9 -17 2 

Moan(* + 2) —(*+l), R, P 213306 2130 10 212807 2127 16 212462 2166 5 

A 2 96 4 03 -1 09 2 44 8 12 

Mean (* + 3)-(* + 2), R, P 2057 52 2056 01 2053 17 2048 16 2043 34 2040 51 

A 1 51 2 84 5 01 4 82 2 83 

With alternatives corresponding to the alternative at K = 2 
Mean (* + 2)-(*+l), R, P 2133 06 2130 10 2144 84 2127 16 2124 62 2116 6 

A 2 96 -14 74 27 68 2 44 2 83 

Mean (* + 3) - (* + 2), R, P 2057 52 2056 01 2034 07 2046 18 2043 34 2040 51 

A 1 51 21 92 -12 11 2 44 2 83 
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( 6 ), although it is very mild compared with the one obtained if the lines 
which I regard as more probable are adopted 

That the detailed structure of 1 L a (a) is highly irregular, or, at any rate, 
unusual, becomes evident if we arrange the vibrational differences of this 
state in the same manner as those of ( 6 ) at the bottom of Table IX This 
is done in Table X 

Table X— Vibrational intervals of l T. g {a) 

K-+ 0 1 2 3 4 6 

Mean (x+ 1) — (a;), R, P 2332 9 2329 42 2327 0 2321 3 2309 6 2292 9 

A 3 48 2 42 6 7 11 8 16 6 

Mean (x + 2 ) —(a- + 1), R, P 2218 40 221064 2217 60 2220 16 2224 8 2232 17 

A 1 76 -0 96 -2 66 -4 64 -7 9 

Mean (x-f 3) — (X+ 2), R, P 2122 98 211446 2106 20 2101 12 2100 16 2101 16 

A 8 62 8 26 6 08 0 67 -0 70 

On account of these complications it is not possible to assign exact values 
to the vibrational constants of either of these two x X f states For 1 S ff (a) 
the effective values appear to be close to w 0 = 2391 s and xoj 0 = 59 6 For 
1 X (> ( 6 ) they are in the neighbourhood of (i) 0 = 2233 and xoj 0 = 35 

The electronic energy of the upper states 

The v 0 of the v = x level of 1 2 j ,(a) is close to 231£4, and the v 0 of the 
v == 2 level of l h g (b) is close to 22917, wave numbers below the ground state 
of the molecular ion H,+ If x and z are each equal to zero then these i' 0 ’s 
are the p/s of the respective states and (a) lies about 2189 wave numbers 
above 1 scr 2so l h g , which lies about 25343 wave numbers below the ground 
state of H s + Thus ^ (a) has a denominator (z in v e = R u = Rydberg 
constant for H) of about 2 10 o The corresponding quantities for X X 0 ( 6 ) are 
2426 wave numbers and 2 19 3 The wave numbers are more accurate than 
these denomnators, which have been got from them with a slide rule It is 
likely that x and z are both zero, but it is not certain, as any progressions 
starting further down m the infra-red would be difficult to establish owing 
to the paucity of measured lines 

The probable configuration of the upper states 

If these band systems are genuine there is only one possible or, i$t any rate, 
reasonable interpretation of the general character of their upper states It 
is that they are states with both the electrons in H 3 excited There are many 
reasons for thinking this, but there is among them one which to my mind 
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would carry conviction if it stood alone The only stateB of H 9 with only on© 
electron excited with its principal quantum number n less than 5 which oan 
go down to ls<r '2pcr 1 E U are, on aooount of various prohibitions all of which 
hold good m the H, spectrum, the following lscr2scr 1 L ff , laaSstr 1 ^, 
laa^sa 1 ^, laaMa 1 ^, lscr 3dnIsa3dS 1 d n6 , l«cr4dcr I S (( , 1 scr4drr 1 n ai , 
\sa4dd l A ttb All these are well known and their structure has been analysed 
leer 2 scr 1 E (; has a Rydberg denominator close to 2 , all the states with n — 3 
(for the excited electron) have denominators close to 3 and all those with 
n = 4 have denominators close to 4 In addition there are several known 
states with n = 5 and all of them have denominators close to 5 If there were 
one state, much less two, with one electron only excited, and to to = 5 and 
having a denominator close to 2 , it would be something in the nature of 
a miracle 

In any event there are several other weighty arguments which point m 
the same direction Every band system, ending on Isa 2pa 1 E U and coming 
from an upper state with only one electron excited, which is extensive 
enough for the intensity distribution among its constituent bands to be 
ascertained, has a comparatively simple type of intensity distribution In 
a v’, v" diagram the bands of maximum intensity he on or close to a single 
Condon parabola This parabola is almost symmetrical about the lme 
joining the bands of mimmum intensity which is roughly coincident with 
the diagonal axis As I have shown (p 329), the distribution m the present 
system is much more complex and has a close resemblance to the intensity 
distributions in the systems ending on lsa2pa 1 'L u which come from the 
upper states 3 1 K, 1 L, *M, and *Q, and including also the system called 
the A4142 8 progression I have attributed the upper states of all these 
systems to states with both electrons excited on various grounds, the 
strongest being that there seems to be no other rational way of accounting 
for them 

Again, the rotational structures of the two upper states are peculiar 
and similar to one another and they are also very hke the unusual structures 
of the 1 Z I7 states 3 *K, 1 L, l M and J N These unusual but similar rotational 
structures suggest that all these six 1 £ (r states have some unusual features 
m common I suggest that this common feature is that they all have both 
electrons excited 

Again, the whole of the argument put forward by Weizel ( 1930 ) in order 
to identify the X X state with the doubly excited state 2 pa 2pa 1 S ( , can be 
used equally well to identify either of the two new upper states with 
2pa2pa 1 ’L g The essential result of that argument was that 2pa2pa v L g 
should be a state m the same neighbourhood as l X (now identified with 
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l«r 2acr *5^) As both the two new upper states are states and are very 
olose to VX, the argument will apply to either of them In my book (Richard¬ 
son 1934 , p 309 ) I criticized Weizel’s argument not on the ground that it 
was wrong in principle but that it was directed towards a wrong objective 
The situation was rather complex, but on the whole I thought the arguments 
in favour of X X being 1 s<r 2scr definitely outweighed those in favour of 

its being a doubly excited state, and this view has turned out to be correct 
There is not a great deal that we can say about doubly excited molecular 
states from the theoretical point of view The energies and structures of 
none of them have been calculated But we can say something The states 
we are concerned with are all singlet states so, not to take up too much space, 
I shall coniine my remarks to them According to Pauli’s exclusion principle, 
which applies to all the part of the H 2 spectrum which is understood, two 
of the eight quantum numbers (n,l, A,«) (n, l. A, a) which define the state of 
the two electrons must be different In the singlets the spin quantum 
numbers have different values + £ and — \ The remaining quantum num¬ 
bers n, l, A can therefore be the same for each electron In the triplets the 
spin wave functions are symmetric, so that at least one of the other three 
pairs, n, n, l, l or A, A, must be different This makes the number of possible 
doubly excited states greater m the singlets than in the triplets 

The deepest states, such as 2 per 2pn l \\ a , of a set which differs only in the 
principal quantum number of one of the excited states, will be the first term 
of a potential Rydberg series, such as 2 per 2pn i Y\ u> 2 jut 3pn l n„, 2 per 4 pn 1 II B , 
2 pernpn 1 I7 tf , , which will terminate at n = 00 with an excited state of 

the ion H s + , in this case the state ‘2pcr Teller ( 1930 ) has worked out the 
energies of the deeper excited states of the ion as a function of the inter- 
nuclear distance It is clear either from Weizel’s argument or from my 
modification of it (Richardson 1934 ) that Teller’s energy curve for the ion 
2 p<r i T, u would admit of 2par 2p<r 1 being in the neighbourhood of either 
l 2 y (o) and l "L g ( 6 ) or of 3*K However, it is not enough to find a plausible 
theoretical explanation of only one doubly excited state in this neighbour¬ 
hood. I consider it certain that the states x E a (a) and (b) cannot be states 
with only one electron excited No satisfactory explanation on this basis 
is known of any of the 1 S g states 3 X K, *L, 1 M, 1 N, 4 1 K, of the l tl g state X Q 
or the upper state of the A4143 progression This list of probable doubly 
excited states may possibly be reduced ultimately by three I think it 
possible, though not likely, that 1 L„ (a) and ( 6 ) together are actually one 

genuine state + a collection of coincidences I regard it as certain that 
1 2 b (a) + (b) contain at least one real state, but beyond that one cannot 

go at present with complete confidence The states 4 ’K and the upper states 
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of the A4143 progression might possibly be fragments of some singly excited 
states having unusual properties, though I think this very unlikely with 
regard to the last one I regard any further reductions than these as 
extremely unlikely 

We are thus left with nine states which go down to la<r 2pa 1 Z U and whioh 
probably have both electrons excited In six of them the double excitation 
must be regarded as practioally certain, in two others as highly probable 
and the last (4 X K) as rather doubtful All of these have their v t 'a (electronic 
levels) m the gap which extends from about 7000 to 23,000 cm _1 , roughly 
1 to 3 V, below the ground level of the ion H s + Even if we are not able to 
assign definite configurations to this collection of states with any certainty, 
it is legitimate to consider whether their existence is compatible with what 
is otherwise known about H s and what, if any, restrictions it would imply 
With this object I have compiled, m Table XI, a list of potential Rydberg 
senes of doubly excited states whose earlier members will possibly, in some 
cases we can say will probably, lie rather deep, based on Teller’s computa¬ 
tions of the energies of the vanous excited states of the H 2 + ion This table 
is based on the assumption that the coupling between the orbital and spin 
wave functions is negligible, this is very small for molecules with only one 
electron excited 


Tablf XI 

2p<r 3per *2„ 

2p<T Ipn 'II,, 


2pa 2pa ‘ 2 ,, 

2p<r2pn ‘II,, 
2p<r 2pn l ll,, 
2pn 2pn 1 \, 
2pn 2pn i A„, 
2p<r2s<r l 2 u , 
2scr2p<r l I M , 
2*<r 2 *<t *2,, 


2 pn 3pcr 'll,, 
2 pn 3 pn ‘2,, 
2pir 3 pn 1 A,, 
2pcr 3 acr *S„, 
2*<t 3p<7 l S,, 
2 8<T 3*or *2,, 
2pcr 3d<r'£„ 


2p(r ipcr 1 2 „ 

2pa4pn l n„, 

2 pn 4p<r l Il t , 
2pn 4 pn 'S 0 , 
2 pn 4 pit 
2p<r 4acr *£„, 
2 atr 4p<r' 2 U 
2 acr 4acr ’2,, 
2prr 4sirr ‘2 U , 


2p<r»2 u -|-e 
2p<r , L u + e 
2pn *Il u + e 
2prr ‘IlB-l-e 
2 pn ’lla + e 
2p<r , 2 u + e 
2scr »2, + e 
2«tr«2„ + e 
2p<r>2 u + e 


The ionic states 2pcr *2 U and 2a<r a E„ are unstable, so that m senes of the 
types which end up with these ions when n = oo the intemuclear distanoe 
should tend to oo as n increases The ionic state 2pn 2 1I U is only just stable, 
having a very weak minimum m its energy va intemuclear distance curve 
at about r e — 4 A This is more than twice as great as r e for any known H a 
state, so that its effect is likely to be much the same as r t = oo so far as the 
first two or three states of a given senes is concerned 
In attempting to fit the nine states into the array m Table XI we note 
first that none of them can be any of the odd, suffix u, states, since transitions 
from these to the odd 1 acr 2 par state are prohibited Two allocations seem 
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to be immediately indicated Among the nine experimental states there is 
only one 1 II ( , state and one 1 A 0 state It seems obvious to assign *Q, the one 
1 n„ state, to 2p<r2pn i n g , the deepest 1 n„ state, and the upper state of the 
A4143 progression, which can be either a 1 A g state, a state or a 1 T a state, 
to the deepest 1 A g state 2pm 2pm 1 A g This also seems to be right for another 
reason On Weizel’s argument the deepest state would be 2p<r 2per 1 S 0 and 
would lie somewhere near the position of 1 2 (/ (a) or (b) If we identify 

(a) + ( 6 ) with 2par2pcr 1 Y lg we expect the next state above this to 

be 2per2pn 1 TI g , and actually J Q is the deepest of the states above 1 S ff (a) 
and 1 S (/ (6) This has brought ub to our first difficulty, because *£„ (a) and 

( b ) appear to be two distinct states, whereas the scheme only provides 
one 2p<r2p(T l H g state This difficulty can be avoided by assuming, what is 
not impossible, that *S a (a) and J S a ( 6 ) are not two distinct states but a 
jumble of one real state with an assortment of coincidences The properties 
and constants of (a) and ( b) are all very much alike, and if they are 
a jumble the constants of the real state will be close to the average On this 
basiB they are effective quantum number, or denominator, zm2 18 g , 
vibration difference w 0 — xto 0 as* 2265 cm ~ l , internuclear distanoe r 0 1 55 A 
The next member of the series 2par3p<r 1 I lg would be likely to have z about 
1 higher, <u 0 - xai a lower and r 0 higher Both 1 M and *L satisfy these require¬ 
ments, as may be seen from Table XII, where the more important relevant 
constants of the nine experimental states and the three theoretical ions 
which terminate the various series in Table XI are given, w 0 and xio 0 are 
not given separately since, for several states, only the combination w 0 - iw 0 
is known Some of the values in the table can only be determined rather 
roughly, but they are probably good enough for this discussion On this 
scheme it would be natural to choose *L for 2 pa 3p<r 1 S„ m preference to 

I M, as its constants are tending more rapidly towards the ion 2pcr a £ u 
which is the end of the series than those of X M, and as otherwise there is not 
much to choose between them 3 might quite well be 2pn 2pn 1 2 1/ and 

I N, 2pn 3pn l S ff , these two are almost certain to be either the lowest states 
of two separate series or the two lowest states of a single senes, as they give 
the strongest transitions down to ls< 7 - 2 p<r 1 S u of any of the rune expen- 
mental states This leaves and 4 1 K, which might quite well be 2 so- 2a(r l £ ( , 
and 2 so- 3aa- (or 2aer 3dcr 1 £ (f ) respectively 

I admit that all this is rather guessing, but I think it is something to know 
to what extent the nine experimental states can be fitted into such a 
theoretical framework qualitatively without too great a probable strain 
on the unknown quantitative restrictions The question cannot be settled 
definitely until the wave functions of these doubly excited states are worked 
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out That is a task for which I am not well fitted and it appears that no one 
is much attracted by it What we can say is that all but one of the nine 
experimental states can be fitted quaktatively into this theoretical scheme 
without being quantitatively very improbable All we have to sacrifice is 
the position that each of the two states (a) and 1 S 0 (6) is a distinct and 
separate state and, as we have seen, it is not certain that they are Even 
this sacrifice would not be necessary if one of the theoretical X £ B states 
should prove to lie unexpectedly deep, as there are nine members m the list 
of theoretical states which are expected to he rather low as well as in the 
list of experimental states 

There is one aspect of this problem that deserves further consideration 
If we take 1 S P (a) and *2,, (6) at their face value as distinct states and con¬ 
sider the six x 2 fl states, l 2 a (a), 1 2 B (b), 3 X K, 1 L, X M and X N, they all show a 
good deal of resemblance to one another and have characteristics which 
mark them off as a group from other x 2 states But there is something about 
them which is even more remarkable Out of the six states, four occur m 
two pairs the members of each of which are almost identical These are 
x 2<, (a) and 1 2„ (b) on the one hand and X M and X L on the other (a) and 
X 2 B (6) have practically the same electronic energies, their v e ’» only differing 
by about 227 cm -x The other constants are very much the same m each 
molecule The small, or at any rate not large, differences in the vibrational 
and rotational constants are such as would be expected for molecules which 
have an almost identical structure apart from a small but definite difference 
in the equilibrium internuclear distance Statements nearly the same as 
these can be made about the pair X M and X L The only outstanding differ¬ 
ence between them and the pair X 2 B (a) + x 2 tf (6) is that, corresponding to 
the different v e ’a, their Rydberg denominators differ by 0 94 That they are 
states with a very close similarity is shown also by their values for the 
Mecke ratio B 0 /<o 0 , or rather B 0 l(co 0 —xw 0 ), which is the nearest we can get 
to it, in the absence of knowledge of the small fraction x for all of them 
More than forty singly excited states of H s are known and for each of them this 
ratio is not far from the average value 0 013 For the four states now being 
considered its range is 0 0055-0 0066 This suggests that the kind of binding 
is the same m all four states and much stronger than in the singly excited 
H, molecules All these facts point to the view that these four states are 
rather wide doublets forming two successive members of a Rydberg senes 
This position is also supported by the fact that the doublet separation 
A V( is greater, at about 227 cm -1 , for the lower member X 2 B (a) + X 2 B (6) 
than it is, at about 135, for the higher member X L + X M 

It is possible that such doublets could arise if there were strong inter- 
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coupling between orbital and spin angular momenta m these doubly exoited 
states I do not profess to understand why this should be so but, after all, 
these states, and a few other states of H, about which we are not so well 
informed, are the only doubly excited molecular states known and there 
is no very definite theory about them, so that almost anything may be 
expected For example, m the theoretical state we have designated as 
2pm 2pit x £ 0 the real quantum numbers, if separable, are 0 , 0 , ± 1 , + J The 
orbital angular momentum and spin can be combined to give the resultants 
either 5 or i This is a doublet with components x £ t and 1 S, Why these 
states should he so deep and why the doublets are so widely separated are 
both mysterious, but I think it would be at least as mysterious if the facts 
1 have recited were all a coincidence On this view X Q could be 2pm 2p<r 1 fl 9 
and the upper state of the A4143 progression 2pn 2pn 1 A 0 , each, as before 
x £ 0 (a) and x £ 0 ( 6 ) would be 2pn2pn 1 S i and 2pv2pn l 'L i , whilst X L and X M 
would be 2pn 3pn i n i and 2pn 3pn 1 IT , As a general rule the levels with 
j = f should he higher than those with j = J, but in this case I am mchned 
to associate 1 S (7 (a) with X M and x £ ff ( 6 ) with X L 1 S„ (a) and X M are the stronger 
components of the doublets, and the rotational and vibrational constants 
all run more like consecutive members of series with this arrangement It 
is likely that one of the doublets is inverted as the result of a perturbation 
We have seen that x £ 0 (o) and 1 S 0 (b) are both perturbed The rotational 
structure of X M (Richardson and Davidson 1929 , p 62 ) looks as if this 
state were perturbed, and unless Richardson and Davidson’s ( 1929 , p 57 ) 
interpretation of X L is altogether wrong X L must be strongly perturbed as 
the v' = 1 level of X L -► ls<r 2pcr X E U has never yet been found 

This arrangement makes 2pn 2pn 1 Z t , the deepest of the doubly excited 
states of Hj and X Q, which is the next deepest state, has been identified 
with 2 par 2pn 1 I1 (7 This makes it reasonable to expect 3 X K, the next deepest 
state to these, to be 2pcr 2p<r 1 £ 0 , an identification I proposed m 1932 
(Richardson 1934 ) This leaves us with only X N and 4 X K X N may very well 
prove to be 2acr2s<r x Z 0 and 4 X K, 2pcZpa x 'L g Each of these has a closer 
affinity to a normal £ state than the others and, on this view, this might be 
expected 

I have now described two possible alternative configurations for the 
mne abnormal states which go down to l8<r2p<r 1 'E u The first of these is 
probably more m accordance with current theoretical ideas, but I think 
the second is a better description of the experimental facts, certainly if 
both the new states x £ 0 (a) and x 2 0 ( 6 ) are genuine 

Except in H a no states with more than one electron excited have been 
recognized, but I know of no reason why they should not exist in other 
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molecules I should, in fact, not be surprised if they turned out ultimately 
to be of not uncommon occurrence 

Summary 

This paper describes two new band systems which go down to ls<r 2 pa 1 S„, 
the state on which the strongest hitherto known systems m the visible end 
The systems extend from the yellow to the photographic infra-red limit 
(11750 A) and probably beyond The upper states are both ^ states They 
are very close to one another and appear to be perturbing each other as well 
as the state Isa Isa 1 2 ( ,, which is in the same neighbourhood Their rotational 
structure resembles closely that of the “abnormal” 1 S„ states 3 1 K, 1 L, 
and X N Reasons are given which make it impossible to regard either of the 
two new states as states with only one electron excited Two alternative 
methods of classifying the two new states and the seven other abnormal 
states which have transitions to ls<r2pa l 2 u and umting them into a con¬ 
sistent scheme as states with both electrons excited are put forward and 
their merits discussed 
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The two-dimensional hydrodynamical theory 
of moving aerofoils—II 

By Rosa M Morris, B Sc 
Research Student, University College, Cardiff 

(Communicated by L N Q Filon, F R S —Received 2 November 1937) 

1—Introduction 

1 1—In the first paper of this senes (referred to subsequently as “I”) 
I developed in some detail the complete solution of the hydrodynamical 
problem of the motion of an incompressible homogeneous mviscid liquid 
when a cylinder with a general aerofoil cross-section is moving in any 
manner perpendicular to its axis As was mentioned m that paper, the dis¬ 
cussion there suffers from two well-known defects In the first place it fads 
generally when there is a sharp edge to the moving cylinder—or a singularity 
on the boundary curve—because the velocity of the liquid, as defined by 
the potential function, becomes infinite at such an edge This difficulty is 
usually surmounted by a proper choice of the circulation, but in the case of 
the moving cylinder this artifice is unavailing by itself as it only gives one 
condition, when the complete vanishing of the velocity at the trailing edge 
involves two In any case, however, the existence of finite circulation 
creates difficulties of its own—the energy involved in such circulations ib 
infinite—so that stdl further complication of the mathematical problem 
seems required In practice it is known that the liquid motion is more 
complicated than that represented in the simpler problem, as it is always 
accompanied by the development, at such a sharp edge, and particularly 
m unsteady motion, of a region of turbulent motion m the fluid which trads 
behind in the wake of the cylinder To deal with this wake and its effects 
mathematically we must, of course, make certain simplifying assumptions 
The simplest picture is that used by Wagner ( 1925 ), who imagined the wake 
to be a simple surfaoe of discontinuity (vortex sheet) trading behind in the 
liquid Of course, in a perfect fluid such a sheet could not arise, but never¬ 
theless, by assuming its existence, it is possible without any close inquiry 
into its structure to calculate its effect on the forces acting on the cylinder 
This is, m effect, what Wagner did, but under conditions which imply that 
his results are only approximately true when the cylinder is a flat plate 
with very small motion (without rotation) 

[ 346 ] 
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The main objects of the present paper are, first, to show that the general 
theory of the first paper can be extended to mclude the effeots of such 
surfaces of discontinuity and, second, to discuss the bearing of the general 
results obtained in the particular problems discussed by Wagner, and others 
in extension of his work, and thereby to test the validity of the formulae 
now used in practioe, the various terms in which have been obtained by 
diverse devices, all indirect and often involving contradictory physical 
assumptions and approximations 

1 2—To obtain a complete comparison with the known theoretical results 
we have included here also an analysis, on the lines of the previous paper, of 
the more usual and familiar statical problem, that is, the case where the 
cylinder is at rest in a uniform stream In order to facilitate the discussion 
of the trailing wake problem, we have also solved as a preliminary step the 
simple case of the motion outside the cylinder at rest, which arises from the 
presence in the fluid of a single-line vortex parallel to its generators It may 
not be useless to emphasize the directness of the solutions obtainable by the 
new method of approach Whereas, m the past, practically all results m this 
theory have been obtained by indirect methods involving at times a con¬ 
fusing mixture of mathematics and physics, the new method makes a direct 
division between the two stages of any problem of this character, the first, 
the analytical or geometrical problem of the transformation of the cylinder 
cross-section on to a circle, which m the present discussion is assumed 
accomplished, and the second, the purely physical problem when this 
cylinder is the boundary 

Full references to the existing work in this subject are given in detail in 
the second volume of Aerodynamic Theory by Durand ( 1935 ), and our own 
references are mainly to the various sections in that book which deal with the 
specific problems we have under review 


2—The general aerofoil in a uniform stream 

2 1—The aerofoil is considered as existing m a uniform stream in which the 
undisturbed velocity components, referred to any rectangular axes, are 
U, V In addition we shall consider the effects of a circulation of intensity K 
round the cylinder 

Using the notation of “I”, the undisturbed potential is 

0 O = Wz, 

W=U + »F and W = U-iV 


where 
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The general transformation for the aerofoil being 

n-0 

we have Q 0 in terms of £ as follows 

ii 0 = Wc i 

n-0 

When the cylinder is introduced into the stream the new potential 
function must be such that it reduces to its original form at infinity, r/ = +co, 
and must also be purely real on the surface of the cylinder, ij — 0, which is 
the stream line rjr — 0 
Now S2 0 contains two types of terms 

f’i(C) =Wc | n rf*-»W 

and F t {£) = Wca 0 e~^, 

which are distinguished by their behaviour at infinity F X (Q is such that it 
tends to zero at infinity and has a conjugate which diverges there, whilst 
F t (£) diverges at infinity and has a conjugate which tends to zero there To 
form a new potential function Si from Si 0 , which is purely real when i) = 0, 
we might simply add the conjugate of all the terms m Q 0 , but the additional 
terms must reduce to zero at infinity, where the presence of the cylinder is 
unnoticed If we add, however, the conjugate of F\{Q we are addmg terms 
which diverge at infinity, so we muBt adopt the alternative and remove 
F^) altogether, and add the conjugate of F 2 (Q We write therefore 

Si = S2 0 -F 1 (Q +F 2 (0 
= Wca 0 e~'{+ Wca^S, 

which is a potential function satisfying all the conditions of the problem 
It may be of some interest to notice that it only contains the first two coeffi¬ 
cients in the expansion of z, so that in effect it is practically the same for 
all types of cylinder 

2 2—With a circulation K round the aerofoil we then have 
Q = Wco 0 e -< {+ Wca 0 e‘C-^, 
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and now we can calculate the components X, Y of the force on the aerofoil 
by means of the usual contour integral formulae 


where 

and 


-46 




I dz/dC 


~ - -tlFca 0 c^ + t ^ C a 0 e^-^ 


WJ = 


-5(i 

ca 0 1 




The change ot sign in converting the integral from the z to the £-plane 
arises from the fact that the convention we have adopted that ij = + oo 
corresponds to z = + oo makes the direi tion of the circulation in the two 
planes opposite to one another This accounts also for the unusual sign in 
the term m K * 

Picking out the constant term in the product of (dQ/d£) 2 and (dz/d£) -1 , 
which is the only term which contributes anything in the integral, we derive 
for the complex force 

Y+iX = -pKW, 


the familiar Kutta-Joukowski formula 
The couple is similarly the real part of 




dz) Z 




zd£ 
dz/dC 


and in the same way this proves to be the real part of 

— pKWai 1 - 2irpic t W aa 0 a 2 + "inpi^WWa 0 a 0 


The first and last terms are of course purely imaginary and contribute 
nothing to the couple 


3— The line vortex outside the cylinder 

3 1—Let us now consider the motion in the liquid surrounding the 
cylinder when a line vortex is situated outside the cylinder, say at the point 
z 4 , thus generalizing some results obtained by Bickley ( 1929 ) for the simple 
case of a circular cylinder 

* The necessity for this change of sign was pointed out'to me by Professor Filon 
it also affects the work of “I", where, in fact, the results all appear with the 
wrong sign 
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The undisturbed velocity potential of the stream due to the line vortex 
of strength m passing through the point z, is 

G 0 = - (im/2n) log(z - z,) 

The cylinder being defined as before by the transformation 
z = c 2 o n e (n ~ lwc , 7 = 0 , 

the undisturbed potential in terms of £ will be 
G 0 =-(im/2iT)logc{(a 0 e- < f-f a 1 + o 2 e < t+ )-(a 0 e~'^ + a 1 + a i e^* + )}, 

where £, = £,+ 17 * is the point in the £-plane corresponding to z. This can 
be written in the form 

Q q = const - (im/2n) log {1 - - (m/2n) log F(£), 

where F(Q is a polynomial in exp(i£) whose conjugate diverges at infinity 
Proceeding along the lines sketched above we find the new potential 
function when the oyhnder is placed m the stream to be simply 
(1 _ e -<(C-W| 

Q = const ~ W 2 ^)logJ— 

The force and couple on the cylinder depend on the value of dQ/d £, 
which in this case is found to be 

m T sinh 7 , “J 

27r l_ cosh 7 , - cos(£ - £ a )J 


3 2—The components X, Y of the force on the cylinder are again given by 




dd dzjd r 


so that we want the value of 


/:[■ 


sinh 7, "I 
cosh77-cos(£^l s )J 


* 

tfc/d£ 


This mtegral can be completed in a simple contour integral m the £-plane, 
round the rectangular contour with sides £ = 0, 7 = 0, £ = 27 r, 7 = 00 the 
integrand has the same value at two corresponding points 17 and 27 T + 17, 
so that the integrals along £ = 0 and £ => 2 n canoel out The behaviour at 
infinity is also obviously regular, so that the value of the integral is obtained 
directly from the residues at the poles contained m the contour But the 
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only pole inside is at £ * £,, and thus we have to evaluate the residue there 
Writing £ = £, + <, where t is small, we have approximately 

whilst since (dzjdQ = z' + z’t, 

we have (dzjdQ - 1 = “/ ^ 1 “ ^ > (n) 

where dashes denote differentiation with respect to £, so that 
z’ = *c£(»- \)a n d n 


z* = - c £ (» - l)*o n e (ft_w< f 


To evaluate the residue of the integral we want simply the coefficient of 
t~ 1 m the product of the two expansions (l) and (u) and this is 


4 fe + 2t — tcothwJ 

2«,U„ *1 

The components of the force are thus given by 

r+ ' x * ^(l' _2+coth,, | 

This result can be recast m a form which displays its full physical significance 
The actual velocity of the liquid in the neighbourhood of the vortex, 
excluding the large motions due to the swirling of the vortex itself, is 



Thus the components of the force have the value 




The first or main part of the force represents the reaotion between the stream 
of the vortex and the stream induoed by the cylinder, whilst the second is 
the purely intrinsic term which is actually equal to the centrifugal force on 
the mass of liquid which oooupies the space of the cylinder m the free vortex 
stream 
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3 3—In reality the vortex will move with the liquid w its neighbourhood 
unless constrained somehow to remain at rest But, if the vortex moves, 
there are other terms in the pressure equation, and these contribute to the 
expression for the components of the force a term 


-*'£( 


to dh\ 
dt + dt) 


dz 


Now 


so that 


= - 


-l°g 


|_ c «C-w) 


to dQ^ _ml f 

dt + dt i - + 1 - .») 


On the cyhnder the exponentials are such that their moduli are less than 
unity, and we can expand the denominators, giving 


dp to 
dt + dt 


- ~ [f. I+1. 


-tA 


We also have dz - |-tc2(n- 

so that the integration of the product round the contour of the cylinder— 
given by the constant term m the integrand alone—is simply 

- mp^ g tca 0 e'f '+£, | - ic J (n - 1) a„ t J 

= -mp[£ # »ca 0 e < C*-£ 4 {tca 0 etf»-z;}] 

= - mp[£,tca 0 e<C' - U icd 0 e‘t- + W„}] 


Thus in all 

1 +iX = - mpica 0 [C„e't‘ - 

3 4—To hnd the steady motion terms in the couple on the cyhnder we 
again use the contour integral The couple is as we have seen, the real part of 

The integral being completed m the usual contour integral in the £- 
plane, the only pole is at f = £ g , and we have again to evaluate the 
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residue there. Writing £ = £„ + <, where ( is small, the above integral is 
approximately 


Apart from the faotor z, which is present we see that the only additional term 
introduced is imaginary and therefore does not affect the value of the couple 
Our result therefore is that the couple is the real part of 

z»(V + iX), 

just as if the force is applied from the position of the vortex In the above 
case the steady motion terms m the couple are therefore the real part of 


_ | 
4 nz' 




The acceleration terms due to the velocity of the vortex are the real 
part of 

. f /dfj c%7\ . 

-*d(a + »r*' 

where + 3 f - - - k. i + ?. i «—>«-£•>] 

(it at it | n =i ) 

The real part of the above will therefore be 

But with the notation of “I” we have, on the cylinder, 

® = tj f n6»e”'<- | aS.r-tfj, 

where b n — 2 °r+»®r* 

r-0 

so that the acceleration terms are simply 

f nb n e” { (—t t f 
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Taking only the real part, the couple is therefore 

It is easy to see that these results agree with those obtained by Bickley for 
the circular cylinder 


4—The trailing wake problem 

4 1 —In this paragraph we shall give a general formulation of Wagner’s 
discussion of the effect of a surface of discontinuity (vortex sheet) on the 
motion of a general cylinder 

We assume then that the cylinder is moving with velocity components 
u, v and angular velocity &>, that there is a circulation K round it, and a trail 
of vortices forming a vortex sheet with a section along a curve a in the 
co-ordinate plane, from a point z =■ Zq to another point z = Zj We shall 
assume that the strength of this sheet is m, at the typical point, so that the 
element da of the curve about that point is equivalent, in effect, to a line 
vortex of strength m,d8 Owing to the difficulty arising from the existence of 
a finite circulation extending to infinity, we shall assume that the total 
circulation associated with the sheet just balances the circulation round the 
cylinder, or that 

K+ J m,da = 0 

The complete velocity potential of the fluid motion can of course be obtained 
by superposing the velocity potential of the vortex motion on that given in 
“I” for the remaining liquid motion it is therefore 


n = o a 


2 it 


j:ih 


1 _ e -*(t-Wl 

j 


da, 


where Q a is the velocity potential, obtained m “I”, of the fluid motion due 
to the cylinder alone, without circulation or vorticity and £, denotes the 
value of £ at the typical point on the wake curve 
We must now choose the circulations in such a way that there is zero or 
finite velocity of the liquid at the trailing edge mathematically this means 
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that dQjd^, must be zero at the same point of the boundary curve as 
dz/d£ If this point is f = Co this means that 



K f* 1 ” 1 */, sinhi/g | , 

2n J 2n | cosh ij a - cos(£, - £,)/ 


0 , 


or, using the condition of zero total circulation, 


dQA 


1 f*>f m s 8inh ri, 1 
2n- J tm \ cosh )]„ - cos(f, - £,) j 


da 


This equation defines the dependence of the vorticity m the discontinuity 
surface on the motion of the cylinder it must, however, be emphasized that 
in reality, like every complex equation, it involves a double condition This 
point is important, as it shows that it is impossible to satisfy the condition 
of finite velocity at a sharp trailing edge in general by assuming a simple 
circulation 


4 2—To calculate the components X, Y of the force on the cylinder we use 
our previous formula for the pressure 


P 


. \dQ du dudti\ 

a-ns+a + S &)• 


and then Y+ iX = j pdz, 

and the couple about the origin, m the same way, is the real part of 


J pzdz 

As we have seen m “ I ”, when the conditions are steady, the contribution 
of the fluid pressures to the components of the force is given by 


Y + iX — %pj (w+uoz)(w — uiiz)dz — lpj 


-th 


and the couple by the real part of 

jpj (w + iwz) (w — i(oz)zdz — lpj — — zdz 

But these two forms have to be generahzed when there are accelerations 
by the addition of terms m the accelerations and variations in the circula¬ 
tion, and the strengths and positions of the vortices The acceleration terms 
and that due to a rate of change of circulation are identical with those 
obtained in “I”, so we have merely to evaluate now the forces due to the 


Vol CLXIV — i 
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vanation in the strengths and positions of the vortices, these all being 
superposable 


4 3—Consider first a single vortex of strength m,da at the point f. The 
extra acceleration terms in the integral for the components of the force 
will be 


, riffly dQ> dSi+ dSi „ dQ dS2 


In our oase this becomes, as before. 


pm a da f j e-*«-W f ) 

2 n J 0 r g 1 - e-*(£-W + ^1- 


dz 


pim s ds 

2n 


'HS 


We have seen in paragraph 3 3 that the first integral gives 
- pm,<&[£, icd 0 e'£* - f,{icd 0 e ^«+£,}] 

In the second integral the exponentials are again such that their moduli 
are less than unity, on the cylinder, and we can therefore expand the 
logarithm in the form 

y lr e nuc-l.>-e-»*c-c t n 

»-i« 


Also, on the cylinder, 

= — tc S (n— l)a n e~ ( ' l ~ l)l £, 

n-0 

so that the constant term in the product is 


— ic(a 0 e* f * + | g a n e-<»-Wf.) 

or — i{z„—ca x — ca 0 c^* + 

The integral is therefore 

— pm a ds{z a — cd 1 — co 0 e*f* + co 0 e 1<: *} 

Thus, assuming a trail of vortices, the contribution to the components of 
the force due to the variations in the positions and strengths of the vortices 
will be 

-p | m a [S a + icd 0 (^ s e < £*-£&, 

-p{ m^-cd^cd^e^+ca^e^ds 
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4 4—We have now to calculate the steady motion terms These are, as 
we have seen, given by 

dQV 


where 

The terms 
and 


Jpj* (w + i(jjz) (w — uoz)dz~\pj {w — uoz — 

dSJ _ diJ a K [“mj. 
d£~ d£ 2n 


dz, 


smh t) b 


cosh J 7 a -cos(£-£ a )f 
Ipj (w + uoz) (w — i(t)z)dz. 

~ Ipj — utiz) 2 — 2(w — ui)z)^^~^dz 


are calculated as in “I” and give the same results as there obtained, except 
that, as noticed before, the signs must be reversed The terms introduced 
by the circulation and wake are of two types There are first the two terms 

, f^mds f^r e-XC-W e *«-w "J _ 

and -'lirj. 


The first integral is easily evaluated, whilst in the second the two exponentials 
both have, on the cylinder, where £ is real, a modulus less than umty, so 
that the quantity m square brackets can be expanded m series Using also 
the form 

z = c{d 0 e‘£ +a 1 +a s e-*£ + }, 

we see at once that the integral with respect to £ in the second term is simply 
— 27n<yc(a 0 e < k + di + a a e -t £»+ )= - 27r»w(z g —cd 0 e'£* — ciq + caQC 1 ^), 
so that altogether this term contributes to the complex force 


puiK — pWiiKa j + piwj m„(z„ — ca 0 e 1 ?* — c% + ca 0 e { ^)ds 
Finally, there is the term 

*r(*ra- 

keeping now all the terms m Q together for convenience This integral m 
“I” was assumed to vanish Now however dD/dz has poles all along the 
wake, and at the zero of dz/d£ We have however so chosen the wake strength 
and the circulation that dQfdC, is zero when dzjdC, is zero, so that the latter 
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pole has been removed To calculate the value of the integral we treat it 
again as a contour integral in the f-plane—the contour being a rectangle 
with sides £ = 0, )/ = 0, £ = 2n, t] = oo—and then the value is equal to the 
sum of the residues at the contained poles, that is, along the trace in this 
plane of the wake curve To find the sum of the residues our simplest plan 
is to surround the wake-curve trace by a double line along it, up on one 
side and down on the other, and in this way it is seen that the value of the 
integral is 



being the value on one side of the wake and ii a on the other side But 
on the wake 

dii 1 _dQ t = dQ l = dii a 
ds da *’ dn dn' 


so that 


dQ x _ dfi a _ ds 
dz dz ~ m ‘dz 


The above integral is therefore simply * 

. f*> ldQ l dQ % \ J 

1 /JC jo \ 

is tho conjugate complex velocity of a particle of the wake 


2 \ dzdz 
curve, and this by our definition is also 


— l(x)Z, + w, 

so that the integral is pj m,(i t — mz 9 + w) ds 

This of course could have been written down from our result in paragraph 3 
for a single vortex The intrinsic terms are here negligible, as they represent 
a sum of the type £d„(m s d8) 2 Thus the extra terms in the expression for 
the force due to the presence of the wake combined with the circulation are 


-pj w s [2 s -ca v — ca 0 e f t> + ca Q e^>]ds, 

- pj + *ca 0 (C eiC * - £, c<C *)] ds, 

+ fmK - piaoKa 1 +puoj m B [z g — cd 0 e^‘ -cd 1 + ca 0 e*k] ds, 
+pj* m s (t a -im g + w)ds, 
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and remembenng that AT +j m g ds = 0, 

these terms reduce to 

- pj m B [z a -ca 1 - cd 0 e f t,+ca 0 e 1 ^] ds, 

—picd 0 j mj^e*** — £ a e l Z‘]d8+puoca 0 j 7»,(e’t* — e*£») ds 

Thus, finally, including the terms found m “I”, we have the complete 
expression for the components of the force on the cylinder 

Y + iX — — mp{Ac % w — 2 Echv — icjc 3 !)} 

- np<t>{Ac l w - 2 Bchv - uoc 3 D} -pfic{a 0 4- £ a n } 

n-2 

—pj m a \z t —<M l — <M 0 e i ^ + ca 0 e i ^'\d8 

-pica 0 j m a [^ a e^> — £,<■'£*] ds + piojcu 0 j m a {e l ^-e^>)ds 

4 5 —The couple can be evaluated m the same way The extra acceleration 
term duo to a single vortex m,ds at the point z a will be 

. dSi + 3W I 

-Hk 

As before this becomes 

pm s dn f 2 " L \ dz 

- VJ. I f - 1 V 6 

ptm a dsC*\ dz 


rf 2 » dz_ 

•J. 


For the couple we require the real part which is 

pm a d8 [ 2n ( y e-HC-C J * P ^-g«) ) d(zz) 

4;r Jo ri-rlf-W^'ile^J 
pim„da f 2 *. (1 - e- ,( C-Wl d(zz) , 

-ttJ. 


Now on the cylinder 


= c a | 2 6,e»«+ 2 5 n e~"« , 
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= ch\ jr nb n e n< t— 2 nB n e~ ni t\ 


r /--!_ +<? — e —1 » r y e -* ( < £ -«+f, y e »« £ -?»> 

Ss 1 _ c-KC-W 1- e'tt-W „“i fe * n ~i 

and l°g| ---^-y| = 2 -{e" ((C_w -e _ni<£_i * ) } 

The integrals will therefore be 

-\pichn a d8\^ t 2 nb n e Ht h — Z, 2 n£ n e~ n<£ *j , 

- \pc l m. i ds 2 {i> n e B<c » + 5 n e-"tf*}, 

so that for a trail of vortices the couple due to the variations in the positions 
and strengths of the vortices is 

- £/hc 2 J m.jf, 2 nf> n e m(t 2 ds, 

-ipc*pn, g f {fe„e”<£* + 5 n c-»«.}(fo 

4 6 —The steady motion terms in the couple are the real part of 

\pj (w + uoz) (w — uoz) zdz — $p J* — zdz, 

dQ dQ a K C z, m. I smh rj t \ , 

w ere dC, 2n J 2tt ( cosh i/,—cos(£ - £„)/ 

The terms Ipj (u> + uoz) (w — i<oz) zdz 


are calculated as in “ I ” The terms introduced by the circulation and wake 
are again of two types First we have 

f 2 \_ -SK e-«C-W }~\ 
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in this the terms m K are 

pca x wK—pic 2 b 0 (oK 

Next there are the terms 

~ C S \ S | j 

which are equal to 

—pivj m a {z s — ca 0 e~ ,( » — ca x + ca 0 e~ 1 ^} da 

and then 

which is piutc 2 j 2 (6„e nl C»+5 n p- n, f*)Jd« 

The real parts of these are 

IpcK (a x w + a x w) — \pic 2 h)K (6 0 - 5 0 ), 

- bpwj m,{ 2 s —co 0 e - ^» —ca 1 + ca 0 e~ , f*}d«, 

— Ipwjm„{z t — m 0 e‘£* - ca x + ca 0 e < ^} da 
Fmally, there is - \pj zdz, 

»h.ch „ !p|* (*£)*} 

and as in the previous case of the force this is 

pj in s (i g — twz B + w) z 8 da, 


the real part of which is 
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Thus the extra terms m the expression for the oouple due to the presenoe of 


the wake oombmed with the circulation are 

r*. i * co i 

-ipic 1 

r*i / °° i 

"H 

rn,| 2 (b n e ni ^ + B n e~ nl ^)J da + ^pcK(a 1 

~ ip *l 

m 8 (z a — ca 0 e~'C*—ca 1 + ca 0 e~‘^) da 

- Ipuj 

m t (z t — cd 0 f^> — ca 1 + ca 0 e *C») da 


(z„ 2 „) + (wz, + wz,) | da 


Thus finally, including the terms found in “I”, we have for the couple the 
expression 

— npC'^cu — \npc 3 i{Dw — Dw } — \npic 2 ww{A — A) 

~ i #/* 2 I (K + B r ) - m, f ^ {b n e”'l‘ + h n e~»*>} da 

+ nptc 2 {Sw 2 - Bw 1 } — \np(M 3 {Dw + Dw} 

+ kpj ( 2 »*») ~ n b n e n ’t> - £, ^ da 

+ bpca 0 wj m 8 {e-'t‘ - + $pcct 0 w^ m s {(>'*• - e^*} da 

These formulae are all quite general Beyond the underlying fundamental 
hydrodynamical assumptions and those relating to the shape and con¬ 
stitution of the w ake, no restrictions have been imposed in the derivation 
They therefore represent the forces and couples on the general cylinder 
under a generahty of conditions which seems the utmost attainable in this 
theory all that therefore remains is their interpretation 


5—The thin aerofoils with thickness and camber 

5 1—The general formulae we have now obtained are rather too oomplex 
to convey directly any idea of their physical significance To examme their 
bearing on the practical problems of aerodynamics it is necessary to con- 



The ttvo-dtmermonal hydrodynamical theory 


363 


aider their form in certain special cases approximating more or less to those 
realized m practice Of course, as the fundamental hydrodynamical assump¬ 
tions represent an ideal theoretical limit never really attained in practical 
problems, we can only expect our formulae to give, in general, rough 
estimates indicating the order of magnitude of the effects and their general 
tendency, so there is httle except academic interest in developing them 
beyond a mere first approximation 

As the possibility of obtaining direct solutions has in the past been very 
limited, the discussions of the general effects we have now under investigation 
have been made mainly under the assumption that the aerofoil is a flat 
plate This, of course, is a first approximation to the practical shape, but 
it is one that, m reality, fails to account for the detailed characteristics of 
the air flow with which we are now more chrectly concerned These charac¬ 
teristics are rather the result of two further properties of the aerofoil— 
its blunt fore-end and accompanying thickness, and its camber—and it is 
necessary therefore m a complete theory to take these into account Various 
attempts have been made in the past to obtain ostimates of the influence 
of these factors on the behaviour of the aerofoil, but the indirect and rather 
piecemeal method of procedure adopted is, as we shall see by comparison 
with results obtained by our direct method, not entirely free from criticism 

In the next section of this paper it is proposed therefore to obtain and 
discuss the first approximation to the previous general results when they 
are apphed to a nearly flat plate, but with a small fore-end thickness and 
camber The two effects will be dealt with separately, the effect of thickness 
in a symmetrical aerofoil, and the effect of camber in a thin aerofoil in the 
shape of a circular arc of small angle The mam (long axis) of the section of 
the aerofoil cyhnder will be assumed in both cases to be the axis of x in the 
co-ordinates on the cross-section plane, so that the thickness and camber 
are both represented by small variations in the y co-ordinates of the 
section curve 

The previous necessity for deriving results indirectly from the statical 
case has restricted the derivation of formulae for any but approximately 
rectilinear motions of the aerofoil, and m a direction to which it can be only 
shghtly inclined While our discussion is not so far restricted in this way, the 
detailed examination of the effect of the trailing wake becomes very difficult 
in any other case We shall therefore follow the usual practice and assume 
for the moment that the aerofoil is moving with a finite velocity V m the 
direction inchned to the axis of x at a small (variable) angle of attack a 
We a,lso assume that the aerofoil has a transveise velocity U over and above 
this mam forward velocity, and also an angular velocity o>( = 4), but that 
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these are so small that we can neglect their squares and products Thus m 
our final formulae we shall write 

m=Fcos a, v = V ema-U, to = & 

Under these circumstances we know from experience that the trading wake 
is very approximately straight back along the path of the trailing edge, 
and as the effect of the wake is of the order of the angle of attack a, the slight 
inclination of this wake line to the axis of x in our co-ordinate system can 
also be neglected 

5 2—Let us take first the case of the symmetrical aerofoil This is a special 
case of the thin aerofoil discussed in “ I ” and is defined by the transformation 

z = c 2 o»c*“ c . 

n-0 

where a 0 = 1 + e, a t = e, a 2 = 1—e, a 3 = -e, 

and e is real and so small that we can neglect its square With these values 
for the a's wo have to a first approximation 

b Q = 2, b x = e, fc s = 1, 6, = —e, 6„ = 0(n>3), 
and also A = 2, B= 1, C = 2, D = 0 

Our assumptions about the trailing wake mean that it leaves the trailing 
edge at the point £ = n and that it lies along the fine £ — tt Actual distances 
—from the origin—along this fine can be interpreted in terms of i}„ by the 
formula (£, = n + v),) 

— z„ = a = 2c cosh ri a + 2 ce smh t),( 1 + cosh r), — sinh t},) 

The components of the force on the cylinder due to the fluid pressures in 
this case are therefore given by 

Y + tX - 4npc 2 v + 4t rpc 2 uov — Rpc( 2 — e) 

—p\ m,{8 — ce — 2c(l + e)sinh^ g }cfs 

f* 1 f* 1 

- 2pc(l + e)I nigTig cosh rj a d8 + 2pt«c( 1 + e)I m,sinh rj t da 

To a first approximation, since m, itself is small, we can neglect m the 
integrals the thickness of the aerofoil, that is, we assume, with Wagner, that 
the aerofod is a flat plate, we have then in this term 


e = 2 ccpsh? 7 4 , z 0 => 2c, 
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so that Y + iX = - 4npc 2 v + 4vpc 2 uuv - &pc( 2 - 6 ) 

—p( m 9 {s-<](s 2 -4c 2 )} da 
J 2c 

- 2 pc mJn. cosh tj, + ko smh t],} da 
3 2c 

The couple is similarly 

— 2 npc*(o — 4npc 2 uv — &pc 2 
—p[ m ll {\8 2 — c 2 — \8^(a 2 — 4c 2 ))da 

J 2o 

+pc i \ mtj, cosh 2i) a da — 2pcu I w s sinh y t da, 

J 2c J 2c 

where we have again neglected e in the integrals 

Of course the total circulation determined by the constant K is small of 
the same order as the total wake strength which it balances, so that the 
term Rpce in the expression for the force is also negligible Thus our first 
conclusion is that to a first approximation a (symmetrical) small thickness 
has no effect whatever on either the force or couple exerted on the cylinder 

5 3—Before discussing the other terms let us now obtain the corresponding 
results relating to the aerofoil with small camber and no thickness The 
aerofoil in the shape of a circular arc of small camber proportional to e is 
defined by the transformation (Durand 1935 , p 299 ) 

3 

2 = C J «n«" <C » 


where a 0 =l, a x = te, « 2 =1, a a — —ie, a n = 0(»>3) 
and, to a first approximation, 

b Q - 2, b 1 = -ie, 6 a = 1, b 9 = —te, 6 n = 0(n>3) 
and A - 2, B = 1, 0 = 2, D = — lie, 

but a distinction here arises m that the wake does not leave the cylinder 
at the point £, = 7 r but rather at the point near this where 

This does not, of course, affect the approximate form of our results, for 
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the complex force and couple are, with the same assumptions about the 
motion, 

Y + iX = — 4npc 2 v — 2mpc 3 e<ii — Rpc( 2 + ie) + 4npc 2 i<ov 

- 2npc 3 eto 2 —p j m M {s - J(a 2 - 4c 2 )} ds 

J 2c 

- 2 pc m„{7], cosh r) s + mo sinh r/,} ds, 

J ic 

and the couple r, 

- 2npc 2 eu — 2npc*to - Rpc 2 — 4npc 2 uv - 2npc 3 e<ov 

—p( m H {- c 2 - 7 (s 2 -4c 2 )}ds 

J ic 

+ pc 2 | m n cosh 2r>ds — 2pcu\ m.sinhn .ds 
he he 

These results again show that to a first approximation, when we neglect 
the products of the small quantities e, to and to, a small (symmetrical) 
camber has no effect on the lift force or drag, although it affects the couple 
when there is acceleration This agrees with the results obtained by Burgers 
m Durand ( 1935 , p 301 ) 

To compare the two it is perhaps better if we interpret our results, which 
are now practically identical in the two cases, in terms of the U, V, and a of 
Burgers’ work Writing as stated above 

11 = V cos a, v - V sin a — U, to = &, 

we get 

i +iX = - 4npc 2 Va. — -InpcWto -2I\pc + 4npc 2 mo( Va-lJ) 

— p m 8 {s — yj(s 2 — 4c 2 )} ds — 2 pc I cosh ij a + mo sinh t) 8 } ds 

J ic J 2c 

and r = —2npc 3 eV — 2npc t (o — lvpc 3 — 4:7Tpc 2 V(VoL—U) 

~p\ m 8 {\s 2 - c 2 - \s^{s 2 - 4c 2 )} ds 

J 2 c 

+pc 2 ra 8 ?/ s cosh 2?/ s ds — 2pc V I m 8 smh rj a ds, 

J 2c J io 

where the term in t in the couple is missing in the case of the symmetrical 
aerofoil Burgers gives the result for the lift in a form which apparently 
shows an effect of camber, but his notation is slightly different from ours, 
his a being our a + e 
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5 4—The important difference between the results we have obtained and 
those given by Burgers is m the effect of the wake Basing himself on the 
result obtained in the statical theory. Burgers obtains in the lift force the 
term pK V for the component due to the circulation and vorticity In our 
formula this component appears as 

- pj rn s y a cosh y,da, 

or if we use V a = smh ??„ as the velocity of the wake particles relative to, 
and away from, the trailing edge, as 

— p\ m^Kcoth 7) h ds 

J 2c 

It is, however, an added assumption in this work that the vorticity in the 
wake, once it is created and leaves the trailing edge, remains stationary in 
the fluid This amounts to assuming that V t = V or that the force component 
we are discussing is 

-pV I rn coth r] a ds 

Jt 0 

But as coth 7] a > l for all positive values of i) a , we have 

I m, coth i ) H ds > J m,d8 1 = K, 

I J 2c I I J 2e | 

so that now the lift force is actually greater than pK V In other w ords the 
wake vorticity with the same resultant circulation is more effective than 
simple circulation round the cylinder in pioducmg lilt (m, is of course of the 
opposite sign to K and the negative sign merely balances this) 

The effectiveness of the wake circulation may of course be reduced if the 
particles—as seems probable—do not have the full relative velocity V 
assumed in this form of the lift term, that is, if instead of remaining actually 
at rest in the liquid they moved towards the aerofoil If they moved m the 
opposite direction their effectiveness would, of course, be increased 

Although the effects are negligible in the final approximations, our 
formulae differ also in one other important aspect from those usually given 
The complex force due to the wake circulation has, when there is no angular 
velocity, no appreciable component parallel to the motion In other words 
the lifting effect of the circulation is produced without any appreciable 
corresponding drag This distinction between the effect of the wake and the 
effect of a simple circulation, where this component would be represented 
by a term pK(Voc— U), is lost sight of in the statical treatment, where the 
effects of the wake and the effects of the circulation are separately handled 
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Our conclusion, and with this we shall be content for the present, is that 
with the exception of this influence on the lift, of the circulation or the wake, 
our general discussion confirms all the results obtained by previous methods, 
but it has the advantage over those methods in that it derives all the results 
m one direct discussion, and gives precise information as to the nature of 
the approximations involved at each stage In a further note it is hoped 
to be able to develop further aspects of these and similar problems to a 
somewhat greater degree of approximation At present the discussion is 
being earned out in detail for the Joukowski aerofoils for which the general 
formulae assume simple finite forms 

Summary 

The discussion of our solution of the problem of a general cylinder moving 
in liquids is generalized to include the effect of a vortex-sheet wake ex¬ 
tending backwards in the liquid from a trailing edge Assuming the wake to 
be of any shape and to have associated with it a total circulation which is 
equal and opposite to that of the main circulation round the cylinder, general 
formulae are denved for the potential function of the fluid motion and the 
resultant of the fluid pressures on the cylinder boundary 

As steps in the analysis, the solutions of the problem of this general 
cylinder at rest (1) in a uniform stream, (11) in a stream due to an external 
line vortex parallel to its axis, are solved in detail 

The general formulae are then examined in their approximate form under 
conditions analogous to those assumed for the particular problems whose 
solutions are already known, with the object (1) of determining the first 
order effects of camber and thickness and (11) of verifying the approximate 
theoietical results now used in practice The result that the camber and 
thickness have no effect on the force (lift or drag), and only a small effect on 
the couple when there is acceleration, is verified but m a form which shows 
the precise conditions governing the degree of approximation involved 
Our result for the lift arising from the circulations, however, differs from 
that usually given It is shown that under the usual conditions assumed for 
the wake, the lift force produced is greater than that produced by the corre¬ 
sponding simple circulation, and that this greater lift is attained without 
the drag which accompanies it in the simple circulation 

References 

Biokley, W Q 1929 Philos Trans A, 228, 235-74 
Durand, W F 1935 “Aerodynamic Theory,” 2 Berlin 
Wagner, H 1925 Z angew Math Mech 5, 17-35 



The crystal structure of pentaerythritol tetracetate 

By T H Goodwin, John Harliruj Fellow, University of Manchester, 
and R Hardy 

(■Communicated byWL Bragg, F R S — Received 18 November 1937) 

I—Introduction 

Although the technique for investigating organic crystals by X-rays is 
now fairly well developed, there are still many important types of com¬ 
pound of which no representative has yet been examined In particular no 
Founer analysis of an ester has ever been published and no reliable infor¬ 
mation is available as to the lengths of C—O and C=-=0 bonds in such sub¬ 
stances The investigation of pentaerythritol tetracetate recorded here was 
made partly to supply this deficiency and partly to develop the study of 
pentaerythritol (Llewellyn, Cox and Goodwin 1937 ) A further incentive 
lay in the doubt which existed at one time regarding the distribution of the 
valencies of the central carbon atom in the tetracetate, this is discussed m 

§IH 

The results of the investigation are presented at once, the methods by 
which they were deduced being described m the last section 

II— The structure 

I —Molecular symmetry—Description of structure 

Pentaerythritol tetracetate, C(CH 2 0 CO CH 3 ) 4 , crystallizes in the 
tetragonal space group P4 2 /n The unit cell contains two molecules which 
may be regarded as mirror images They each have fourfold alternating 
symmetry, and their central carbon atoms at ( 000 ) and (Ijtl) must have 
their valency bonds directed from the centre to the apices of a tetragonal 
bisphenoid This bisphenoid is found to be the regular tetrahedron required 
by chemical theory The eight —CH a O CO CII 3 groups are all equivalent 
and are related to each other by the symmetry operations of the space group 

Table I gives the co-ordinates of the atoms in one of these side chains 
Apart from the keto oxygen they have a zigzag arrangement and lie approxi¬ 
mately m the crystallographic (520) plane, while the carbonyl bond, which 
is also in this plane, is parallel to the c-axis (fig 1 ) Since the average direc¬ 
tion of the \ c / C \ 0 /\c chains is perpendicular to this axis, the 
[ 369 ] 
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molecules may be described as having their mean planes coincident with 
{ 002 } but with the atoms of the —CH,0 CO CH S groups m the {520} 
planes 


Table I 


Atom xja 

C 0 

C, 0 095 

O, 0181 

C, 0 270 

O, 0 280 

C, 0 368 


a: (A) yja 

0 0 

1 14 0 040 

2 17 0 070 

3 24 0 120 

3 30 0 120 

4 40 0 133 


y(A) z/c 

0 0 

0 48 0 161 

0 84 0 

1 44 0 125 

1 44 0 367 

1 60 0 950 


*(■ A) 
0 

0 89 
0 

0 67 
2 02 
5 22 



ilo 1—Diagram of pentaerythritol totracetato molecule C(CH,0 CO CH,) 4 , 
hydrogens omitted, showing fourfold alternating symmetry of molecule and planar 
conformation of acetate —O CO CH, group 


2 —Comparison with pentaerythritol 

The present structure shows a close resemblance to that of pentaery- 
thntol, C(CH 2 OH ) 4 (Llewellyn, Cox and Goodwin 1937 ) Jn both, the first 
side-chain carbon and the adjacent oxygen have z-co-ordmates of 0 89 A 
and approximately 0 0 A respectively In both, all or nearly all the atoms 
lie close to the { 002 } planes, and each has a good cleavage parallel to c{ 001 } 
though, since the molecules of the ester are not bound together by hydroxyl 
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bonds to form a layer lattice as in the parent alcohol, the former has a much 
less perfect cleavage, the crystals being considerably softer and having lower 
density and melting point 


3 —Interatomic and intermolecular distances—Valency angles 
The interatomic constants are given in Table II The bond lengths are 
probably reliable to ± 0 03 A The C—C distances of 1 52 A are m good 
agreement with those previously measured, viz 1 541 m diamond (Bragg 
and Bragg 1913 ), 1 54 ± 0 03 in metaldehyde (Pauling and Carpenter 1936 ), 
1 53 in the normal paraffin senes (Miiller 1928 ) and 1 50 ±0 03 in penta¬ 
erythntol Few aliphatic C—O links have been measured, but the most 
reliable are 1 43 ± 0 03 in metaldehyde, 1 46 + O 03 in pentaerythntol and 
1 30 m oxalic acid dihydrate (Robertson 1936 ) The lmk in metaldehyde 
may be regarded either as an ether or as a cyclic acetal bond, and so re¬ 
sembles the present 0—O links more closely than the others The lengths 
of 1 41 + 0 03 found for pentaerythntol tetracetate agree very well with this 
value, which, it has been suggested (Crowfoot 1936 ), probably represents 
the pure single link The double bond between carbon and oxygen has 
never previously been measured for an ester or similar compound Oxalic 
acid dihydrate is quoted by Robertson as having a C-=0 distance of 1 24 
He also gives ( 1934 ) a length of 1 14 approx in benzoquinone, and Wyckoff 
( 1932 , 1934 ) records 1 25 A for urea However, the present work has in¬ 
cluded several Patterson and Fourier syntheses, and it is difficult to see 
that the bond can differ by more than ± 0 03 from 1 33 A 


Table II 


C—C, = 1 52 A 
C,—O, = 1 41A 
O,—C, = 1 41A 
C,—C, = 1 52 A 
0,=O, = 1 33 A 


c,cc; = 1084° 

00,0, = 105° 
0,0,0, = ur 

0,0,0, = 124° 
0,0,0, = 124| c 
0 ,0,0, = 108J° 


The valency angles are probably reliable to ± 3°, and three of the four 
angles which are approximately tetrahedral do not differ by more than 
1$° from 109 two of these three are carbon valency angles and the third 
an oxygen angle whioh agrees well with Pauhng and Carpenter’s angle for 
metaldehyde of 109$ + 3° It must be admitted that the fourth angle seems 
rather low, though it is only 4$° less than 109$° The angles between the 
keto link and the single links in the acetate group are 124° and 124}° They 


VoL clxiv—A 
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have never been measured before but are of the order anticipated and agree 
well with the value of 125 for benzoquinone The sum of the valency angles 
round C g is 357^°, and so the acetate group must be regarded as planar 
within the limits of experimental error This is in accordance with stereo¬ 
chemical theory, but the suggestion that the angle between the single bonds 
on a doubly bound carbon is greater than 109£° does not appear to be 
correct 

Quite good values are also obtained for intermolec ular distances, that 
between neighbouring keto oxygens being 3 45 A and between adjaoent 
methyl groups 3 52 A 


4 —Chemical crystallography of the acetate group 


It has been shown above that in accordance with chemical theory the 
O 


acetate group 




has a planar configuration Another interesting 


feature is that the length of the c axis m pentaerythritol tetracetate 
(5 50 A) is almost identical with the figures found for the shortest axes of 
a number of acetates of carbohydrates Table III summarizes these data, 
which are taken from the work of Leuek and Mark ( 1934 ) and of Cox and 
Goodwin (unpublished) 



Table III 


Compound 

Axis 

Compound 

Axis 

Glucose pentacotate 

6 66A 

Xylose tetracetate 

6 72 A 

C'ellobiose octacotate 
Collotrioso undecaci tate 

5 7A 
57A 

Pentaerythritol tetracetate 

5 50A 


Now a study of molecular models shows that these short axes can only be 
the dimensions of the molecule perpendicular to the sugar ring (cf Cox, 
Goodwin and Wagstaff 1935 ) It seems clear, therefore, that in the sugar 
acetates the —O CO CH S groups probably have the same conformation as 
in pentaerythritol tetracetate, the atoms lying in planes perpendicular to 
the pyranose ring with the mean direction of each chain parallel to it The 
detailed examination of these complex compounds should, consequently, 
be considerably facilitated by the knowledge of the configuration of the 
acetate group provided by this work 
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III—Determination of the structure 
1 —Previous work 

The earliest crystallographic work on pentaerythntol tetracetate was 
that of Miss Knaggs ( 1923 ), but the first X-ray measurements were earned 
out by Gerst&cker, Moller and Reis ( 1928 ), who determined the dimensions 
of the tetragonal cell and recorded the space group as P4/ra (CJ A ) They also 
concluded that, contrary to chemical ideas, the molecule must have simple 
fourfold symmetry with a pyramidal distribution of the valencies of the 
central carbon atom 

In reply to this, Miss Knaggs ( 1929 ) showed that the space group had been 
incorrectly deduced, that it was in fact, P4 Jn (C$a)> and that the molecular 
symmetry is fourfold alternating, the valencies of the central carbon being 
directed from the centre to the apices of a tetragonal bisphenoid Whether 
the chemical theory that this bisphenoid is a regular tetrahedron is correct 
can only be definitely ascertained by the determination of the co-ordinates 
ol the atoms adjacent to the central one Although Miss Knaggs did not 
attempt this, she did suggest a tentative structure for the molecule, but as 
this structure differed radically from that found by us and as it was not 
supposed to be final no good purpose would be served by discussing it here 

2 — Crystallography, cell dimensions and space group 
The crystals used in this investigation were prepared from pentaery¬ 
thntol and recrystallized from aqueous alcohol They formed needles 
elongated parallel to c with usually only tho m{l 10 } faces present They were 
generally terminated by cleavage faces parallel to the base { 001 } The X-ray 
measurements were carried out by means of rotation and oscillation photo¬ 
graphs using a camera of 6 0 cm radius with Cu Ka radiation They con¬ 
firmed the cell dimensions recorded by previous workers, viz a - 12 00 A 
and c = 5 50 6 A These lead to an axial ratio of a c = 1 0 458 which is in 
good agreement with the crystallographic value (Knaggs 1923 ) 

o c= 1 0 324 ^2 = 1 0 458 

when this refers to the true unit cell Analysis of oscillations about the [ 001 ] 
and [ 110 ] axes showed that all general planes (hkl) were present but that 
{M 0 } planes with h + k odd were halved The only order of { 001 } observed 
was (002) The space group is therefore P4 2 /» (CJ A ) 

Since the density is 1 273 g /c c two molecules of C(CH 2 0 CO CH 3 ) 4 are 
in the unit cell and each must have fourfold alternating symmetry, the 
eight —CHjO CO CH S chains being regarded as equivalent asymmetric 
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groups If one of the central carbon atoms is plaoed at ( 000 ), the other is at 
( 4 £i)> the positions of eight equivalent points are 

(xyz), (yxz), (zyz), (yxz), (± + x, i + y, \-z), (\-y, J + x, ± + z), 

(i-*, l-y, t-2)» 

As the hydrogen atoms are too light to be resolved, fifteen parameters need 
evaluating, therefore, to locate all the heavy atoms m the elementary cell 

3 —Intensities 

To determine these parameters photometric measurements of the in¬ 
tensities of as many reflections as possible were made Two methods were 
adopted to overcome the difficulty that the intensity-blackening curve is 
not linear over the whole working range In the first, each photograph had 
recorded on it a calibration stop so that, after photometering any spot, 
the successive readings could be calibrated in terms of the intensity producing 
them In the second only the linear portion of the blaekening-in tensity curve 
was used, the photographs being taken m duplicate so that strong reflections 
could be measured on weaker photographs and vice versa The photometry 
was carried out by means ot a Cambridge Microphotometer, the computa¬ 
tions of integrated intensity being made directly on a Sundstrand Adding 
Machine Observed structure factors, F ohll , were then calculated by use 
of the formula f„, )B = KI^L^, where I m is the integrated intensity as 
measured on the film—only relative values have been employed as absolute 
intensities have not been found essential—c is the Cox and Shaw ( 1930 ) 
correction factor, L is the “polarization” factor and K a factor of pro¬ 
portionality 


4 —Molecular model 

Although this substance was the first ester to be analysed by X-rays, it 
was not anticipated that it would show any wide divergence of its inter¬ 
atomic distances from the values of 1 54 and approximately 1 47 A usually 
assumed for the C—C and C—O links On the other hand the C=0 bond 
should be considerably shorter than 1 47 It was therefore convenient to 
build a molecular model using spheres of radius 1 5 cm for the atoms 
C, O x and C a , fastening them together with concealed wooden “valencies ” 
placed at the tetrahedral angle Actually the carbonyl oxygen O s was a 
sphere of the same size but fastened to C a by double spring bonds, m mea¬ 
suring mtermolecular distances it was necessary to allow an appropriately 
closer approach to the centre of the atom The methyl groups were repre- 
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sented by larger spheres of radius 3 5 cm out away on one side to permit the 
centre to approach to 3 0 cm (1 5 A) from C, In this way methyl radicals 
could be allowed to “touch”, since the nearest distance of approach of 
carbon atoms in different molecules is never less than 3 5 A The assumption 
of tetrahedral valenoy angles for carbon and oxygen was only made as a 
starting point for preliminary calculations of structure amplitudes and for 
convenience in studying the space-filling properties of the model 

6 —Patterson projection — Spacefilling—Optics 
At the outset it seemed probable that the molecule would he in the unit 
cell with its arms inclined to the o{100} faces, for the (110), (310) and (130) 
reflections are relatively strong while ( 200 ) is weak Inaddition it was found 
that space-filling criteria were satisfied better with such a molecular arrange¬ 
ment The observations were further confirmed by a Patterson ( 1935 ) 



Fxo 2—Portion of Patterson projection, showing development of ridges parallel to 
the {520} planes (shown by the sloping lines) m which the —CH,0 CO CH, groups 
are found 

synthesis (fig 2 ) usmg all the {MO} intensities Owing to the large number 
of interatomic vectors which are only approximately the same in magnitude 
and direction the maxima are not very clearly revealed, but the development 
of ndges along the traces of the {620} planes shows that, as a first approxi¬ 
mation, the —CH,0 CO CH S groups he in these planes 
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Information as to the configuration of the molecule is also given by the 
refractive indices e = 1 483 and <u = 1 433 (Knaggs 1923 ) The positive 
birefringence (e — to = 0 050) is rather large for such a compound and suggests 
that the keto bonds are parallel to the c-axis, since negative or very low 
positive double refraction would otherwise be expected Now, if the atoms 
of each side chain form a flat zigzag, either the C—O or the C—CH S bond 
will be parallel to the principal axis The optical properties, therefore, 
suggest the former to be the case 


6 —Structure factor graphs 

With the information and assumptions already indicated structure factors, 
F, were calculated for various planes using the formulae 

F* = (BfA)*+(ZfB)\ 

4 = 8 cos 2 2 ir —cos n[h-kx + h + ky] coen[h + kx-h-ky] cos2nlz, 

JB = -8sm 2 27r sinw[A — kx+h + ky] Bix\n[h + kx~h — ky] sin2iTlz 

4 

The evaluation of these expressions was earned out by means of the con¬ 
toured graphs of structure factor described by Bragg and Lipson (r 936 ) 
Since this crystal belongs to the plane group P4 the graphs are typified by 
fig 6 of their paper As used by us these curves only evaluated the expression 

A' = 4 <os 7 r[A — ~kx + h + ky] eosn[h + kx — h — ky], 

but by a change of origin a similar expression 

B’ — 4 »mn[h-kx+h + ky] sin n[h + kx—h — ky] 

could be read off To compute any special or general { hkl } structure amplitude 
it was then only necessary to multiply A' by 2/cos 2nlz or B' by — 2/sm 2nlz 
according as h + k + 1 is even or odd and to sum for all non-equivalent atoms 
in the cell 

The actual curves employed by us were drawn to cover J x ^ of the cell 
on a sheet 20 x 20 in By plotting atomic positions on a sheet of tracing cloth 
which could be placed over each graph in turn, the contribution of each 
atom to any geometrical structure factor could be read off 



The crystal structure of pentaerythntol tetracetate 377 

7—{MO} structure amplitudes and Fourier projections 

In spite of the information and assumptions indicated earlier, considerable 
latitude still existed in the choice of atomic co-ordinates It was found im¬ 
possible at first to obtain satisfactory agreement between observed and 
calculated values of F hkit , but it was realized that certain planes always gave 
structure factors with the same signs, notably (110), (310), (130) and (330) 
A Fourier projection was therefore constructed using these four terms only 
and served to restrict the possible atomic positions Various new pairs of 
co-ordinates were then employed in computing the structure factors afresh 
and when more planes were found to have constant signs they too were 
incorporated in a second synthesis and the process repeated In this way 
the atomic co-ordinates were gradually refined and the agreement between 
observed and calculated F’s improved until the projection shown in fig 3 
was obtained 



Fio 3—Last Fourier projection on (001), showing 
arrangement of arms of molecule in {520} planes 
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It may be mentioned here that in ail computations of {AkO} structure 
factors the effect of interchanging 0 2 and C 3 was tried to determine definitely 
whether C 2 O t or C t — C, is parallel to the c-axis Invanably more satis¬ 
factory results were obtained in the former case 

8 — {hkl} structure factors—Thr ee-dimensional Fourier syntheses 
In calculating the values of F hkl it was assumed m the first instance that 
Cj would lie at a height of 1 54 cos (£ x 109£°) = 0 89 A, and that 0 1 and C s 
would be m the same plane as the central carbon atom le 2 = 0 The heights 
of C 2 and 0 2 were found from a Patterson synthesis (Harker 1936 ) along the 
line ( x c ,y r , 2 ), this synthesis is shown in fig 4 Using these z-co-ordinates 



Fio 4—One dimensional Patterson synthesis parallel to c axis 
through C, and O, to determine * co ordinates of C, and O, 

with the values of x and y found from fig 3, structure amplitudes were 
computed for a large number of {hkl} planes and those which showed good 
agreement with the experimental figures were incorporated in one-dimen- 
sional Fourier syntheses through C 2 0 2 and 0 lt from which more reliable 
values were obtained for the z-co ordinates The structure factors were then 
recalculated and many more included in new syntheses both along special 
lines and ov er various planes at different heights in the cell The latter helped 
to determine the x and y co ordinates of various atoms, particularly C s and 
0 2 , more accurately than was possible with the projections on {001} For 
these syntheses the density of scattering matter at any point is given, in 
arbitrary units since only relative intensities were used, by 
h k 1 

Pxys = F hki 008 ( 2 *( Aa: + k 'J + lz ) ~ «}- 

where a, the phrase angle of any reflection, is given by 

a = tan - 1 and, for this space group, = 0, n/2, n, 3w/2 
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The computation of these syntheses is best effected by the separate treat¬ 
ment of terms with h+k+l odd and even as implied by Mrs Lonsdale 
( 1936 ) and was earned out by an extension of the method of Lipson and 
Beevers ( 1936 ) 



Fio 5—Founer synthesis along line C,O t to determine 
* co ordinates more accurately than from fig 4 



[G fi—One-dimensional Fourier synthesis thro 
determine z-00 ordinates accurately 

In this way the positions of the atoms were refined until the results shown 
m Table IV were obtained using the co-ordinates listed m Table I Figs 5 and 
6 show the final Founer syntheses along vertical lines through CjO, and O x 
and fig 7 a, 6 and c shows the Founer sections through the cell at heights 
of z = 0, z = 0 161, 2 = 0 367, by means of which all the atoms are com- 



T H Goodwm and R Hardy 






The crystal structure of pentaerythntol tetracetate 

381 

pletely resolved 

The negative ordinates in figs 

5 and 6 

are due to the 

omission of the {hkO} terms 
of 2 

t as they make contributions which 

Table IV 

are independent 

hkl 

F calc 

-fobs 

at 

hkl 

f'ctLle 

F ob« 

at 

110 

37 

42 

0 

530 

21 

13 

0 

020 

12 

10 

180 

251 

25 

23 

180 

Oil 

71 

35 

0 

521 

51 

42 

0 

111 

43 

29 

270 

042 

18 

1 1 

180 

220 

8 

9 

180 

060 

17 

15 

180 

021 

39 

30 

90 

412 

3 

17 

270 

121 

12 

26 

180 

441 

10 

21 

270 

211 

37 

33 

0 

332 

7 

<11 

180 

130 

58 

44 

180 

242 

20 

26 

180 

310 

118 

92 

0 

422 

34 

37 

0 

221 

2 

14 

270 

351 

41 

33 

270 

131 

5 

10 

270 

531 

20 

22 

270 

311 

11 

26 

270 

260 

20 

10 

180 

040 

38 

47 

180 

620 

62 

38 

0 

231 

21 

22 

180 

013 

14 

15 

0 

321 

9 

14 

180 

113 

13 

13 

270 

330 

46 

42 

180 

512 

39 

42 

0 

002 

56 

39 

0 

261 

21 

18 

90 

240 

21 

26 

0 

023 

16 

22 

90 

420 

65 

58 

0 

123 

37 

38 

180 

012 

18 

18 

270 

522 

3 

15 

270 

112 

6 

9 

0 

560 

8 

< 9 

0 

041 

32 

32 

270 

170 

8 

9 

0 

141 

37 

29 

180 

710 

14 

21 

180 

411 

24 

27 

0 

460 

21 

12 

0 

331 

22 

26 

00 

640 

18 

14 

180 

122 

3 

<10 

270 

361 

39 

24 

0 

212 

4 

11 

90 

223 

5 

13 

270 

241 

7 

10 

90 

033 

11 

16 

180 

421 

52 

39 

270 

352 

12 

10 

0 

222 

13 

19 

180 

532 

16 

19 

0 

160 

10 

9 

0 

551 

15 

12 

90 

610 

3 

< 6 

180 

641 

16 

16 

90 

032 

32 

35 

90 

170 

3 

<11 

180 

132 

19 

19 

180 

730 

42 

30 

0 

312 

12 

12 

0 

323 

5 

21 

0 

431 

30 

24 

0 

612 

38 

16 

270 

051 

18 

16 

0 

271 

12 c 

io 12 

0 

151 

17 

17 

90 

043 

24 

18 

270 

232 

22 

25 

270 

333 

22 

17 

90 

322 

19 

22 

270 

26 2 

29 

28 

0 

440 

26 

22 

180 

622 

14 

<14 

0 

350 

6 

The plan- 

<10 0 

ee m this table are listed in 

413 18 17 

decreasing order of spacing 

0 
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hkl 

R calc 

Robe 

Table IV — continued 

a hkl 

Reel* 

R ob« 

a 

080 

10 

9 

0 

930 

50 

10 

0 

501 

25 

10 

180 

314 

28 

12 

180 

731 

24 

19 

270 

363 

34 

24 

0 

820 

40 

14 

180 

044 

0 

<12 

— 

253 

11 

12 

0 

273 

20 

16 

0 

523 

37 

27 

0 

244 

30 

18 

180 

750 

42 

25 

180 

950 

18 

10 

0 

372 

44 

9 

0 

614 

47 

23 

0 

004 

14 

<12 

180 

444 

39 

18 

0 

081 

23 

14 

270 

2, 10, 0 

17 

10 

180 

163 

24 

19 

0 

10, 2, 0 

23 

10 

0 

024 

15 

12 

0 

4, 10, 0 

13 

<10 

180 

453 

23 

24 

0 

10, 4, 0 

53 

15 

0 

100 

31 

11 

180 

11, l, 0 

40 

12 

0 

910 

20 

7 

180 

264 

40 

15 

0 

390 

25 

<10 

0 

941 

16 

14 

180 
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IV— Summary 

The crystal structure of pentaerythntol tetracetate has been determined 
The molecule has fourfold alternating symmetry, the valencies of the central 
carbon atom being inclined to each other at the tetrahedral angle The 
remaining valency angles are listed, with the interatomic distances, in 
Table II They show that the acetate group is planar, as anticipated by 
chemical theory and that the length of the C-=0 bond is 1 33 A 
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The electronic structure of some polyenes and 
aromatic molecules 

IV—The nature of the links of certain free radicals 

By C A Coulson 

University Chemical Laboratory and Trinity College, Cambridge 

(Communicated by J E Lennard-Jones, F R S — 

Received 24 November 1937) 

1 Introduction 

In the first two papers of this senes ( 19370 , 6 ), referred to as I, II, Len- 
nard-Jones has developed a method for investigating the lengths and 
energies of the links in some unsaturated molecules For this purpose he 
used the method of molecular orbitals In paper III ( 1937 ), Penney obtained 
similar results, using the electron-pair methods of resonance, developed 
by Pauhng and others It is the purpose of the present paper to extend the 
calculations to chain molecules and radicals in which the number of carbon 
atoms is odd, and m which, therefore, there is one electron which does not 
form a bond, in the usual picture of the chemist We shall use the method 
of molecular orbitals, and this work may be said to be a continuation of I 
and II The writer would like to thank Professor Lennard-Jones for sug¬ 
gesting this work, and for the opportunity of discussing it with him during 
the calculations 
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In general these free radicals with “tnvalent” carbon are not stable, 
and tend to form dimers, but there tu-e certain of them which do exist' 
either as stable substances or in dissociative equilibrium with their dimers 
Huckel (1935) has discussed these radicals, on the earlier form of the theory 
in which all the links were assumed equal and no allowance was made for 
their compression His work needs to be extended because there is no reason 
why the links should be all equal, and in fact, the bond diagrams of the 
chemist lead one to suspect otherwise, and to believe that there may be one 
of the carbon atoms (the one on which the unpaired electron is to be found) 
different from the others (for which all the electrons are paired) On the 
molecular orbital theory, m which each electron is supposed free to move 
throughout the whole molecule in an averaged potential field, it is not so 
easy to see at once in what way the presence of the odd electron will alter 
the arrangement of the links 80 the first question that we shall ask will be 
whether m chain molecules, such as C 2ft+1 H 2 , l+3 , there is one carbon atom 
occupying an essentially different situation from all the others We shall 
then compute the resonance energy 

The details of the calculations, the setting up of the secular determinant, 
the inclusion of the energy of compression of the C—C single links and the 
minimizing of the total mobile energy ‘W with respect to the lengths of the 
individual links are supposed known, they are described m detail in I The 
values for the constants a, d, kj and k d are taken to be the same as m I and II 


2— The chain molecules C an+ iH Jn+1 , 


(1) C 3 H s 

The simplest of these chain molecules is the radical C 8 H 5 , and it will be 
convenient to discuss it in some detail before working through the general 
case This molecule would naturally be described by either of the two bond 
diagrams of fig 1 


c=ch, H,o=c-i:H t 


Fid 1 


On the wave-mechanical picture, there will be resonance between the two 
patterns, and this will result, as calculation shows, in this case, in a per¬ 
fectly symmetrical structure in which the central atom is equally spaced 
from the two end radicals The calculation is as follows 
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Call the lengths of the two links x 1 and x t , so that the resonance integrals 
are fi x and fi 2 Then the seoular determinant is 

e fix 0 

fix e fi % = 0 , 

0 fi 2 e 

le e = 0 or = + (1) 

Three mobile electrons are to be put into this framework, and their elec¬ 
tronic energy & may be written 

*=2 {fil + fil? 

The corapressional energy "f is 

"T =k,(Xx -«)*+ *,(.»•* -s)*, 
and so the total orbital energy is 

F = 2{fil + fil}t + L l (x 1 -*y + U*i-*) i ( 2 ) 

The defining equations are ~ = ^ = 0 
Just as m I, these equations simplify, and the result is 
% -.-(.-d)/[ 1+ |{(,+!)*-, |] 

The solution of these equations shows that in equilibrium = x 2 - 1 36 6 A 
(All distances will be given in Angstrom units ) It is easily verified that this 
is mdeed a minimum for &, since, with these values, 

3 ^ _ dVF / 

dx\ dx\ > an dx\ dxl dxj 

We conclude therefore that the effect of resonance between the two struc¬ 
tures of fig 1 is to give a perfectly symmetrical structure, in which the 
unpaired electron must be considered as moving throughout the whole ot 
the molecule It is interesting to note how much charge may be thought 
of as residing on each nucleus If we call the three carbon nuclei 1 , 2 and 3 , 
m order, and write, for the molecular orbitals, 

V = a 1 fx + a s 1 I r 2+ a »i f 3> 


( 3 ) 

( 4 ) 



C. A. Coulson 


where \jr x is the wave-function of a 77 -electron on nucleus 1, then a rough 
description of the charge on each nucleus is obtained if we say that the 
contributions from the orbital ¥ are m the ratio of of of respectively For 
the lowest orbital a x o 2 o s = 1 2 1 so that the charge distribution due to 

the two electrons in this orbital is 0 5, 10 and 0 5 respectively For the 
upper orbital (singly occupied) a 1 a s o g = 1 0 —1, so that the charge 
distribution for this orbital is 0 5, 0, 0 5 Thus the total charge distribution 



for the three 7r-electrons, being the sum of the two effects above, is 1, 1, 1, 
indicating that the charge does not tend to accumulate on the central 
carbon atom nor on the outer two carbon atoms 
The energies of the occupied orbitals are 46 4 kcal and 0 The energy of 
compression is 21 7 kcal , so that the total mobile energy F is — 71 7 kcal 
Taking the energy of a simple double bond as 55 7 kcal , we find a resonanoe 
energy of 15 4 kcal 

It is easy to see why this radical will try to form a dimer For if two such 
radicals come together to form a chain molecule 

H 2 C=CH—CHj—CH t —CH=CH l , 
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there will be a gam of energy equal to that of a single C — C bond (72 6 kcal) 
and a loss, relative to the two isolated radioals, of twice the resonance energy 
of one radical (1 e 2x154 kcal ) There is thus a net gain of energy of about 
42 kcal 

Equation (2) enables 3* to be computed for any assigned values of x x 
and x t , and energy contours can be drawn, which show how the energy of 
the molecule depends upon x x and x a Such contours, at intervals of 5 kcal, 
are shown in fig 2 For values of x outside the range shown, it is not justi¬ 
fiable to replace the tr-bonds between the carbon atoms by a parabolic 
field k^x — s) 2 , but a full Morse-curve should be used The energy surface 
of fig 2 could be used to compute the vibrational frequencies, for which 
the normal co-ordinates are clearly x t ± x % 


(n) Cham molecules C 2 „ + iH 2n+ , 

The general radical of this type is 3 and can be treated similarly, 

if we suppose that the links alternate in length, as m tho ordinary con¬ 
jugated chains of even order, then there will be two structures between which 
resonance may be expected In each there will bo n single and n double bonds, 
and the unpaired electron will be on that carbon atom at the end of the 
chain which is terminated by a single bond The two structures will be 
similar except that, starting from one end, the first link is single in the one 
case and double in the other In this connexion, “single” and “double” 
refer to the customary bond representation the actual lengths of the lmks 
will certainly not be precisely those corresponding to a pure single or double 
bond Let us call the lengths alternately x x and x a w ith exchange integrals 
fi x and /? 2 , then the secular dotoiminant is 


e, fii, 0, 

fix, *, A. . 

Am 0, fit, «, fix. 


0 , 0 

0 , 0 

0 , 0 


(5) 


0, 0, 0, , , /?„ f, 

0 , 0, 0, , , 0, /?„ e 


In this determinant there are 2n + 1 rows and columns Now A is just the 
determinant 7?„ +1 discussed in the appendix to this paper, and its value is 
there obtained In fact. 


A = /ffT/02 esm n+1 0/sm0, 

where e a = + 2 fi x fi % cos 0 («) 
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The roots are given by 
e 0 = 0 

and e r = {fi+/?*+2/jt 1 /} !S voHm/(n+l)}i, t = 1 , 2 , 3 , n ( 7 ) 

The lovels corresponding to r = 1,2, 3 , n (with positive root for e r ) will 
each be completely filled, this accounts for In mobile electrons, and the 
2 n + 1th will partly fill the level t 0 Thus 


A = 2 £ {ft\ cos rirj(n +-1)}* 


But 

i = vk„{x l - s) 2 t vk„(x a -s) 2 , 


and 

F ~ A+* 

(«) 

7) F r>F 

The defining equations, g - = =0 now yield the relations 



i)j. 

<*>«) 



m 

where 

■S’, - |(a+A“\™,)/[/»(+«+W.008^!', 

(10a) 


” |(A+Aoo>,™,)/(fl+ffl+ 

( 106 ) 


These equations are satisfied by x t = z a , to show that this is an absolute 
ga^r ga^r 

minimum we need to show that g ^ T and are greater than 0, and that 
gajr / gajr \i ' * 

Ixf Srf > We >* ave «o® n that this condition is satisfied in the 

case of n = 1, and it can be shown to be true also for n = 2 and as n tends to 
lhfimty, in other cases it is easy to verify that it is satisfied, and we conclude 
therefore that radicals of type C 2n+1 H Sn+3 do not show alternating lengths 
ot links analogous to the ordinary conjugated systems 
We can therefore suppose that each link is of equivalent length (this 
statement needs to be modified when we allow for end-effects m the next 
section) In this case the secular determinant (5) simplifies When = p a = 0 , 
it becomes 

p 2n+i(fi) = (see appendix for the value of P n ) 
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where 
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8in(2w4-2)0/sin0 = 0, 

e = Iji eos 0 
p r = 2fj c oa rn I (2n + 2), 
r= 1,2,3, 2n +1 


( 11 ) 


The levels r — 2n+l, In, n+ 2 are doubly occupied and the level 
r = n + 1 is singly occupied (its energy c„ +x = 0) Thus 


S = 4/? ^ cos rvj{2n 4- 2) = 2/?[oot7i/(4ra + 4)- 1J 
Now i - Ink^x-s)* 

Therefore 'W = 2nk H (x - <?) 2 4- 2/?fcot tt/(47i 4- 4) — 1 ] 

The defining equation now gives 




1 + t 


(2n 4-1) tan ?r/(4n 4 - 4) — 1~| 
1 - tan7r/(4»4- 4) J 


(12) 

(13) 

(14) 


(15) 


This last equation enables the equilibrium distance to be calculated for anv 
value of n Equation (11) then gives the energies of the various orbitals 
It will be noted that as n tends to infinity. 


x->9-(a-d)j [n-^2 _ l)| ( lft ) 

This is m entire agreement with the corresponding results tor an even 
number of carbon atoms as m I (p 2*13, equation (5t>)) As n-»cc the energy 
per carbon atom tends to 


{2/0|cot?r/(4«4- 4) - 11 4 - ink H (x — #) 2 }, 


and in the limit this becomes 4/?/7 t 4- k a (x — s) 2 ,i o 31 Okcal This latter value 
will be the same for chains containing an even number of carbon atoms 
Numerical results for a number of different values of n are shown in Table I 
In this table, some of the results for the molecules discussed in I are included 
for comparison and then the value for the length given in the table is the 
mean length of the links Attention is also drawn to the fact that the reson¬ 
ance energy is measured from a “zero” of n double bonds both in the cases 
^2n^8n+2 an< ^ C an+1 H gn+3 
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Table I— The lengths of the links in chain molecules 
AND RADICALS C,.H i+2 



C,H, 

C,H, 

C,H, 

C.H, 

C,H, 

C,H W 

C,H n 

Ci.Hu 

C»H 0 

Length of end links 

1 16, 

— 

1 35, 

__ 

1 34, 

— 

1 34, 

— 

1 33, 

Length of other links 

— 


138, 

— 

138, 

— 

1 38, 

— 

1 37, 

Mean length 

1 36, 

1 36, 

1 37, 

1 37, 

137, 

1 37, 

1 37, 

1 37, 

1 37, 

Resonance (kcal) 

164 

60 

25 5 

10 8 

33 0 

17 1 

40 2 

22 3 


Mean length (all links 

1 36, 

1 35, 

137. 

136, 

1 37, 

1 37, 

1 37, 

1 37, 

1 37, 

assumed equal) 

Gam in energy by al 

00 

— 

0 76 

_ 

0 82 

— 

0 88 

— 

1 61 

lowing end links to 
differ from the rest 

Total energy content 

668 8 

897 6 

1084 6 

1282 

1481 

1687 

1877 

2081 

_ 

due to mobile elec 


(in) End-effects m the radicals C 2n+1 H 2n+3 
It has been shown in the preceding section that in the radicals C a , l+1 H 8n+3 
there is no reason to expect an alternating senes of lengths for the various 
links, and the calculations subsequently described were those m which it 
was assumed that all the links were of equal length This, however, is not 
entirely fair, for, as Penney shows in III, the links at the end may be appre¬ 
ciably shorter than those m the central part of the molecule Penney con¬ 
cluded that m molecules of type C 8n H an+t the end-effects persisted up to the 
fourth link from either end With molecules of type G' an+ iH 2 „ (s , where the 
initial tendency to alternate sizes does not exist, we may reasonably expect 
the end-effects to be rather less important An approximate result could be 
obtained by assuming that all the links were of equal length x % except the 
two end ones, of length x x With this assumption, the secular determinant 
becomes 


6, 

fix, 

o, . 


, 

0 

fix, 

e, 

A. , 



0 

0, 

A. 

«. A. 

- ’ ’ 

• 

0 

o, 

o, 

0, 

, fit, e, 

fit, 

0 

o, 

o, 

o. 

, o. fit, 

e, 

fix 

o, 

o, 

o, 

, 0 , 0 , 

fit. 

e 


This determinant may be expanded in powers of It gives 

A=e*P !n _ 1 - 2 c/?fP 4B .,+/fJP jB _3 
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If we use the recurrence relations for the P„, as given in the appendix, this 
reduces to 

A = P 3n+1 -2(^-^)P 2 , l _ 1 + (^-^l)*P 2 „_ 3 (18) 

The roots may be found as a senes ot approximations, just as in the case of 
I (equations (34), (35)), we find that 


_1 

n+1 


2 nr 
2 « + 2 


n-l l ft 

2(n+\)Aft 


4 rn 
2n + 2 


(19) 


Smce (ft/ft- 1) is small, an expansion in power senes converges fairly 
rapidly With this value of 0 T , we have 


e r = 2/? a cos 0 r (r — 1,2 


_ %00 . ™ + A. (A. 

™ 2n + 2 n+l\ft 


2n+l) 

■If. 


3 m \ 
>S 2n + 2/ 


( 20 ) 


We have neglected pow ers of (ft/ft - 1) above the first in this approximation 
There are In + 1 mobile electrons to fit into these levels The levels r = 1,2 n 
are doubly filled, and the level r = n+l (foi which 6 = 0 rigorously) is 
singly occupied Hence 


<f(x v x 2 ) 

nr 2ft (ft \ */ m 3 rn \ 

^ a T 2 n + 2 n+\\ft i f TV 2 n + 2 271 + 2/’ 

(21) 


r(x v x t ) = 2A,(a: 1 -s) a + (27i-2)A,(a: 2 -a) 2 , 

(22) 


^(^.Xjj) = fi(x 1 ,x l )+i / (x v x 2 ) 

(23) 

Now 

^ cos rn/(2n + 2) = £{eot n/(4n + 4) — 1} 

l 


and 

2 cos 3ml(2n + 2) = £{ - cot 3ir/(4» + 4) - 1}, 


so that 

(?(x v x 2 ) = 

s2A [ 0Ot Sr+4' 1 ] + i'+l(i -1 )( COt 4»1.4 + “‘il+'i) 

(24) 

The definmg equations /dx 1 = dJF/dx 2 = 0 now yield the results 




(25a) 




(256) 
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where 


,S\ = 


1 Pxl * » 

2n + 2 /? s \ 4 m + 4 + 


3 # \ 

*a+i)’ 


(28) 


” +rot 3 ” H (27) 
4n-4|_ 4» + 4 »+l\ /?£/\ 4w + 4 4«+4/J 7 


These formulae may be applied for various values of n It is interesting to 
note that as n tends to infinity, S t > 2/n and 1 377, which is the value 
found for an infinite chain in which all the links are assumed equal In the 
case of an infinite chain, »V, -> and the equation (25a) must be 

solved by iteration It becomes 




■♦feW-*)] 


(28) 


The result is that the end links are of length 1 337 A Since it can make no 
appreciable difference in a very long chain whether the number of carbon 
atoms is odd or even, this calculation must hold for all long chains It is 
probable that the estimate would need slight revision if we were to allow 
for the variation ofthe next links to the end onesaswell, but the calculations 
would be excessively laborious by this method It should be noted that 
Penney (III, p 321) estimates the length of the end hnks m long chains to 
be 1 35 A, so that the agreement is very satisfactory It may be worth 
noting that the total gain m energy due to this variation of the end hnks 
is 1 7 kcal over the value obtained with all the hnks equal For shorter 
molecules of this same type, as we shall see below, the gain is rather less 
(about 0 8 kcal ) 


(iv) Some special cases C 8 H„ C 7 H, and 0 9 H n 
These methods have been applied numerically to study the radicals 
(J 6 H 7 , C 7 H 9 and C 9 H U The end hnks in each case have been assumed to have 
a length x l different from those of the other links x 2 , all of which are supposod 
equal In these calculations it was possiblo to minimize directly with respect 
to x x and x 2 without using the approximate formulae shown m equation (20) 
The results, which are shown m Table 1, are therefore independent of the 
validity of this equation (which only holds when (1 —/??//?j) 2 may be neg¬ 
lected) The values for the mobile energy shown m the table may be com¬ 
pared with the corresponding values when all the links are supposed equal, 
a difference of about 1 kcal is obtained between the two energies The 
equilibrium values both of x x and x t get steadily less as the chain increases 
m length, tending to their asymptotic values 1 337 and 1 377 respectively. 
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but the mean length of the links is remarkably constant The end link always 
appears to be about 0 04 A shorter than the other links, a value very com¬ 
parable with that obtained by Penney (III, p 321) 


3—Summary 

General formulae are given for the lengths of the links of free radicals 
and molecules of chain-form C 2(l+1 H 2n+J It is shown that in these chains the 
effect of resonance is to remove some of tho characteristic properties of 
alternate single and double bonds Calculations have been made of the 
energies of these radicals in certain particular cases, and the effect of 
resonance has been estimated 


APPENDIX 


ThK VALITFS OF CERTAIN DFTI-RMINANTS 


Some of the determinants evaluated m this appendix have already been 
calculated by Lennard Jones in I and II, and by Huckel and others But 
for convenience their values are included with the new ones, the method 
used by Lennard-Jones is only applicable to cases where there is an even 
number of rows and columns, the present method applies quite generally 
Let P n (d) be the determinant 


e, d, 0, 0, 
d, e, d, 0, 
0, d, 6, d, 


0 

0 

0 


0, 0, 0, 0, , d, t, d 

0, 0, 0, 0, , 0, d, c 


(29) 


There are n rows and columns, and the only non-vanishing elements are 
the leading diagonal elements and those immediately bordering this diagonal 
Expanding m terms of the top row, we find the recurrence relation 

P n = eP n _i-d*P n -2 (30) 

The initial values are P x = e and P t = e s -d i (31) 

If we write & = 1 + P x x + P 2 a; 2 + , (32) 


then the recurrence relation (30), together with the initial values (31), 
shows that 


<? = l/(l-ex+d 2 x s ) 


( 33 ) 
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If, now, we write e = 2d oos 0, and put^® into partial fractions, then we may 
equate coefficients of x n in iP and find 

P n = d n sin (n + 1 ) 0/sin 0 (34) 

Thus the roots of P n = 0 are all real and are 

e r = 2d cos nr/(n+1), where r= 1,2, n (35) 


Now let 

€ 

d 

0 , 

0 , 


, 

, 

0 


d, 

6 , 

8, 

0 , , 


, 


0 


0 , 


e. 

d 




0 

Q n (d,a) = 

0 , 

0 , 

d, 

€, 



’ 

0 


0 , 

0 . 

0 , 

o. 

, d. 

6 , 

a, 

0 


o, 

o, 

0 , 

o, 

, o, 


€, 

d 


o, 

0 , 

o, 

o, , 

, 0 , 

0 , 

d, 

e 

and 

! e> 

#, 

0 , 

o 

, 


, 

0 I 


8, 

6, 

d, 

0 , 

, 

, 


0 


o. 

d, 

e. 

a, 

, 



0 

R n (d,s) - 

0 , 

o, 

s, 

6 , d, 



* 

0 


0 , 

o, 

o, 

0 , 

, d, 


8, 

0 


0 , 

0 , 

0 , 

«», 

, o, 

8, 

e, 

d 


0 , 

o, 

o, 

o, 

, 0 , 

o, 

d, 

e 


so that Q n has 2 n rows and columns and R n has 2n — 1 Expanding in terms 


of the top rows, we find m the two cases 

Q n = eR n -d 2 Q n _ lt 

R n = e Qn- i-s 2 K-i (37) 

Elimination of R n , or of Q n , provides the new equations 

(** + d»-t # ) Q n _ 1 + *WQ n _ t = 0 , (38) 

R n + (a 3 + d 3 - e 3 ) /?„_! + «WR n _ 2 = 0 (39) 

are Q 0 = 1, Q 1 = e 3 -d 3 , (40) 

R 0 = 0 , R 1 = e, R i ^e 3 -e(a 3 +d 3 ) (41) 


The initial values 
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£ = Q 0 +Q l x + Q a x*+ , 
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then it is soon shown that 


(42) 


J = (1+«•<)/{!+ («* + d*-f«)T + «W} (43) 

Putting e* = a* + d? + lad, cos <f> (44) 

and throwing J into partial fractions, the result previously obtained by 
Lennard-Jones is reproduced 

Q n = sin (» + 1) 0 + a sin n^}/sin <j> (45) 

In an exactly similar way, we find that 

R n = a n - 1 d n - 1 e$mn<f>la\n$ (46) 

A check on this working is obtained since, when a = d, 
e* = d*(2 + 2 cos <f>) = 4d* cos* (<f>/2), 

and so, comparing with the relation e = 2d cos 0, we see that <j> - 20 In 
such a case Q n does reduce to P in , and R n does reduce to P 2n -i 
For the sake of completeness it is worth including in this section two 
determinants which, though not used in the calculations of the present 
paper, would be required in any discussion of the cyclic molecules and 
radicals ! 


e, 

d, 

0, 

o, 

, , 0, a 

d, 

c 

a, 

0, 

, , 0, 0 

o, 

a, 

e, 

d, 

, , 0, 0 

0 

o, 

0, 

(), 

, a, e, d 

a, 

0, 

o, 

0, 

,0, d, e 


L n contains 2 n rows and columns Expanding in terms of the top row, 


L n (d, a) = eR n (d, a) - d 2 Q n ^(d, a) - a^Q^a, d) - 2d"a” (48) 


If we put in the previously determined values of R and Q, this reduces to 


L n (d, a) = — 4 d"a n sm* n<pj k 2, 
where cos <j> = (e* — s* — d*)/2sd 


(49) 

(50) 
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Lastly, let 


h 

d. 

0, 0, 

0 , 

d 




d. 

e. 

d, 0, 

0 , 

° 



M n (d) = 

0 , 

d, 

e, d. 

0, 

0 

(51) 



0, 

0 , 

0, 0, , d, 

e, 

d 




d, 

0, 

0, 0, , 0, 

d, 

e 



There are n rows and < oilmans m M n M in is a particular case of L n in which 
s = d But in the case of M in ,, we require special treatment Expanding 
in terms of the top row, we obtain 

M n = eP„ x - 2d 2 P n _ 2 + (- 1 Y'-'d* 

Inserting the values of P n _ l and P n 4 , we find the result 


M 2n — — 4<Z 2n sin 2 nO, 

(52) 

Jf, n+1 = dd^^eoa*-" 

(53) 


in which, as usual, e — 2dcos0 

The value of M 2n agiees with that obtained from L n when s = d It may be 
added that the expansions ol these determinants show at once that all their 
roots are real, in the cases of Q , R, L and M it also shows that most of their 
roots are double 
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The electronic structure of some polyenes and 
aromatic molecules 

V—A comparison of molecular orbital and valence 
bond methods 

By G W Whfland* 

(Communicated by J E Lennard-Jones, F R 8 — 

Received 24 Noi ember 1937) 

In the preceding papers of this senes (Lennaid Jones, Turkevich and 
Penney 1937 ) it has been found that the raolec ular orbital and valence-bond 
methods lead to values for the lengths of links in polyenes and other mole 
cules in satisfactory agreement with eac h other, in fact it may be said that 
in most of the applications of these methods to problems of molecular 
structure the two methods are found to agree, in a roughly qualitative waj, 
with each other and with experiment (Wheland 1934 ) Since the approxi¬ 
mations involved in the two cases are of quit© different natures, this fact 
suggests that both treatments are actually rather more reliable than might 
have been anticipated in view of the mathematical approximations necessary 
in both methods It is, accordingly of interest to examine in some detail 
the examples in which definite discrepancies do occur, in order that the 
factors responsible may be determined In the present paper this will be 
done for cyclobutadiene, (J 4 H 4 For purposes of comparison, a brief dis¬ 
cussion of bemene will be gi\ en as well, 111 order that the differences between 
the two molecules may be brought out more clearly 

In both the valence-bond and the molecular orbital treatments wo shall 
introduce the usual simplification (Huckel 1931 ) of neglecting all the 
orbitals that are symmetrical with respect to reflexion m the plane of the 
molecule These either belong to the K shells and so are not concerned in the 
bmding or else merely contribute a constant additive term to the total 
energy (in neither case does their neglect seriously affect the following 
discussion) The problem of (J 4 H 4 reduces, accordingly, to one of four elec¬ 
trons, which are to be assigned to orbitals that are antisymmetric to such 
a reflexion In the valence-bond treatment, one electron is assigned, with 
suitable spin, to each of the four atomic p z orbitals (the molecule being 
assumed to lie m the xy plane), and these are then allowed to interact with 

* Foreign Fellow of the John hunon Guggenheim Memorial Foundation, 1936-7, 
temporarily at the University Chemical Laboratory, Cambridge 
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each other in different ways The binding is, accordingly, considered to be 
purely covalent The subsequent calculation leads to the result that the 
ground state of the molecule is a singlet with energy Q + 2a, whereas the 
lowest tnplet state has the energy Q Q is here the coulomb integral 
(abed, | H | abed), and a is the single exchange integral between two adjaoent 
p, orbitals, 

(abed | U | baed) = (abed \ H \ acbd) = (abed \ H \ abdc) = (abed \ H \ dbca), 
while a, b, c and d represent the p z orbitals taken in order round the ring * 
This result is based upon the assumption that all exchange integrals of the 
energy except a and all exchange integrals of umty can be neglected If 
the molecule possessed one of the Kekule-like structures 


M 

W Mi 


its energy to the same approximation would be Q + a The difference between 
these two quantities is termed the resonance energy and is equal simply to a 
In order to obtain agreement with tho observed resonance energies of a 
number of other hydrocarbons, it has been found necessary to set a equal to 
about - 1 5 e volts (Pauling and Wheland 1933 ) 

In the molecular orbital treatment, the procedure is to assign the four 
electrons to various molecular orbitals, which are not confined to individual 
atoms but are allowed to extend over the entire molecule It is convenient 
to assume that these can be approximated to by linear combinations of the 
atomic p z functions, o, b, c and d, so that 

ijr i = l lu a + k lb b + k tc e + k M d, 

with numerical coefficients k ia , etc When the variational method is applied, 
the orbitals and their corresponding energies are found to bef 
+ b + c+d) itq = g + 2fi, 
ijf 2 = \(a + b — c—d)w i = g, 

= \(a-b-c+d)ro i = g, 
i/r t = \(a — b + c—d)w < = g — 2/3 


* These equalities are dependent upon the assumption of a square molecule 
t In these and in all the following expressions of the same type, the numerical 
coefficients multiplying the wave functions are of such magnitude as to normalize 
them, provided that the various atomic orbitals are themselves normalized and 
mutually orthogonal The first condition is satisfied m general, but the second is not, 
so that the resulting functions are not actually normalized It is useful, however, 
to retaui the coefficients 
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(Since and i/f 3 are degenerate, any two independent linear combinations 
of them could be used as well) The coulomb integral, g, is equal here to 

(a | H' | a) = (6 | W \ b) = (c | W | c) = (d \ H‘ \ d), 
while the resonance integral /? is equal to 

(o | H‘ | b) = (b | H' | c) = (c | H' | d) = (d | H' | a) 

H' is a one-electron Hamiltonian operator which refers to the sell consistent 
field In deriving the above equations for the yTs and the mj’s, the approxi¬ 
mation has been made of neglecting all resonance integrals except fi, and 
of treating a, 6 , c and d as mutually orthogonal Two electrons are now 
assigned, with opposite spins, to the most stable orbital, and the 
remaining two are assigned to and i/r z This can be done in four different 
ways so as to produce one triplet and three singlet states To the present 
approximation, all of these have the same energy, 4 g + 4/?, equal to the sum 
of the energies of the occupied orbitals (those orbitals being counted twice 
that are occupied twice) If the molecule possessed one of the Kekuhi-like 
structures, the occupied orbitals would have to be taken as 



^s=j 2 (a + b), 

W 5 = 9+fi 

and 

fit «■ J 2 (c + d), 

w e = g + (1, 

or else as 

fa = J 2 («+d), 


and 


W B — 9 +ft 


In either case, the energy would again be just 4 g + 4/?, so that the calcu¬ 
lated resonance energy is zero, in serious disagreement with tho result 
obtained by the valence bond method One might have expected to find 
here a resonance energy of about 1 S/S, since the results of similar calculations 
by the two methods for other molecules are generally in entirely satisfactory 

agreement if fi is set equal to about ^aor about - 0 85 e volt (W heland 1934 ) 

At first sight, the molecular orbital treatment seems to be the better of 
the two in this case, since cyclobutadiene, unlike the similarly constituted 
benzene, is apparently too unstable to exiBt This fact can be correlated 
with the calculated lack of resonance energy The argument js not con¬ 
clusive, however, because the strain m the four-membered ring must be 
enormous A detailed analysis of the problem by Penney ( 1934 ) has, 111 
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fact, shown that this effect alone is probably sufficient to account for the 
facts 

A more successful line of attack ib suggested by the fact that the present 
sort of disagreement is encountered only in the cases in which the molecular 
orbital treatment finds the ground state degenerate For cyclobutadiene, 
it will be remembered, there were three different singlet states with energy 
4# + 4/} It is natural to suppose that these may interact strongly with each 
other, so that at least one is greatly stabilized The molecular orbital treat¬ 
ment does not provide a method for estimating the magnitude of the inter¬ 
action energy, but the following considerations prove illuminating The 
molecular eigenfunction for the one of the three singlet levels arising from 
the configuration \ can be expressed, after being made antisymmetric, 
in the form of a determinant 

<D 1 = J_ vM') &<i> vM>) iM‘> 

(4,) * ^(2) iM2) M *M2) 

M vMB W) vM3) 

fiW vW 

i 

~ 10(4')‘ 

(a + b + c + d)(l) (a + T> + c + d)( 1 ) (a + h-r-d) (1) (« + 6-c-rf)(l) 

(a + b + c + d)(2) {a + b + c + d)(2) (a + b-c — d)( 2) (n+b—c—d) (2) 

(tt + /H-c-l-d)(3) (a + b fc + d)(3) (a + b-c-d)( 3) (« + 5-c-3)(3) 

I (a + b + a d)(4) (a-t b+c + d) (4) (a + b-c-d) (4) (a + 6-c-d)(4) 
The orbitals over w hich bars are draw n, as 1), are associated w ith negative, 

and the others with positive spin, so that ^ t (l) represents ^i(l)/?(l), ^(1) 
represents ^( 1 ) 01 ( 1 ), and so on By adding and subtracting columns, we 
do not alter the value of tho determinant, but we can easily change its form to 

ft 1 (« + *>)(!) (S + 5)(l) (r + d)(l) (c + d)(l) 

4 ( 4 ')‘ (a + b) (2) (a + b)('2 ) (c + d)(2) (c + d)( 2) 

(a 4 - b) (3) (a + b) (3) (c + d){ 3) (c + S)(3) 

(a+ 6) (4) (a+ 5) (4) (c + d)(4) (c + d)( 4) 


( 4 ')* 


W) W) ^.(1) Wl) 
f»(2) W) ^,(2) fc(2) 
*.(3) &) ^.(3) tf~(3) 
iM 4) WM) W,(*) 
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<D X , therefore, represents simply the Kekul 6 -hke structure m which the double 
bonds he between the atoms a and b and between c and d In the same way, 
the function, 4> g , arising from the configuration, i]r\, \jr\, is seen to represent 
the seoond KekuW-like structure, since it can be equally well derived from 
the configuration, i]r*, \Jf% The interaction between 4> x and <t > 2 is, therefore, 
just the resonance between the two Kekul 6 -like structures The reason for 
the apparent lack of resonance energy is now dear, the molecular orbital 
treatment simply neglects it The valence-bond treatment, which deals 
with it explicitly, takes the calculation to a higher degree of approximation 
and presumably provides the more trustworthy result 

The same considerations also show the reason why Lennard-Jones and 
Turkevieh ( 1937 ) found that the bond distances 111 cyclobutadicne should be 
equal alternately to those characteristic of pure single and pure double 
bonds Any treatment, 111 tact, wlmh neglects tho resonance between the 
two Kekul^-hke structures would necessarily lead to that answer In this 
connexion, it may bo mentioned that, whon the analogous < aleulation is 
carried through by the valence bond method, all carbon-carbon distances 
are found to be equal to each other and very nearly equal to that in benzene 
It should not be necessary to give the details of the < aleulation heie, since 
the procedure is obvious and completely straightforward 

One further discrepancy in regard to the energy levels of cyclobutadiene 
remains to be considered, and for this no c ompletely satisfactory solution 
seems to be possible To a first approximation, as we have seen, the mole¬ 
cular orbital method finds the ground state of the molecule to be fourfold 
degenerate and to consist ot one triplet and three singlet levels When the 
next approximation is made ot considering the interactions between these 
levels, the degeneracy is removed, as we have also seen, with the result that 
some are made more, and some are made less stable The difficulty lies m the 
fact that when this splitting of the levels is taken into account, the triplet 
is found to he lowest The reason for this is the same as in the molecular 
orbital treatment ot oxygen, the orbitals involved are orthogonal to each 
other, so that their exchange integral is positive In fact, when antisymmetric 
singlet and triplet functions, 4> a and <b 4 , respectively, are set up corre¬ 
sponding to the configuration \js\ i/r 2 rfr 3 , the following relationships are found 
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(For reasons of symmetry, the functions, and <l> a , are not themselves 
suitable but must be replaced by the combinations (tfq ± G> a )/V2 This has 
the effect of mtroducing automatically the formerly neglected resonance 
between the two Kekul6-like structures ) In these equations, 

= (<S>t + 4*, | H | dq + (P a )/(4) 1 + 4>,|<D, + <D S ), 

and so on, where H is now the correct Hamiltonian operator and not merely 
the one referring to the self-consistent field The functions <j> and y are 
defined as 

<f> — N(a—c), 

X = N(b—d), 

where N = .. . is a normalization constant It will be seen that the 

\2 - 2 (a/c) 

integrals, etc, are all positive, so that the triplet energy, 

W 4 ,, is indeed the lowest, as stated above (It is necessary also to know 
something of the relativo magnitudes of the integrals, since some occur with 
negative coefficients The order 

(# | r | a | #) > | <t>x) > [w> | ~ | a-a:) 

seems reasonable In any case, there is no doubt that the first is the largest 
of the three—which is sufficient to insure that the triplet state lies lowest) 
The abovo equations are exact, since m their derivation no integrals have 
been neglected and the orbitals, a, b, c and d, have not been assumed 
orthogonal 

This result is directly opposed to that of the valence-bond treatment, 
which finds the ground state to be a singlet, with the lowest triplet lying 
higher by — 2a or about 3 o volts Since the molecule is not known, the 
empirical test cannot be applied to decide which answer is correct All that 
can be done, therefore, is to examine the various wave-functions and deter¬ 
mine the relation between them 

Of the three singlet states, (<Pj -t-O a )/ A /2 is without question the highest, 
as is seen from the above equations This corresponds, m a manner to be 
described below, to the less stable of the two singlets found by the valence- 
bond treatment It is not certain which of the two remaining singlet states, 
(tfq - 0 2 )/,/2 and <X> 3 , lies lower The first of these corresponds to the state 
which the valence-bond method makes the ground state, while the second 
corresponds to a state which the valence-bond method does not take into 
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account at all The function, <1> 4 , corresponds to the lowest triplet state found 
by the valence-bond method 

Before discussing the nature, of this correspondence, it will be well to 
digress for a moment and to consider the relation between the molecular 
orbital and the valence-bond treatments of hydrogen, H a If the atomio Is 
orbitals about the two nuclei are designated as r and a, respectively, the 
approximate molecular orbital involved in the normal molecule is (r + 8)/J2 
(There need be only one molecular orbital, sinoe there are only two elec¬ 
trons ) The complete wave-function is, accordingly, 

I (r+s)(l) (r + s)(l) I 
2 V 2 I (r+s) (2) (r + a)(2) | 

On expanding the determinant, we find 

< * > = 2 ^ 2 W 1) »- (2) +s ( l ) s ( 2 ) + r (1) s (2) +s( 1) r(2 ) }{a (I) / ff ( 2 ) -/? (1) a ( 2 ) } 

This function can be interpreted in terms of the valence-bond method as 
representing resonance among the structures 

r~a+, r + a~ and r—a 

The (normalized*) functions corresponding to these structures occur with 
coefficients of £, £ and 1/^/2 respectively 

In exactly the same way, the functions, (<J) l -l-<I) a )/^/2, (d> x — <I> a )/ % /2, <t> 3 
and <I> 4 , can be expanded in terms of covalent and ionic structures The 
calculations are somewhat tedious, but the results are those given in 
figs 1-4 It is found that the purely covalent parts of the functions, 
(<!>! 4- G>j)/^2, (Oj — <b s )/^/2 and <b 4 , are identical with the functions given by 
the valence-bond method for the upper and the lower singlet states and 
the lowest triplet state, respectively, whereas d> 3 contains no purely co¬ 
valent part The difference between the results obtained by the two methods 
must, therefore, be due to the effect of the partly or wholly ionic structures 
which occur m the molecular orbital but not in the valence-bond treatment 
It is not difficult to see why, if the ionic structures really are as important 
as the molecular orbital method makes them, the singlet state (<!>! - 4> 2 )A/ 2 
of cyclobutadiene should be comparatively unstable The totally ionic 
structures of the type 

* Cf footnote, p 398 
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L + 0 



Fig 1 The numbers in front of the structures give the magnitudes of the coefficients 
of the corresponding functions when these are normalized m the sense of the footnote 
on p 398 The signs of the functions are determined by the following convention 
Each function can be expressed as a sum of terms of the form ± ifclP(l) X(2) T(3)Z(4), 
where k is a positive constant, W is an arbitrary one of the orbital functions, o, b, C 
or d, multiplied by one of the spin functions, « or /?, and similarly for X, Y and Z 
There will be one such term in whioh the orbitals appear alphabetically, and tho spin 
functions come in the order aflafl This term is taken with the positive sign, and then 
the signs of all the others are determined by the exclusion prmoiple 





Fig 2 See legend to fig 1 
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Fig 3 See legend 


□' 

□. 

S' 


to fig 1 







Fig 4_See legend to fig 1 In each structure, two orbitals are neither involved in 

bond formation nor provided with a + or - sign, these orbitals are the ones which 
are coupled with parallel spin 
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occur with comparatively large coefficients, while the muoh more reasonable 
structures of the type 

are excluded on grounds of symmetry That this is not a general occurrence 
is shown by the example of benzene, for which a similar expansion leads to 
the result shown m fig 5 In this case, the structures 




ig) (12) <|) 

(121 (6) (S 02) 



(6l (6) (6) (6) 



Fia 6—Soe legend to fig 1 This eigenfunction is formed by assigning two electrons 
with opposite spins to each of the three molecular orbitals, (a + 6 + c + d + e+/), 

i * 

2T3 (2a + 6-c-2d-e+/), and J(6+c—e—/) The atomio p, orbitals are designated 
here as a, b, c, d, e,/, m order round the nng The numbers in parentheses below the 


structures give the numbers of equivalent structures of the type indicated, which 
enter with identical coefficients 
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and bo on, do indeed oocur, but their coefficients are much smaller than those 
of the covalent structures and than that of 

Moreover, the occurrence of resonance between 



for example, must contribute considerably to the stability of the molecule, 
since this can be thought of as resulting in the formation of a three-electron 
bond between the carbon atoms at the extreme right of the figures The 
situation is somewhat analogous to that obtaining in the He£ molecule-ion, 
which can be considered to resonate similarly between the structures 
He He+ and He + He (Pauling 1931 ) In the same sense, resonance between 



ib equivalent to a one-electron bond, analogous to that in the H£ moleoule 
ion The importance of these observations lies m the fact that with cyclo- 
butadiene such one- and three-electron bonds can be formed (as with ben¬ 
zene) in the triplet state, 0 4 , but not m the singlet state, 
because the necessary structures occur in the former, but not m the latter 
case This can be expressed m other words The molecular orbital treatment 
makes the singlet state of cyclobutadiene less stable than the triplet state, 
and relatively less stable than the ground state of benzene, because the 
resonance interactions among the ionic structures are less effective m the 
first case than m the last two 

It is difficult to draw particular conclusions from these general consider¬ 
ations without actual calculation If the various lomo structures really are 
as important as the molecular orbital treatment makes them, then the 
ground state of cyclobutadiene must certainly be a triplet, if, on the other 
hand, they are as unimportant as the valence-bond treatment assumes, then 
the ground state must be a singlet Wembaum’s calculations (S Weinbaum 
1933 ) for H a tend to support the latter view, since he found that the coeffi¬ 
cients of the lomc terms were actually much smaller than those of the 
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covalent, and that, accordingly the moleoular energy given by the purely 
covalent valenoe-bond function was better by several tenths of an electron- 
volt than that given by the molecular orbital function (L Pauling and 
E B Wilson 1935 ) There is no assurance, however, that this same situation 
would be encountered in more comp heated systems, such as those con¬ 
sidered here, and, consequently, we can oome to no definite conclusion It 
seems necessary, therefore, to leave open for the present the question as to 
the relative stabilities of the various spectroscopic states of cyclobutadiene, 
and also the parallel question as to the relative reliabilities of the valence- 
bond and molecular orbital methods 

The author is indebted to Professor Lennard-Jones for much advice and 
criticism in the preparation of this paper 

Summary 

The valence-bond and the molecular orbital treatments of cyclobuta- 
diene disagree m two respects The first treatment predicts that the 
resonance energy should be about — 1 5 e-volts and that the ground state 
should be a singlet, the second, on the other hand, predicts that the 
resonance energy should be zero and that the ground state should be a 
triplet The first of these discrepancies is found to be a result of the fact 
that the molecular orbital treatment neglects the resonance between the 
two Kekul 6 -like structures The second discrepancy is found to be due to the 
effect of lomc structures, which are not taken into account in the valence- 
bond treatment, but which are made important m the molecular orbital 
treatment The resonance among these ionic structures is of such a nature 
as to stabilize the triplet considerably more than the singlet state A similar 
discussion of benzene shows that the ionic structures contribute to the 
stability of the singlet ground state in essentially the same way as to the 
lowest triplet state of cyclobutadiene 
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Introduction 

Observation and theory agree that the intemuclear separation of two 
carbon atoms linked together in a molecule may be anythmg between 
1 54 A, a distance characteristic of the single bond, and 1 20 A, the triple 
bond distance Deviations from the single, double and triple bond distances 
are especially to be expected when neighbouring carbon-carbon links m the 
molecule are of different order An approximate method of calculating lengths 
of linkages in such molecules was given by Pauling, Brockway and Beach 
(1935). who also applied their theory to links involving atoms other than 
carbon Lennard-Jones (1937a), Lennard-Jones and Turkevitch (19376), 
and Penney (1937), m papers I, II and III of the present series, have gone 
into the particular matter of carbon bonds more thoroughly, and have 
considered in detail the molecules of benzene, butadiene, hexatnene, 
biphenyl and napthalene, and the crystal graphite Unfortunately, ex¬ 
tensive comparison with experiment was not possible because of the laol# 
of measurements, but in those cases where it could be made, namely 
benzene and graphite, the agreement was excellent 

Very recently, Robertson and Woodward (1937) have made careful 
X-ray analyses of crystals of stilbene and tolane, and have succeeded m 
determining with great accuracy the dimensions of the stilbene and tolane 
molecules * Their results are very interesting from a theoretical point of 
view because they offer the first possibility of a stringent test for the theory 

* We wish to express our thanks to Dr Robertson and Miss Woodward for in 
forming us of their results before publication 
[ 409 ] 
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As we shall explain, the dimensions of the stilbene and tolane molecules 
may be easily predicted when accurate calculations have once been made 
on the phenylethylene molecule, m which the essential feature is a single 
bond separating a double bond and an aromatic ring Robertson and 
Woodward find that the length of the “single” bond in stilbene is 1 44 A, 
and is therefore very much shorter than the usual single bond Even shorter 
is the “single” bond in tolane, the length being 1 41A The theory which we 
develop gives by two different methods of approximation the values 1 44 A 
in stilbene, and 1 41 A in tolane In addition, we find that distances within 
the ring are with high approximation the same as those m benzene, and that 
the O^C and C^C links are practically the same as the corresponding 
links in ethylene and acetylene respectively These conclusions are also 
borne out by experiment 

When constructing a theory to represent the structure of a system such 
as C~=C—C e H 6 , one first assumes that most of the bonds are localized, and 
that the effect of these is the same as that of similar bonds in molecules where 
they alone are present There remain eight valencies, one on each carbon 
atom The net effect of these is to form a “hyper-bond”, whose bonding 
strength is characteristic of the system, and is different from that of any 
classical bond structure The chief mathematical problem is thus to calculate 
the most stable state of an eight-electron system, the electrons being located 
in eight similar atomic orbitals of the carbon atoms Two methods of 
approximation are available, that of electron pairs and that of molecular 
orbitals Section I of the present paper is based on the first method, and 
employs the results previously obtamed in paper III , section II is based on 
the second method, and follows closely the calculations of papers I and II 


I Tub approximation of electron pairs 

The energy W of the most stable state of a 2n-electron system, according 
to the pair method, may be obtained by solving a determmantal equation 
of degree 2n l /n , (n + l)l, in which each element ib a linear combination of 
terms m W and the exohange integrals between the electrons, taken m 
pans The full equation, however, may often be simplified when the system 
under consideration has any symmetry Thus, the eight-electron system 
with which we shall deal is symmetrical about the central plane In this 
case, instead of beginning with an equation of order 14, one of order 10 may 
be substituted The ten types of canonical structure used for setting up the 
equation are shown in fig 1 Some of the structures, it will be seen, are 
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labelled by two numbers, the numbers refer to the structure shown and its 
mirror image in the central plane 

Because of the symmetry of the system about the central plane, there are 
only five independent exchange integrals Let 1 P 0 be the accurate wave- 
function for the most stable state in terms of the wave-functions of the 
canonical structures % 

W a = E x a { ir { , (1) 

in which the coefficients a { are all functions of the five different exchange 
integrals The secular equation resulting from the elimination of the a { , of 
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Flo 1—The fourteen canonical structures for phenylethylene 

order 10, is too difficult to solve without introducing approximations As 
a first attempt we assume that all five exchange integrals are equal, and 
equal to J The equation is still of order 10, but now depends on only one 
parameter instead of five By an approximation of a different type, described 
m the following paragraphs, this equation can be replaced, without appre¬ 
ciable loss of accuracy, by an equation of order 6 which can be solved as 
olosely as desired We then have the energy W as a numerical multiple 
of J , and can now obtain an approximate expression W for the complete 
wave-function of (1) 

As a better approximation, we take for the exchange integrals (J +a), 
(J + b), (J + c), (J+d) and (J + e), where a, b, c, d and e are Bmall compared 
with J and refer to the link A, the link B, the links G, and so on 
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The energy of the most stable state, accurately to the first order in 
a, b, c, d and e, is then calculated by first order perturbation theory 

W = j jWlftfoJ yjjWdvj (2) 

The orders of the linkages as defined in paper III then follow at once, and 
thence x a , x b , x e , the lengths of the linkages A, B, E 

The approximations by which the full equation of order 10 m the single 
parameter J is reduced to a sixth order equation in J is as follows We 
assume that in the complete wave-function W a , as defined by ( 1 ), the doubly 
excited structures IX, XIII all have the same ^-coefficient, and that 
the tnply excited structure XIV can be neglected altogether There are 
now only six independent parameters in ( 1 ) and their elimination leads to 
the sixth order secular equation already mentioned 



Flo 2—The lengths of the links A, B, E are denoted in the text by x a , x t , x. 

Approximations similar in nature to those just described, but more 
drastic in degree, have often been made by Pauling and his collaborators, 
in order to solve the secular equations for systems much more complicated 
than the one which we are at present considering Thus all exchange in¬ 
tegrals m any problem are assumed equal and, for example, the equation 
for naphthalene, of order 10, is reduced to a cubic The stability of naphtha¬ 
lene and other even larger molecules as calculated from these simple equa¬ 
tions agrees very well with the thermochemical data The principal reason 
for this agreement is that the particular choice of the coefficients a u obtained 
by solving the full equation in the single parameter J, minimizes the energy 
W as defined by (2) (For a proof of this statement see, for example, the 
book of Pauling and Wilson ( 1935 ), p 185 ) For the most stable state all the 
cq’sare positive Clearly, replacing each of the a i for the set of similar excited 
structures by something which is very nearly their mean, causes only a small 
error m W The effect is to replace those terms of ( 1 ) which refer to a par¬ 
ticular set of excited structures by a single term a t E { f it the summation 
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being over the set, and a { being very close to the average value of the a t ’ s 
for the set Those rows and columns of the secular equation in J referring 
to the fa ’s may now be replaced by a smgle row and column referring to 
£ ( ijr i The order of the secular equation in J has been appreciably reduced 

Mathematical details 

The wave-funotions which we use as a basis for setting up the approximate 
sixth order secular equation are as follows 

*Jq = I + II, f 4 = VI, 

fa = III + IV, fa = VII + VIII, 

fa = V, fa = IX + X + XI + XII + XIII, 

where, for example, I means the wave-function for the canonical structure I 
The various elements of the secular equation 

Det {H(k,l)-A(k,l) W} = 0, (*-l, 8,1-1, 6) 

are as follows 

{1,1} - t*J + \a-\b + '2c + U + 2e-%W, 

{1,2} = 7j + 2a —6 + fc+d + fe —21F, 

{1,3} = y+a-{b + \c + 2d + \e-W, 

{1,4} = fJ + ia + ift + Jc+d + ie-iH', 

{1,5} = V^ + fa+l^ + e + d + e-i^. 

{i,0} = V^+¥«+l*+¥«+^+¥e-W 
{2, 2} -^/ + |a-|6 + 2c-4 + 2e-tlF, 

{ 2 , 3} = l£J + la-lb + c+d + e-iW, 

{2,4} = 2 J + + -fad + ^e — ^W, 

{2,5} = 5 J+a + 6 + Jo -t- \d + — W , 

f^ej-^+Va+ft+Vc-H+V'-VW'. 

{3,3} = y+a-$b-c+2d-e-W, 

{3,4} = J+^a + ^b-lc+d-ie-iW, 

{3,5} = *J + y + tf> + \c + d + le-±W> 

{3,8} = ^J+|o + i6 + c+id+e-|tr, 

{4,4} - $7_J a + 6-c+2d-e-lf, 

{4,5} = 27-Jo + 6-c+2d + |e- W , 

{4,0} = ^7-^ + J^H-|c + Vd + ie-V^ 

{5,5} = VV-$« + |6-fc + 2d + 2e-fH', 

{5,6} = ^7-|o + V-*-|< : + V^ + ¥«-¥^ 

{ 6 , 6 } - + + + 
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To obtain a zero-order approximation of this equation in the speoial ease 
a=*b = c = d = e = 0 , there are two obvious possibilities The first is to 
assume that in the complete wave-function ( 1 ), the (^-coefficients of f t , f t , 
f 4 and f 6 are the same There results a cubio equation whose basis is 

fv (ft+fa + ft+ft), ft 

The solution of this equation is If = 3 307 7J, and the corresponding 
approximation to is 

V = f 1 + O3197{f i +f a + f t + f t ) + O0Q29f a , 

VVdv = 7 700 

The other possibility is that taken by Pauling and Sherman ( 1933 ), and 
used as a basis f v (f t + f 3 ) and (f t + f 3 ), neglecting f t The energy then 
works out at 3 3062.7, and the wave-function is 

'P=f 1 + 0 4478(^, + f 8 ) + 0 3405(^ 4 + f 3 ), 

WVdv = 8 805 

At this stage it becomes clear why calculations as elaborate as the one 
we are describing in this paper are necessary to find the lengths of the bonds 
The energy itself, because of the minimum principle, is very insensitive to 
the choice of an approximate wave-function, but the corresponding estimate 
of the contributions of the various bonds to the energy may apparently 
vary considerably Thus, by comparing (3) and (4), it is seen that a change 
of 25% in some of the leading coefficients changes the energy by only 
0 03 % By no means can one assume without close investigation that the 
coefficients of o, e are also insensitive to the same extent 

To find a more aocurate value of W, and a better approximation to W, we 
make use of the variation principle Thus we improve on (3) by writing 
W = f x + (0 3197 + 0) f 2 + 0 3197(^3 + f t + f 6 ) + 0 0029 f 6 , 
and evaluate If as a power senes in 6, stopping at terms in <9* We now choose 
6 to minimize If Similarly, the other coefficients may be adjusted m succes¬ 
sion, and the process repeated until finally a wave-function is obtained in 
which every coefficient is accurate to w ithin 1 % 

V = ^ + 0 470^ s + 0 435y9 s +0 223^+0 303^ 5 + O 003^,,] 

WWdv =* 9 3278, W = 3 31901 




(5) 
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The value of W inclusive of first order terms in a, e may now be 
calculated from (2), and the resulting coefficients of a, e are acourate to 
the third decimal place 

W = 3 319J + 0 878o-0 0376 + 0 730c +0 901d + 0 847e 

The orders of the linkages p, And the corresponding lengths x, may be 
calculated as described in paper Ill The results are summarized in the 
table 

Link A R C D E 

p 1 919 1 309 1 577 1 634 1 616 

x 1 34 1 45 1 398 1 390 1 393 

Rougher approximations, etc 

We have calculated the lengths x by using the approximate functions 
(3) and (4) With (3) the lengths x a to x e m Angstroms are 1 34, 1 45, 1 400, 
1 375, 1 394 With (4) the lengths are 1 34, 1 45, l 400, 1 383, 1 393 Both 
sets of results are extremely good, and are far better than would ever be 
expected from a superficial comparison of (3), (4), (5) However, errors of 
about 0 02 A are present One would therefore anticipate that approxima¬ 
tions similar to (3) or (4) for systems more complicated than an eight- 
electron system may easily lead to serious errors Thus, the lengths of the 
linkages m naphthalene as calculated in paper III may be in error by as 
much as 0 05 A Since the total variation found in the lengths was only 
0 04 A, little reliance can be placed on the detailed values More accurate 
calculations are clearly needed for this molecule 

Another interesting calculation is to find the lengths of the linkages by 
the method proposed by Pauling, Brockway and Beach ( 1935 ) Using the 
three functions (3), (4) and (5), the A link in each case is 1 34 A, and the nng 
distances are very close to the benzene nng distance The values for the 
B link are 1 48, 1 48 and 1 49, respectively These do not compare well with 
the experimental value 1 44 in stilbene 


II— The orbital method 

The orbital method provides a means of determining an approximate 
expression for#", the energy of the “mobile” electrons together with the 
variation of the localized bonds, as a function of the intemuclear distances 
By minimizing &, the equilibrium configuration may be found, and hence 
the lengths of the linkages This line of approach has been developed by 
Lennard-Jones and TurkeVitch m papers I and II of this senes, where the 
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method and nomenclature which we shall use is given m detail Our treat¬ 
ment is essentially similar, but is slightly more elaborate, as & is now a 
funotion of five variables x a , x b , x c , x d , x t instead of only one or two 
As in paper I, we assume that the molecular orbitals may be written as 
the sum of the wave-functions tfr { of the individual atoms, with constant 
coefficients c 0 

V-Z^, (i = l,2, 8) 

From this equation in the usual way a secular equation is obtamed whose 
elements are functions of the resonance and Coulomb integrals fi a , a a , 
/} b , a b , fi c , a 0 , fi d , a d , fi t , a t , whioh depend respectively upon the five unknown 
distances x a , x b , x n x d and x f (see fig 2) This secular equation is of the 


eighth order and has the form 

~E+x t , fi a , 0 , 0, 

0 , 

0 , 

0, 

0 

pat -CC fl +a&, fin 

0 , 

0 , 

0 , 

0 , 

0 

0, fit, Et-E+a,+ 2a„ fi„ 

0 , 

0 , 

0 , 

fit 

0 , 0 , fit, 

E b -E +« e +a< 

fit. 

0, 

0 , 

0 

0 , 0, 0, 

fit E*~ 

E+a t 

,+a. fi„ 

0 , 

0 

0 , 0, 0, 

0 , 

fi„ 

E a -E+2a„ 

fit. 

0 

0 , 0, 0, 

0 , 

0 , 

fit. E 9 - 

E+x, + a t , fi c 

0 , 0 , fi t , 

0 , 

0 , 

0, 

fi„ E t 

-E+at+a, 


To simplify this equation we make use of the symmetry of the system 
about a central plane ThuB the introduction of zero-order wave-functions 
(jr t ± ft), (ft ± fi) instead of and ijr 8 factorizes the equation into 

a sixth order equation and a quadratic equation, the quadratic being 


Eq — E + ol c + x d fi d 

Pd E 0 —E+a d +a e 

To solve the sixth order equation, we assume that the diagonal elements 
of the determinant are identical and equal to e This approximation is 
justified because the a’s are small compared with the fi’a, and the fi'a are 
later calibrated by comparison with experiment as if the a’s actually 
were zero The expansion then gives a cubic equation in e* 

e*-e*($+# + 2 / 8»+$ + 2$) 

+ e *(2M+^+2 / 9*/9» + ^ + 2^+4/l« / 5«)-4 / S*/J«/J« - 0 


= 0 
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The roots of this equation are 

e* = l(J%+j3l + 2ft+/3 i d + 2/F e )+Acosl(0+2nr), (r- 1,2,3), 
where A « f-B*. 

B « {#•+ + 2/??+# + 2/??)*- 3(2/?a/9*+/?»/?» + + tftft), 

C ~ Mftfl/H + 2{ft+ft + 2ft+fli + 2fl)* 

The roots of the quadratic, with the same assumptions, are 

Let e r be the positive square root of e* and so on, then e 0 , t lt e 8 , e 3 are 
proportional to the various /?’s and these are negative Thus the four most 
stable orbitals have energies 

E r = E 0 +2a—e r , (r = 0 ,1,2,3), 

where e 0 = ft d , and e x , e t , e 3 are the above roots Each of these orbitals holds 
two electrons, and therefore the four orbitals together will absorb all the 
available electrons 

Physically we imagine these electrons to be placed in a framework of 
carbon atoms joined by single bonds and at a distance apart corresponding 
to a single bond After the electrons have been added, the framework has 
contracted so that these distances are now x a , x b , x r , x d , x e Consequently 
to obtain F we must add to the energy of the electrons in the orbitals the 
“energy of compression” of the C—C distances from the single bond 
distance 8 to the equilibrium distances This is assumed to be k,(x-a) 2 , 
where k, is one-half the force constant for a single bond C—C distance, 
determined from vibration spectra The total energy is therefore 

= 2 ^ -Ey + Ki x a ~~ 8 ) % + Ki x b ~ 8 )* + 2 k t (x c — «)* 

+ 2k,(x d -«) s + 2 k„(x e - a)* 

The equilibrium distances are now found by making F a minimum with 
regard to the x/s This is equivalent to solving the equations 

.0 

dx { dx i d/J t dx t 


( 6 ) 
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Each of these contains one of the distances x t explicitly, and the integrals 

fia, fi. 

We assume initially that all the distances are equal, and hence f$ a » fi b = fi e , 
etc (only the ratio of these integrals is required), and calculate the equili¬ 
brium distances using equations ( 6 ) Using these distances, we determine 
the resonance integrals as in paper I, and again calculate the equilibrium 
distances These in the second approximation were found to agree with 
those of the first approximation, except in the case of x b Further approxi¬ 
mations to x b oscillated between 1 39 A and 1 48 A without converging 
However, when the mean of these, 1 44 A, was used in the calculations as a 
first attempt at x b , the same value was obtained in the next approximation, 
showing that the process was now convergent This example leads us to 
suspect that, in certain cases, successive approximations for the lengths of 
the linkages will only be convergent within quite a narrow range on either 
side of the true value 

The equilibrium distances were found to be 

x a — l 34 A, x d = 1 377 A, 

a : 6 = 1 44A, x, - 1 374A 

x c - 1 374 A, 

The two distances x a and x b differ only by 0 01 A from the values obtained 
by the pair method, and the other distances by 0 02 A Since the C—C 
distance obtained by Lennard-Jones and Turkevitch in paper II for the 
benzene ring was 1 37 A, both methods agree that the distances in the ring 
are unaltered 

The small differences between the results of the pair method and of the 
orbital method has been suggested by Lennard-Jones m paper I as possibly 
due to an error in the double bond C—C distance To some extent this is 
confirmed, as Pauling and Brockway ( 1937 ), from new electron diffraction 
measurements, find 1 34 A for the double-bond distance, instead of the 
older value of I 33 A This difference of 0 01 A covers the discrepancies 
between the lengths obtained from experiment and from the two theoretical 
methods 

Stilbene and tolane 

We have now shown by two independent methods that the lengths of 
the “single” bond in phenylethylene separating the double bond and the 
aromatic ring is 1 44 or 1 46 A, that the double bond is slightly greater 
(perhaps 0 01 A) than the double bond in ethylene, and that the nng dis¬ 
tances are the same as those m benzene Thus, the substitution of a nng for 
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a hydrogen atom m ethylene leaves the double bond practically unaffeoted 
The lengths of the links given above must therefore apply without modifica¬ 
tion to the stilbene molecule C # H e CH—CH C 8 H 5 As mentioned in the 
introduction, Robertson and Woodward ( 1937 ) from their measurements 
find exactly the values which we have obtamed 

Another molecule to which our results may be applied is tolane 
C # Hg C=sC C.H 8 The central hnk again must be practically unaffected and 
therefore of length 1 20 A To obtain the length of the “single” links we 
must consider an effect additional to those already discussed The length 
of a single C—X bond depends on whether the carbon atom also participates 
in three other single bonds, a double and a single bond, or a triple bond Thus 
m the first case there is sp* hybridization, in the second sp* and in the third 
8p hybridization Because the a charge distribution is more compact than 
the p , or for some other cause not understood, the C—H hnk in —H is 

about 0 04 A shorter than it is in CH 4 or — C—H A fuller discussion of the 
effect is to be found in an article by Penney ( 1935 ) Accordingly, we anti¬ 
cipate that the “single” links in tolane are 0 04 A shorter than the corre¬ 
sponding links in stilbene, 1 e of length 1 40 A or 1 41 A Robertson and 
Woodward, m the following paper (p 436), find 1 405 A 

Phenylmethyl radical 

As a matter of interest, we have calculated by both methods of approxi¬ 
mation the internuclear distances in the phenylmethyl radical H 2 C C 6 H 5 
The A hnk has now disappeared, and for the links B, C, D anti E, we find 

= 1 38 A, x d~ ^ 38 A, 

x c =1 41 A, x e = 1 39 A, 

as a mean of the two methods 


Summary 

Calculations are made to find the internuclear distances in molecules 
containing the system C=C—C„H # The length obtamed for the double 
bond is the same as that in ethylene, the ring distances are the same as 
those m benzene, but the “single” bond has the peculiarly short length 
1 44 A Similarly, in the system feC—C # H S , the triple bond has a normal 
length 1 20 A, the ring distances are the same as in benzene, but the 
“single” bond has a length 1 41A Measurements by Robertson an4 
Woodward on stilbene and tolane agree exactly with these results 
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The rotational energy-levels of a diatomic molecule 
m a tetrahedral field 

By H M Cundy, Trinity College, Cambridge 

(Communicated by J E Lennard-Jones, FR S — 

Received 24 November 1937) 

I—Introduction 

The rotation of molecules in fields with octahedral symmetry, which is 
an approximation to the fields in certain crystals, has been investigated by 
Devonshire ( 1936 ), in a paper m which he shows the types of the wave- 
functions for the general field of octahedral symmetry, and then obtains 
energy-levels for a particular field of this type 

In this paper we shall use Devonshire’s method to determine the form of 
the wave functions and energy-levels for the similar case when the potential 
field has not octahedral, but only tetrahedral symmetry, or complete (^j) 
symmetry of the four-point group T d We shall again take a speoial form for 
the potential field, and show how the rotational levels split up as the field 
is increased, and also how the field modifies the wave-functions corre¬ 
sponding to the various levels 

This analysis might be applied to the mathematically similar, though 
physically very dissimilar, case of the electronic energy-levels of tetrahedral 



421 


Rotational energy-levels 

molecules such as methane, CH 4 , whioh are intractable by the Heitler and 
London method exoept in the ground state (Slater 1931 ) 


II —Rotational wave-functions 

We consider the rotation of a diatomic molecule m a field of potential 
energy V possessing tetrahedral symmetry We shall call the tetrahedron 
of points on a unit sphere at which V has its minimum value the fundamental 
tetrahedron, and the tetrahedron of points antipodal to these the conjugate 
tetrahedron Referred to the axes through the mid-points of opposite sides 
of the fundamental tetrahedron, the simplest spherical harmonic to take 
for the potential energy is P|(cos 0) sm 2 <j>, which is the only surface har¬ 
monic of degree less than four having the required symmetry (Bethe 1929 ) 
Referred to an axis of symmetry through a vertex this becomes 

10/VS P° a (oos6)+yj2/(3yJZ) P|(cos<9)cos30 

Taking the first set of axes and choosing V = -K P£(cos0) sm 2 <j>, we find 
that V has a minimum value of — lO/f/^3 at each vertex of the fundamental 
tetrahedron, a maximum value of lOK/^3 at each vertex of the conjugate 
tetrahedron, and a col with value zero at the ends of the co-ordinate axes 
Since V can also be written as 

— 30K sin 2 0 cos 0 sin <f> cos <j) 


or — 30 Kxyz/r 3 , it is clear that V = 0 on the three great circles x = 0 , y = 0 , 
z = 0 Fig 1 shows the orthogonal projection of the equipotential lines on 
the plane z = 0 , and fig 2 the comcal projection on the face x+y + z = rj^j 3 
of the conjugate tetrahedron The projection on a face of the fundamental 
tetrahedron will be the same with the sign of K changed 

According to the general principles of the Theory of Groups, this special 
assumption of a particular form for the potential energy is sufficient to 
enable us to find the form of the wave-functions for any potential-energy 
function with the same symmetry For the wave-functions are solutions 
of Schrodinger’s equation for the diatomic molecule of moment of inertia I 




where V is a function of 6 and <j> with tetrahedral symmetry Since thiB 
equation is invariant under the operations of the four-point group T d , the 
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solutions must belong to representations m this group The following table 
shows these representations in the notation due to Mulliken ( 1933 ) 

Table I— Representations of the T d group 


Type 

A t 

A, 

E 

T 1 

T, 


Characters 

E 3 C t GiCt 6iC t 8 C, 

11111 
1 1 - 1-1 1 

2200-1 
3-1 1 -1 0 

3-1-1 1 0 



ane * = 0 


Flo 1—Orthogonal projection of the equipotentials on the pit 
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The rest of the work is brought into line with that of Devonshire ( 1936 ) by 
noticing that there is the following connexion between the representations 
of the T d and its associated O h group (Mulliken 1933 , Table IV) 

Tablk II— Cobbespondence between bepbksentations of 
T d AND O k GROUPS 

O s A lt A lu A u A tu E,E U Ty, T lu T t , T tu 

T„ Ay A t A t Ay E E Ty T t T t T, 



Fio 2—Comoal projection of the equi potentials on a face 
{x + y+z — r/y/3) of the conjugate tetrahedron 


Henoe the expansion in spherical harmonics of a wave-function whioh is of 
type A 1 under the operations of the T d group will consist of terms which 
occur in expansions of functions of types A lff and .4^ under the operations 
of the corresponding O h group, and so on Fig 3 shows the fundamental 
and conjugate tetrahedra, together with the fundamental octahedron of 
the 0 h group 
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As in the octahedral case, the solutions for 7 = 0 are the spherical 
harmonics, all the harmonics of degree l corresponding to the energy 
E = 1(1 + 1), this degeneracy is partially removed by the tetrahedral field, 
and the solutions split up into the following types 

Table III —Types of rotational wave-functions 

IN A TETRAHEDRAL FIELD 
l l 

0 A 1 7 A l + E + 2T l + 2T t 

1 T, 8 A i + 2E+2T l + 2T t 

2 E+T t 0 A l +A t +E + 2T l + 3T t 

3 A l + T l + T t 10 A l +A t + 2E+2T 1 + 3T t 

4 A l + E+T l + T t 11 A x + 2E + 3T x + 3T t 

5 E+T x + 2T t 12 2A x + A t + 2E + 3T x +3T t 

6 4 x +A t + E+T x + T t 13 A x +A t +2E+3T x + 4T t 



Fig 3— A BCD is the fundamental tetrahedron, A'B'C'D' the conjugate tetrahedron, 
and XX'YY'ZZ' the fundamental octahedron of the corresponding O h group 
OZ, OA are the polar axes used in Sections III and IV respectively 


When we come to consider the methods of solution of equation (1) 
that if we express the solution as a senes of surface harmonics 


P|”(cos 0) 


cos 

sin rruj> ’ 


find 
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it will contain either terms with m odd or terms with m even, but not both, 
this arises from the fact that V contains only terms with m even Henoe the 
solutions divide off into two types at once, those with m odd cannot be 
further subdivided by elementary considerations of group theory, sinoe, 
however, all the energy-levels can be found from the solutions with even m, 
the wave-functions with m odd do not lead to anything new, and we shall 
not consider them further The senes with m even can be partially separated 


by using the subgroup D ih (compare Table IV, Devonshire 1936) into the 
following independent types 


Table IV- 

AND 

—Types of solution of equation (1) 

THEIR GROUP REPRESENTATIONS 

T t 


Senes 

Ajor E 

A lf and B lu 

a.% + P% + a* P ° 4 +aj P\ cos 40 + 

+ 6} PJ sin 20+p; sin 20+ 

-4,or E 

A lM and J5 ls 

a} P* cos 20 + a\ P* cos 20 + oj PJ cos 20 + o{ PJ cos 60 + 

+ 6JPJsm40 + 6JP^sin 40 + 

Pi 

.4,, and B tu 

oj PJ cos 20 + oj PJ COS 20 + 

+ 6} PJsin 40 + bf PJ sin 40 + 

Tt 

A and B u 

a?Pj + aJPj + a$PJ+aJPjcos40 + 

+ 6} PJ sin 20 + 6} PJ sm 20 + 

T x or T, 

E u and E, 

All terms with m odd 


In the series which belong to each of two types, some of the terms can be 
immediately separated, e g m the first senes the term ag is clearly A v and 
the term a% P\ is of type E, but there will be two different combinations of 
PI and PJcos 40 which are of types A 1 and E respectively The combination 
of type A x is that combination which Devonshire has shown to be A x also 
under the O h group, viz PJ + yJ-gPJcos 40 The simplest way to find these 
correct linear combinations in any given case is to multiply terms known 
to be of the given type by P|sin20, which is known to be of type A v and 
hence the resulting product is of the same symmetry type as the multi¬ 
plicand This leads to the foliowmg senes for the A x type 

Po+PsP* 8in 2( P+P*{ p t + Th p \ c ° 6 4 0 } 


+2>«{-PS~ H) +Pi{Pi am 20 + n^Pfsin 00} + 
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III—Energy-levels of particular equation 

We now consider equation ( 1 ) with the particular form of the potential 
energy V — — K P§(cos0)sin20, and we set out to find the eigenvalues 
of the energy E as functions of the parameter K There are three methods 
open to us, corresponding to the three methods of Devonshire’s paper, viz 
the general solution in the form of an infinite determinant, the asymptotic 
solution for large (positive or negative) values of K, and a solution by 
successive approximation for small values of K We are thus able to approxi¬ 
mate closely to the lower energy-levels over quite large ranges of K Changing 
the sign of K merely amounts to interchanging the fundamental and the 
conjugate tetrahedra, and the whole diagram of energy-levels plotted as 
functions of K will therefore be symmetrical about K = 0 We proceed at 
first with the general method of solution 

We require to know the expansion of P§(cos0)sin 2<j> Pf(QO$6) 

in surface harmomos Since we are concerned only with even values of to, 
the anomalous case of m = 1 need not be considered, and we require only 
the expansions of P| Pf in terms of PJ*+* and Pj* -a These are obtained by 
methods similar in all respects to those used by Devonshire, and therefore 
need not be set out here in full, the results obtained are as follows 


m pm _ _ 15(1 m + 1)_ pm+ 2 _ 15(1 3m 2) pm + t 

3 ' (21+1) (21 +3) (21+ 5) 1+3 (21-1) (21+1) (21+ 5) m 


15(1 + 3 m + 3) pm+a, _ 15 (l + m) +s 

(21-3) (21+1) (21 + 3) ,_1 ^ (21 — 3) (21— 1) (21 + 1) '~ 3 


( 2 ) 


pa 15(1 —to + 5)(1 —m + 4 )(l —to + 3)(1 —m + 2)(l —to+ 1 ) 

3 ' (21+1) (21 +3) (21 +5") 1+3 

15(1 —to + 3) (1 —to+ 2) (1 — m + 1) (l + m) (1 + 3m — 2) , 

(21-1) (21+1) (21+ 5) n+l 

15(1 —to + 1) (1 +to) (1 +to — 1) (1 + to — 2)(1 — 3to + 3) , 

(21-3)(2!+l)(2! + 3) ' -1 

15(1 + TO) (1 + TO-1) (1 + to-2) (1 + TO- 3) (1 + to —4 ) % 

(21-3) (21-1) (21+1) '" 3 1 ’ 

We now write equation ( 1 ) m the form 

^U uneS 4) + i^e^ w+h -o, M 

where W = 8 n‘IE/h*, and k = 8n*IK/h * 
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Then since the solutions split up as in Table IV, we take any one of the 
senes in that table, substitute it for i/r in the above equation, express every 
term as a sum of surface harmonics, and equate to zero the coefficient of 
each separate harmonic This leads us to a set of equations between the 
coefficients a and 6 Eliminating the a’s and b’s from these sets of equations, 
we obtain an infinite determinantal equation for W corresponding to each 
different type of solution m Table IV We then find an approximate solution 
of this determinant by taking only its first ten rows and columns, and 
solving it by means of Mr Mallock’s electrical calculating machine * 


IV— Asymptotic solution for K large 


We set out to find a solution in descending powers of W for W and \]r This 
will converge for sufficiently large values of k From the physical standpoint 
it is easy to see that it corresponds to oscillation of the molecule in one of 
the four potential hollows at the vertices of the fundamental tetrahedron 
This state of affairs can be expected to continue only if IF is less than its 
value at the cols separating the hollows, 1 e if IF is negative This gives a 
necessary condition of k for the expansion to be valid 

We begin by writing equation (4) expanded about an axis of symmetry 
through a vertex of the fundamental tetrahedron (OA in fig 3) It is 


dro U em 0 wH ^ + (* ,+ *)} * - 0 <»> 

Write z = (10^/3 fc)* sin 2 #, and we obtain 






-l*v) 


+ (5VM/2)1 j1cos3(# f + (W + ll>k^3)f + 0(4-*) = 0 (6) 


Now if we put \Jt = e~* la v, we find 

-j4z 2 g+2z(3-2 2 )| + (tz 2 -3 Z )«} 

+ j (8 Vy/ 2 >* z » cos3 <f> + W + lOkjp + 0(fc-*)J v - 0 (7) 

* This machine, whioh is fully described by Mallook (193a), has now been pur 
chased by the Mathematical Faculty at Cambridge 
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Now let vmf'+l'-i f k + k'-i f t + , 

W = -*’ + *'* a + F* a'+a 0 +k'~t + *'-* a,+ , 

where A:' = 10^/3* 

Substituting these expansions in the differential equation, and equating 
coefficients of powers of we obtain a set of equations the first three of 
which are as follows 

«(/.) - {<*S+«0->£+;|Si+<-»>)/. - o. <sa) 

< ?(/j) + (°' + 3^2 z,c083 ' i )/o = 0 * ( 8B ) 

Q(fx) ~ { 4 * 2 5 +22(3 "' 2z) Fz + (|2 * ~ 3z) ~ “»} /o 

+ {a' + 3^2* ,c °8 3 ^}/i = 0 (8C) 

The first equation is identical with equation (22 A) of Devonshire’s paper, 
and it is there shown that a solution which is single-valued and small for 
large values of z is expansible in the form 

fo~ ^ ty(z) cos m<}> + c“ sin mfi}, 

where r, m are positive integers and r^m, and the following conditions are 
fulfilled 

2 r-m = n, u = 2(n + l) 

L”(z) is the associated Laguerre polynomial defined by the formula 

m - >'*£(«= <*•'■>} 

Hence if we fix n, and substitute for a and/ 0 m equation (8B), we obtain 

Q(h)-2W*) (9* cob p$ + hf Binp</>) = 0, (9) 
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where the coefficients gf and h$ are linear functions of the 6’s and c’s obtained 
with the use of the recurrence formulae 

a* L? — (r-m + 3)(r —m + 2)(r —m + 1)L”-® — 3r*(r — m + 2) (r — m+ l)L?~i 
+ 3r 2 (r -1 )® (r - m + 1) L*", 8 - r®(r - 1)»(r - 2)* L?S a , 

2 ' 

_I_ J.m+3 

(r+l)(r+2)(r + 3) r+a ’ 

** ^ = (7Tlf(r + 2) + ^ 

a* LJ +1 + 3r(r-l) i?-3r 2 (r-l) I}_ 1 

+ r*(r-l)« JQ_ t , 


which are all easily found Jby differentiation and successive application of 
well-known relations 

The particular integral of the equation (9) is at once seen to be 


if fofcoBjtf+Ajmnjtf), (10) 

the summation being carried out over all terms for which 2 s-p + n, 
together with terms with logarithmic singularities at the origin arising from 
those terms for which 2 a—p = n But since we require that /j shall be finite 
at the origin, the coefficients of all these terms must vanish This leads us to 
2n +1 linear equations between the 2n +1 coefficients b” 1 c™ In this case, 
however, an inspection of the recurrence formulae reveals the fact that the 
m of all the terms arising from the term z l cos 30 f 0 will be of opposite 
parity to the m’s occurring in/ 0 , which are all of the same parity, viz that 
of n Hence the only terms for which 2a-p = n must have a p of the same 
parity as n, and must therefore arise from the term o'/ 0 , the above 2 n+ 1 
equations are therefore all equivalent to the single equation o' = 0 

We now apply the procedure again to equation ( 8 C), and putting in the 
values of o and o', and remembering that Q{f 0 ) = 0 , we find that it can be 
written as 

C(/i)-( 22 ^-~- 2 ( 2 n + 3) + Jz 8 -o o j/ o + ^z‘cos30 f k = 0 ( 11 ) 
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Hence Q{f x ) is given in terms of known quantities for any given and the 
same reasoning as before leads us to a determmantal equation for a 0 
Beyond this the process becomes very laborious even in the simplest cases 
The work is simplified by the observation that the successive/’s must all 
belong to one or other of the following classes, the equation (7) and the 
recurrence formulae being of such a nature that all the polynomials entering 
into the work are confined to the class in which the initial ones are taken to 
he (see Table V) The solutions are all degenerate in sets of four and eight, 
corresponding to \fr being small except near one out of four potential mimma, 
physically also it is clear that the molecule will have the same energy for a 
given type of oscillation about any of its four equilibrium positions If we 
take these degenerate sets of solutions together, we can determine their 
characters under the operations of the tetrahedral group, and hence find 
the symmetry classes which combine to form these asymptotic solutions 
We thus find the types of energy curves which tend asymptotically to the 
value found by this method 


Table V —Classes op asv mitotic rotational 

WAVE FUNCTIONS FOR LARGE k 


Solution 
£g* r m T‘ m to~i &m<j> 

Zh 3 r m 4*"8in3m^ 

Lj m±l cos(3m± 1)01 
£h 3m± 1 L\ m± - * Hin(3wi ± 1) f 


T d representation 
A x +T t 
d,+ Tj 
E+T t + T t 


It is not possible to give a general formula for the value of a 0 , but there is 
appended a table which gives the first three terms m the asymptotic ex¬ 
pansion of W for low values of n The expansions cannot even be approxi¬ 
mately valid unless k is large enough for W to be negative 


Table VI— Asymptotic expansion ot W for large values of k 


W 

-10Jfc/V3 + 2(10V3Jfc)*-lJ 

- 10*;/^3 -I- 4{ 10 ^3*)* — 4 J 

- lOk/y/3 + 0( 10 V3ifc)‘ - 7 f 

- l0k/y/3 + 6(10 y/3 Jfc>*-11J 


Symmetry class 
d, + T, 
E+Ti + T, 
E+Ti + Tf 
A i+ T t 


Since the whole energy diagram is symmetrical about k = 0, the same 
asymptotic expansions will hold for k large and negative if we write — k for k 
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We now consider the case where the field is small enough to be treated as 
a small perturbation, and the molecule is approximating to the free rotator 
with energy levels W = 1(1+ 1) 

We take the equation in the form 

(V*+W-U)f = 0, 

where V = -k Pf(cos0)sm20 

, 1 s / /i 3 \ 1 9 * 

and V 2 S— ;r 7 fsin0^| + — h 

Hind d0\ dOf sm 2 0 S<j> v 

and write W = 1(1+1) + R, herifce obtaining 

{V* + W-t-l)}vfr = (~R+U)p (12) 

We now solve this by Picard’s method of successive approximation, first 
of all neglecting the right hand side, and obtaining 

fri = Pf^osm^ + '^b m P|"sinm0, (13) 

where the a’s and 6’s are arbitrary constants, next we substitute yiq in the 
right-hand side of equation (12) and add a further term 

Ta™ Pf cos + ■?"* Bin m<f), 

so that all the surface harmonics of dogree l are cancelled, and the second 
approximation i/r 2 is then finite at the pole It is given by a sum of har¬ 
monics, remembering that 

{V* + l(l+ 1)}yS' = P%coBm<f> + 1*%' an m<j> 

k, m km 

has particular integral 

pm 

Hence we obtam m succession the approximations i/r v ifr^, rjr n Adding 

together the equations satisfied by successive approximations, we find 

{V 2 + l(I+l) + If-f/}i ir. 

= -(- R+U)\/r t +'£P?^cQfim<f>2, a? + sinm02 (14) 
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Now ^ \jf, will satisfy equation (12) if it is convergent, and from this last 
equation a necessary condition for this is that 

2 aj* = 0, ^ p? = 0, for all m 
«- i j-i 

These are 2i +1 hnear equations m the a ’s and 6’s, and also containing R (not 
necessarily hnearly), hence the eigenvalues of R are found from the deter- 
mmantal equation which is the ehmmant of the o’s and 6’s As before, the 
types of solution fall into the classes given in Table IV, which simplifies the 
work considerably We append a table giving the first two terms m IT (l e 
the first term in R) which gives the form of the parabola in which the energy- 
levels plotted against k cross the axis k — 0 

Table VII— Asymptotic expansion of W bob 


SMALL VALUES OF THE PARAMETER k 

l 

W 

hymmetry i 

0 

-$** 

A x 

1 

2-it** 

Tt 

2 

6-IJ** 

E 


® + JVT** 

r. 

3 

12-tVs ** 

d, 


12-} 5}** 

T, 


12+ 

T % 

4 

20+,%** 

d. 


20_ 150*1** 

E 


20-.%** 

T t 


20-%%** 

T t 

5 

in _ i o ft L.i 

E 


30-,%** 

T, 


30-0 2137**1 
30 + 0 3214**/ 

2 T t 


VI —General results 

Table VIII gives the values of W calculated on the Mallock machine, 
using the method of Section III, for different values of the paramater k 
From this table the diagram of fig 4 has been plotted, showmg the splitting 
of the energy-levels as k is increased Fig 4 also shows the asymptotic 
values for large k, found as in Section IV, and it will be noticed that there is 
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a good fit between the curves found by the two methods in that part of the 
diagram where the asymptotic values have any meaning, 1 e for IF negative 
The slight divergence of some of the curves from the asymptote as k increases 
is attributable to the failure of the approximation of taking only ten rows 
and columns of the infinite determinant This is particularly the case with 
the representation T t , where the large number of terms of low order involved 
(see Table IV) and the necessary extraction of six roots as against three of 
each other representation caused the higher roots to crowd down and the 



k = 0 

l 

Table VIII— IF for values of k 

2 33 6 66 

10 

Asymptotic 

Jfe= 10 

A 

0 

-0 690 

-2 608 

-6 42 

-12 35 

-18 9 

-33 05 

-33 19 

T, 

2 

0 925 

-1 58 

-583 

-12 07 

-18 03 

-32 65 

-33 19 

E 

(1 

0 84 

5 33 

4 13 

1 02 

-1 55 

-10 35 

-9 535 

T % 

0 

6 01 

5 68 

4 52 

1 05 

-1 

-12 

-9 515 

Ty 

12 

11 577 

10 428 

8 30 

5 3 

0 58 

-85 

-9 535 

Ay 

12 

1185 

11 48 

10 9 

10 0 

89 

6 1 

10 12 

Ty 

12 

12 445 

13 340 

14 40 

13 7 

12 8 

10 3 

10 12 

r, 

20 

19 78 

19 20 

19 

18 9 

19 0 

20 1? 

_ 

E 

20 

10 65 

19 38 

18 8 

16 62 

16 30 

10 5 

13 45 

Ty 

20 

20 19 

20 66 

20 75 

20 25 

178 

12 

13 45 

Ay 

20 

20 61 

22 22 

24 94 

28 16 

10 9 

32 6 


Ty 

30 

29 71 

29 694 

29 08 

T 

21 

16 0 

13 45 

Ty 

30 

29 96 

30 22 

29 8 

28 9 

30 5 

312 

_ 

E 

30 

29 85 

29 70 

30 6 

26 9 

25 3 

? 

_ 

T, 

30 

30 285 

31 102 

32 93 

10 8 

27 3 

? 

- 


machme to become unstable 

Hence the readings at k = 10 for T t must be 


treated as only very approximate and for this same reason the readings 


at L = 10 of the T 2 and E branches emanating from IF = 30 could not be 
taken at all, and the top points of the T x and A x branches must be treated 
with caution The A x and E determinant (corresponding to the first wave- 
function of Table IV) was factorized for the 4 1 terms before setting up on 
the machine, m this case only a fifth order determinant was needed, which 
greatly simplified the working of the machine 
The coefficients in the wave-functions have also been tabulated, but only 
for the lower levels, and for the functions with even m * 

The error in the energy is much less than that in the wave-function, and 
can be taken as less than 1% in the region where k and W are both small, 
on the other hand, the machine itself has given readings divergent % as 

* This table is too cumbrous to include hero, but Mull be readily supplied on 
application to the author or to Professor Leonard Jones at the University Chemical 
Laboratory, Cambridge 



434 


H M Cundy 

much as 6% for k large and in the region of a near approach of two energy- 
levels belonging to the same representation 



I here desire to thank Professor Lennard-Jones for suggesting this pro¬ 
blem m the first place, and for valuable help, advice and elucidation given 
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during the work, Dr A F Devonshire, for many hints on the application 
of the Group Theory to the work, Mr R R M Mallock for personal in¬ 
struction in the use of his machine and the Royal Society for a grant 
enabling me to make use of it 


Summary 

It is shown by general principles of the Theory of Groups how the 
Schrodinger equation may be solved for a diatomic molecule, when the 
potential energy vanes with the angular co-ordinates in such a manner 
that it has the symmetry of the regular tetrahedron Infinite senes for the 
wave-functions are given, and the energy-levels and corresponding wave- 
functions evaluated for a particularly simple potential-energy function of 
the given type Three methods of obtaining these levels are descnbed, two 
of which are asymptotic approximations, and the third involves the use of 
the Mallock electnc calculating machine A good agreement is obtained 
between the three, enabling a plot to be made of the energy levels over 
wide ranges of magnitude of the potential energy term 
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X-ray analysis of the dibenzyl series 
V—Tolane and the triple bond 
Bv J Monteath Robertson, M A , D Sc and I Woodward, M A 

(Communicated by Sir William Bragg, O M , P R S — 

Received 27 November 1937 ) 

The detailed structure of stilbene has recently been described (Robertson 
and Woodward 1937) and a theoretical discussion of the resonance problem 
in that type of molecule is now given by Penney and Kynch (1938) 

The crystal symmetry and dimensions of a number of compounds are 
closely similar to those of stilbene, and it is possible to make use of this 
isomorphism to carry out a very direct analysis of these other structures 
In X-iay analysis it is generally necessary in the first place to assume some 
model for the structure and then adjust the parameters by a process of 
trial and error until a fair measure of agreement is obtained between the 
calculated and the obsei ved values of the structure amplitudes Subsequent 
refinement of the parameter values can then be attamed by the application 
of Fourier senes methods With an lsomorphous senes of the present kind, 
however, when the structure of one member has been accurately determined, 
it is often possible to eliminate the first and most laborious part of the 
analysis for the other members, and proceed to the solution directly by the 
successive application of Founer senes methods 

This process has been applied in the present analysis of tolane It is 
found that the intensities of the more outstanding X-ray reflections are 
similar to those of stilbene, but the agreement soon falls off when the higher 
orders are reached A preliminary Founer series was accordingly set up, 
with the stilbene phase constants, from which the terms corresponding to 
the weaker and rapidly changing reflections were omitted The summation 
of this series gave a rough picture of the structure, from which the atomic 
positions could be estimated A recalculation of the structure factors from 
this data then enabled a more complete senes to be formed, and so the 
analysis was completed, without the use of any molecular model or assump¬ 
tions denved from the chemistry of the compound Details of the analysis, 
with co-ordinates, etc , are given in a later section 
[ 436 ] 
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The structure of the tolanb molecule 

As in the case of the stilbene structure, two separate tolane molecules 
make contributions to the asymmetric umt of the crystal, and the structures 
of these two molecules are deduced independently from the X-ray data 
Each of these molecules has a centre of symmetry, at ( 000 ) and ( 00 J), and 
the umt oellis completed by two other molecules, at (^ 0 ) and derived 
from the first two by reflections m the ( 010 ) plane, or, alternatively, by 
rotations of 180° about the 6 -axis, together with certain translations 

The final results of the X-ray analysis for the two independent molecules 
are shown in the electron density maps of figs 1 and 2, while fig 3 shows the 
way m which the molecules are grouped together in the crystal These are 
all projections of the structure along the fe-axis of the crystal, the direction 
which is found to give the best resolution of the individual atoms The 
diagrams should be compared with the corresponding ones for stilbene 
(loc at) and for dibenzyl (Robertson 19350 ) 

The particular interest of the tolane structure lies in the effect of the 
triple bond between the central pair of carbon atoms Even a rough inspec¬ 
tion of the diagrams, especially fig 2 , is sufficient to show that a strictly 
linear structure has now been imposed on the central part of the molecule 
In dibenzyl, the angle of the central zigzag was 109-112°, in stilbene (double 
bond) it was 128-133°, and m tolane it can now be shown to be within 2° of 
180° 

To obtain the true dimensions of the molecules it is necessary first of all 
to calculate their orientation ui the crystal, and reduce the diagrams to 
normal projections This is done in the next section, but we may note here 
that as no other favourable projections of the structure can bo made, the 
interatomic distance m the benzene nng is first assumed to have the standard 
value of 1 39 A, and the orientations are calculated from this assumption 
The results are then checked, and the linear structure of the moleoule con¬ 
firmed, by calculating the more important intensities in other zones of 
reflections from the coordinates obtained The final results show that the 
difference in appearance between molecules 1 and 2 is due to a slight 
difference in orientation, and not to any inherent difference m shape or 
dimensions The single model which represents both molecules is shown 
in fig 4 

For the carbon-carbon triple bond distance we obtain the value 1 19 A, 
and for the “single” bonds connecting these carbon atoms to the benzene 
rings we obtain the unusually small value of 1*40 A These figures are 
probably correct to within 0 02 A 


29-2 






440 


J. M Robertson and I. Woodward 


There does not appear to be any other X-ray work on compounds con¬ 
taining a triple carbon-carbon bond, but the dimensions of the acetylene 
molecule have been determined very accurately by the analysis of band 



Fig 3 —Group of tolane molecules in the b axis projection 
Each line approximately one electron per A* 



Fig 4— Dimensions of the tolane molecule 


spectra (Mecke 1930 , Herzberg, Patat and Spinks 1934 ), and the value 
obtained for the triple bond distance is 1 199 A, m good agreement with our 
result We might, however, have expected the tolane triple bond distance 
to be a little greater than the acetylene value, on account of the contribution 
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whioh excited structures, with a double bond between the central oarbon 
atoms, must make to the normal state of the molecule Instead, our value 
is less, if anything, than that obtained for acetylene It should be noted 
that the distance m acetylene, obtained from the moment of inertia, gives 
accurately the distance between the carbon nuclei, whereas the X-ray method 
deals essentially with the electron distribution It does not seem unlikely 
that there might be a small difference in the result as given by these two 
methods, especially with a triple bond, due to a small inward displacement 
of the average electron distribution This effect, if appreciable, would tend 
to make the X-ray value for the distance somewhat smaller than the 
spectroscopic value • 

The “single” bond distances of 1 40A connecting the central carbon 
atoms to the benzene rings, can be compared with the corresponding dis¬ 
tances m stilbene of 1 44-1 45 A The presence of the triple bond apparently 
causes an extra contraction m the length of this link amounting to between 
0 04 and 0 05 A, a result which it is difficult to account for in terms of the 
usual resonance phenomenon in aromatic and conjugated systems It 
would appear rather to be due to a certain increase in the s character of the 
remaining orbits of the carbon atoms, after the formation of the triple bond, 
the contraction being of approximately the same amount as that found for 
the carbon-hydrogen distance in passing from methane (1 093 A) to acety¬ 
lene (1 058 A) (Ginsburg and Barker 1935 , Herzberg, Patat and Spinks 
1934 ) Further, m methyl acetylene the terminal carbon-carbon distance, 
adjacent to the triple bond, has recently been shown to have the abnormally 
small value of 1 40 A (Herzberg, Patat and Verleger 1937 , Badger and Bauer 
1937 ) The matter is further discussed by Penney and Kynch ( 1938 ) 

Analysis of the structure 
Crystal data 

Tolane —C J 4 H 10 , M = 178, melting point, 00 ° C , density, calculated, 
1 T34, monoclimc prismatic, a = 12 75, b = 5 73, c = 15 67 A, /? = 115 2 ° 
Space group, (P 2 1 /a) Four molecules per unit cell Molecular sym¬ 
metry, centre Volume of the unit cell = 1036 A 3 Absorption coefficient 
for X-rays, A = l 64, fi = 6 91 per cm Total number of electrons per unit 
cell = F( 000 ) = 376 

Structure factors and Fourier synthesis 
The measured values of the structure factors for the (hOl) reflections and 
the phase constants (or signs) employed in the final Founer synthesis are 
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given m Table I The absolute scale of these faotors was obtained by corre¬ 
lation with the stilbene and dibenzyl values For the sake of brevity, the 
spacmgs of the planes and the calculated values of the structure factors, 
which determine the signs, are not listed The latter may be obtained from 
the co-ordinates of the atoms given in Table II by means of the relations 
F(hOl) = 376/ CJ y S(hOl), 

14S(h0l) = Z cos 2ir(hxla + lz/c), 

the values of J rH being taken from the average atomic /-curve for aromatic 
hydrocarbons (Robertson 19356 ) and the summation being taken over the 
fourteen atoms m the asymmetric unit of the crystal It will be found that 

Table I—Values of F(hOl) 
h 

0 2 4 0 8 10 12 14 

16+5 — — — — — — — 

H_ _______ 

13— — — — — — — — 

10+8-16— — — — — — 

0 _ +9 —14 — 8 — — — — 

8-18+18 — — — — — — 

7 — +11 -26 — - 9 — — — 

0 +15 +20 -13 — — — — — 

6 — -3 -14 _ 7 -17 — — — 

4 - 64 +9 +33 +9 — — — — 

3 — -67 +23 -34 — — — — 

2 +19 +81 +31 + 4 -19 — — — 

1 _ -si — - 9 — — — — 

l 0 +370 —49 — 7 — — — — — 

T — — -18 +24 — -11 - 7 — 

2 +19 -49 +8 +13 +10 -17 +6 — 

3 — +49 +20 +4 — -30 — +0 

4 - 64 +86 — +19 — — -8 — 

5 — +62 +0 -34 — — +8 — 

B + 15 +11 +40 - 7 — + 4 -24 — 

7 — — -24 +20 — +22 -16 — 

8 - 10 +17 +28 -10 — - 3 -10 — 

9 — — +19 +37 — — — — 

TO +8 +12 -12 +12 -11 — — — 

TI — _ +20 + 6 — +10 +5 -0 

T2 — —9 +9 — — -5 — — 

TT — -7+17 — +19 — — — 

14 — — ______ 

TB — +0 +0 +6 +8 -5 — — 

IB + 6-7-7 — — — — — 


17 
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the structure factors calculated in this way are in good agreement with the 
observed values 

In addition to the structure factors listed m Table I, very weak reflections 
from seventeen other ( hOl) planes were observed within the limits of the 
experiment (up to sin 8 =• 0 87, A = 1 64), but these terms had to be omitted 
from the final Fourier synthesis because of doubtful sign The (lOOl) term 
was also accidentally given the value — 5 instead of the measured value — 11 
These omissions amount to only a very small fraction of the total values, 
and the Fourier senes as it stands is quite reasonably convergent This 
senes was summed at 900 points on the asymmetnc unit, at intervals of 
0 213 A along the a-axis and 0 261A along the r-axis, the contour maps 
being prepared from the summation totals by the usual methods 

In the other zones of the crystal, the reflections from the ( 020 ), (040), 
(024) and (032) planes are all much stronger than the corresponding stilbene 
values, the two latter being absent in stilbene On the other hand, the (031) 
and (035) reflections are weaker m tolane than m stilbene The values of the 
structure factors calculated from the final co-ordinates reflect these changes 
m every case 


Table II —Co-ordinates Centre of symmetry at (000) as origin 




Monoclinio crystal axes 



Atom 

* 

2 nx/a 

y 

2iry/b 

t 

2m jc 

AJC) 

0 63 A 

17 8° 

0 16 A 

9 4° 

0 36A 

8 0° 

B X {U) 

2 11 

69 6 

0 61 

31 7 

1 17 

26 8 

C X (CH) 

2 47 

09 7 

1 68 

106 6 

1 99 

46 7 

D X (CH) 

3 04 

111 2 

2 03 

127 7 

2 80 

64 3 

E^CH) 

6 06 

142 8 

1 21 

76 8 

2 80 

64 2 

F^CH) 

4 70 

132 7 

0 03 

2 1 

1 98 

45 4 

OACH) 

3 23 

91 2 

-0 32 

-20 1 

1 17 

26 8 

A,(C) 

0 34 

9 6 

-0 06 

- 38 

7 47 

171 6 

B t (C) 

1 12 

31 6 

-0 19 

-12 1 

6 60 

161 7 

C t (CH) 

0 89 

26 2 

-1 30 

-81 9 

6 70 

130 9 

D t (CH) 

1 87 

47 2 

-1 44 

-90 3 

4 84 

111 2 

E t (CH) 

2 68 

76 7 

-0 46 

-200 

4 89 

112 3 

F t (CH) 

2 01 

82 1 

0 66 

40 8 

6 80 

133 1 

O t {CH) 

2 13 

60 1 

0 78 

49 3 

6 66 

162 0 


Orientations of the molecules Co-ordinates 
The actual dimensions and orientations of the molecules were deduced 
from the contour maps in a very similar manner to that employed for stil¬ 
bene, except that the linear structure of the tolane molecule simplifies the 
work The symbols have the same meaning as in the stilbene paper (Robert¬ 
son and Woodward 1937 ) 
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For molecule 1 (compare figs 1 and 5) we find 

r DO 1 48, t aa = 114, r AB = 1 35 S A, 

Vdo = 89 5 °» VLU AB) - 33 2° 

We assume that the benzene nngs are regular plane hexagons with sides 
1 39 A, and that the points O, A, B, E, which he on a straight line in the pro¬ 
jection, are actually colhnear These assumptions are verified by the struc¬ 
ture factor calculations given above Thus we take R T>() = 2 78 A, and the 
angle between L and DO to be 60° For the orientation* of molecule 1 this 
gives 

Xl = 36 9 ° 008 Xr = 0 8096 Xm =117 5° cos Xm 

\Jr L = 75 3° cos \jr L = 0 2529 rjr M = 33 8 ° cos \jr M 

<o L — 58 0° cos oj l = 0 5298 = 72 0° cos 

X\ = HI 2°cosX\ = -0 3618 Xjdo = 89 7°cos Xdq 

\jr N = 119 7°cosv5 r v = ~ 9 4951 froa = 32 2° cos yjr^Q 

io N = 37 8 ° cos <o N = 0 7897 = 57 8 ° cos % 

For molecule 2 the measured quantities are 

Too — 1 67, r AA = 1 20, r AB = 1 40 A, 

Vno = 79 1°» Vluab) “ 34 l°i 

and with the same assumptions, the orientation of molecule 2 (after rotation 
of 180° about the a-axis) is 

X L = 34 5° cos Xl = 9 8243 Xm = 110 2° cos Xv = - 0 3448 

= 84 5° cos iJf L — 0 0905 rjr M = 29 8 ° cos ifr M — 0 8070 

o) L = 50 l°co 8 (Ujr = 0 5582 <o M = 69 0°cos U) M = 0 3587 

X v *= 114 7° cos = -0 4490 Xm~ 83 5°oos Xdo = 0 1136 

= 119 9°cosf N = -0 4879 ftoa ~ 36 9°cos froa = 0 7997 

Wjy - 41 6 ° cos Wjy = 0 7482 ^do = 63 9 cos = 0 5987 

From these figures the true dimensions are easily obtained For molecule 
1 the triple bond distance AA' is 1 18 A, and for molecule 2 it is 1 20 A For 
both molecules the length of A B is 1 40 A Thus the dimensions of the two 
molecules are found to be the same within the hmits of error (about ± 0 02 A) 
and so we take the model shown m fig 4 to represent the final results 

* In this and similar work (Robertson and Woodward 1937) the orientation figures 
are probably accurate in general to within 1 exoept for movements which do not have 
much effect on the projections, when the error may be greater Four figure direction 
cosines are given to make the figures mutually consistent and to afford a convement 
means of calculating other properties of the crystals, e g the magnetio susceptibilities 


= -0 4622 
= 0 8312 

= 0 3095 

= 0 0046 

= 0 8402 

= 0 5329 
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X-ray analysts of the dtbenzyl senes 

The co-ordinates of all the atoms in the asymmetric unit, referred to the 
crystal axes and the centre of molecule 1 as origin, are obtained from fig 4 
and the direction cosines given above These are given in Table II, and the 
way in which these final co-ordinates fit the contour maps is shown m fig 5 
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Intermolecular distances 

The smallest intermolecular distances for the carbon atoms lie between 
3 5 and 3 0 A, very similar to those of the stilbene structure The nearest 
approaches which have been found occur between atom C of molecule 1 
and O' (centro-symmetncal to 0) of the reflected molecule at (jrjO) where 
the distance is 3 53 A, between C of molecule 1 and E of molecule 2, 3 54 A, 
between B of molecule 1 and O' of the reflected molecule at (i$0), 3*57 A, 
and between B of molecule 2 and O' of the reflected molecule 2 at 
3 57 A 

In conclusion, we are indebted to Sir William Bragg and the Managers of 
the Royal Institution for laboratory facilities, to Dr J W H Oldham and 
Professor L Ruzicka for specimens of tolane, and to Dr A Muller and 
Mr H Smith for the use of a 5 kw X-ray generator 

Summary 

The crystal dimensions of tolane are very similar to those of stilbene, and 
this fact has been used in making a very direct X-ray analysis of the tolane 
structure, without the use of any model based on the chemistry of the com¬ 
pound The two central atoms linked by the triple bond are found to be 
collinear with the end atoms of the benzene nngs to which they are joined 
The carbon-carbon triple bond distance is 1 19 A, and for the “ single ’ ’ bond 
connecting these central atoms to the benzene ring, the unusually small 
distance of 1 40 A is obtained These results are discussed m relation to 
acetylene and other compounds 

As m the stilbene structure, there are four molecules in the unit cell, and 
two of these make independent contributions to the asymmetric unit of the 
crystal The orientations of these two molecules are deduced, and the 
co-ordinates of the atoms are given The minimum intermolecular approach 
distances are between 3 5 and 3 0 A for the carbon atoms 
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Relaxation methods applied to engineenng^TcdjMns 
II Basic theory, with applications to surveying and 
to electrical networks, and an extension to 
gyrostatic systems 

By A N Black, B A and R V Southwell, F R S * 

(Received, 22 June 1937— Revised 24 November 1937) 
Introduction and su mma ry 

1 The “Method of Systematic Relaxation of Constraints” was devised 
for the determination of stresses in frameworks,—that is in elastic structures 
having the characteristic that a strained configuration can be specified by 
attaching values to a finite number of co-ordinates Recently it has been 
extended to continuous systems (e g beams) on the understanding that a 
finite number of co-ordinates will define a configuration for practical 
purposes, though not from a mathematical standpoint So far the power of 
the method has been exhibited only in relation to elastic problems in these 
its results appear to converge rapidly, judged by a few examples of which 
the exact solutions were known 

The aim of the present paper is fourfold, viz 

( 1 ) to prove that relaxation methods, applied systematically to problems 
of elastic equilibrium, give solutions which converge steadily towards exact 
results, and hence, by analogy, 

(2) to show that they are applicable to any “minimal” problem, e g 
the adjustment of errors according to the method of least squares, 

(3) to notice, as particular examples, the adjustment of errors in level or 
tnangulation surveys, and the partition of electric current in non-mductive 
networks of conductors, and 

(4) to discuss the more difficult problem of an inductive network oarrying 
alternating current This serves as a simple illustration of systems which 
are governed by equations containing “gyrostatic” or “non-energetio” 
terms, and which for that reason do not present mimmal problems of the 
usual kind 

In regard to (1) it should be mentioned that a proof of convergence was 

* The idea of applying relaxation methods to the adjustment of errors, together 
with major credit for the argument in §§3-4, should be attributed to Mr Black 
A joint paper seemed desirable, in view of the close analogy between his problems 
and those relating to electrical networks which I had studied (R V S ) 
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attempted in the onginal relaxation papers (Southwell 1935 a, b), but that 
the arguments there given are open to objection The simple proof now 
given (§§ 3-4) appears to be satisfactory, and it permits a generalization 
(2) which greatly widens the scope of the relaxation method The examples 
mentioned under (3) pomt to applications in other important fields of 
engineering, while the problem treated under heading (4) seems to be of 
interest not only in itself, but especially as indicating potentialities of the 
relaxation method m relation to problems such as the question of hydro- 
dynamic stability, where similar difficulties are presented by the occurrence 
of “ non-energetic ” terms in the governing equations (Chitty and Southwell 
1930, III, §§ 12-14) 

I On the convergence ok the relaxation process 

2 The basis of the relaxation method as originally applied to frameworks 
is the idea that in any specified problem, although it may be difficult to 
obtain the exact solution, it is easy to calculate the forces which must be 
applied in order to maintain specified displacements Accordingly we 
imagine that ngid constraints hold all the joints fixed initially, before the 
specified forces are applied subsequently, one constraint is “relaxed” in 
a direction such that the whole or part of its external force is transferred to 
the framework and through it to adjacent constraints, and the procedure is 
repeated for other constraints A table of “standard operations”, con¬ 
structed as a first step, enables us to keep account of the displacements and 
forces entailed by each relaxation Attention is focused on the “residual” 
forces (1 e forces still acting on the constraints), the aim throughout being 
to reduce these everywhere to zero 

Problems of self-straining (Southwell 19350 , § 2 ) can be brought within 
the scope of the method For when the members of a framework are not so 
proportioned that they will all fit together without straining, we can 
calculate forces which will give them such strains that they will fit, and we 
can start from a “datum configuration” in which these forces are operative 
and entail (for equilibrium) equal and opposite forces on the constraints 
Such parts of the latter as do not cancel m the assembled framework may 
now be regarded as external forces and liquidated by relaxation as before * 

3 To show that the relaxation procedure, pursued systematically, gives 
results converging steadily towards the required solution, it is only necessary 
to observe that at each step, if positive work is done on the Relaxed constraint, 
the total energy of the system (1 e elastic strain-energy stored in the frame- 

* Cf §8 
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work plus potential energy of the external forces) must be reduced therefore 
the system must tend continuously towards the required configuration of 
equilibrium, in which (by a known theorem in Mechamcs) the total energy 
has its minimum value * We shall not arrive at this configuration m any 
finite number of steps, but we can approach it as closely as we may wish 
The approach can be accelerated by an introduction of ‘ ‘ block relaxations ’ ’, 
in which any number of points move together like a rigid body, or of “ group 
relaxations”, m which any number move together m some arbitrarily 
chosen way (Richards 1937 foreword, p 201 ) 


4 The simplest example is provided by a plane pinpointed framework 
Here, in the notation of previous papers (Southwell 1933, § 7 ) the total 
strain-energy is given by 

f/ =» \X m [Q AB {(X B — X A )(u B — u a) + (Vb~ y^) ( v B -r ^)) 2 ]- 0) 

E m denotmg a summation which extends to every member ®AB is a con¬ 
stant defining the elastic properties of the member which connects A, B, 
and u A , v A are the (small) displacements of the joint A from its position in 
the unstrained configuration 

The total potential energy of the (specified) external forces is given by 

V - const -X j (X A u A + Y A v a ), (i) 

E } denoting a summation which extends to every joint of the framework, 
and X A , 7 a the components m the x and y directions of the force which is 
applied at A 

Let X A denote the “residual force” (§2) which acts on the constraint 
at A Then initially (when all joints are held fixed) X A = X A , the specified 
external force at A , but subsequently (after one or more constraints have 
been relaxed) a force will also be exerted by the framework This second 
force (X A , say) will be equal and opposite to the forie exerted by the con¬ 
straint upon the framework, 1 e (by Castighano’s first theorem) we have 


Therefore, since 



according to (1), 


we may write X A = X A + X A 


a 

du A 


(U+V), 


( 2 ) 


* Kirchhoff’s theorem of uniqueness of solution (Southwell 19366, § 14) shows that 
there is only one configuration of equilibrium, therefore only one absolute minimum 
of the quantity which is varied in the relaxation process 
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and the equation 


^J V+ V)- 0 , 


(11) 


which is one condition for a minimum value of (U + F), is then seen to be a 
condition of equilibrium at A, since it requires that no force shall be left 
acting on the corresponding constraint 
Since X A is independent of the displacements, we have from ( 2 ) 


dX A 


d*u 

du A 

du A 

du\ ’ 

dX 4 


d*u 

dv A 

dv A 

dv A du A 

bX 4 

= SX A = 

d*U 

du B 

du B 

du g du A 


etc , 



( 3 ) 


and since U is a quadratic function of the displacements, all of the quantities 
(3) will have constant values independent of the configuration Thus when 
U is given by (1) we have 


g ~ ^A\®A b( X U ~ X a) 2 ] ~ Ea[( X ’ X )ab]> 
d*U 

dv A CU A ~ ^B-Va)) — ^Al( X >y)As]’ 

d 2 U 

etc 


(4) 


in the notation of “influence coefficients” (Southwell 1935 a, §12),* £ A 
denoting a summation which extends to every member connected with A 
Accordingly X A is a hnear function of the displacements, reducing to X A 
when all of the displacements are zero, and hence, using (3), we may write 




( 5 ) 


with corresponding expressions for the other “residual forces” 

These expressions hold in respect of any elastic system, and according to 

* The reciprocal relations (x,y) = (y,x), etc (Southwell 19350,513) are now seen 

e» 

to be consequences of the commutative property = 
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(5) a residual foroe % A can be brought to zero by imposing a displacement 
Au a , where 



Now because strain-energy is a necessarily positive quantity, the coefficients 
of u\, u* B , etc in U will always be positive, and therefore suoh differential 
coefficients as d^XJjdu^ (For the framework this assertion is exemplified 
by the first of (4), since the Q’a of necessity are positive ) Therefore according 
to (6) any residual force can be brought to zero by imposmg a displacement 
having the same direction and sense This is the basis of the “relaxation” 
procedure 

Moreover, provided that the displacement is not of such magnitude that 
the sign of the residual force is changed, it will necessarily involve a decrease 
m the value of ( U + V), since in that event 

8 (U + V) = -jX A du A according to (2) 

will be negative * The greatest possible decrease for a displacement of given 
type ( u A ) will be obtained by bnnging the corresponding force (% A ) to zero 
Thus the argument of §3 is confirmed, together with the theorem there 
quoted that in the equilibrium configuration (U + V) has a minimum value, 
—not merely a stationary value, which is all that is stated by equations of 
type (n) For we have shown that the value of (U +V) can be reduced so long 
as any residual force remains on a constraint , and by a finite amount so long 
as any residual force is finite hence it follows that the relaxation process 
can always be continued until (U+V) has been brought so near to its 
absolute minimum that all residual forces are negligible 


II On the wider application op the relaxation method 

5 Looking at the method in this way, we see that it is applicable to other 
problems in engineering and m physics For a framework we have to deter¬ 
mine that distribution of joint displacements which (subject to the over¬ 
riding condition of continuity) entails a minimum value of the total energy, 
this energy being (by Hooke’s law) a quadratic function of the displace¬ 
ments by analogy, whenever we want the conditions for a minimum value 

* Generalizing the meaning of “foroe” and “displacement” (Southwell 1936b, 
IS28-30), we can arrive at a similar conclusion in regard to “block relaxations” 
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of some quadratic function Q of parameters u A , u B , v+,v B , ,* we can 
treat those parameters as “displacements” and proceed exactly as before 
“Joint relaxations” will now be changes made, one at a time, m the values 
of the parameters, and the partial derivatives of Q with respect to the 
parameters will measure “forces” which the relaxations impose on the 
constraints Thus every minimal theorem m mathematical physics provides 
a fresh application of the relaxation method 

U and V now denoting the quadratic and lmear parts of Q, we may write 
in conformity with (2) of §4 

X a -X a + X a --1-W + V), etc, 

where X A , etc have values independent of u A , v A , etc % A will again 
be given by the expression (5), and we have 

dX A d*u d*Q T7 . 

= - - 5 - 5 - = - , since V is linear, 

au A au 2 j d u\ 

< 0, by the minimal property of Q 

So the same argument as before shows that relaxation processes, applied 
systematically, will give results which converge steadily towards an exact 
solution t 

An exact elastic analogue is obtained if we visualize a framework problem 
(§4) in which u A , etc are joint displacements, X A , etc are externally 
applied forces, and X A as given by (6) is the total force which comes upon 
the constraint at A This problem we can treat m the usual way, for equa¬ 
tions of type (4) can be used to calculate the effects of joint displacements, 
and devices such as “block” and “group displacements” (§3) can be 
employed as may be found convenient 

Example 1 Adjustment of errors in a level survey 

6 A simple example is afforded by the problem of adjusting errors in a 
survey of levels Let z A , z B , stand for the heights above datum level of 
points A, B, for which observations have been made, and let A ab stand 
for the observed difference of level between A and B, —1 e more precisely, 

* To preserve the analogy wo here divide the parameters into elasses, but such 
grouping is not essential, nor (if it is adopted) is the number of classes in any way 
restricted 

f I e to the conditions for an absolute minimum of Q It can usually be proved 
that Q has only one minimum (of footnote, p 449) 
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the observed me in passing from A to B On account of errors of obser¬ 
vation, the A’b will not all be consistent with any set of values for z A , z B , 
etc That is to say, if e AB is the “error” in A ab , defined by 

e AB — A ab — (z b — z a ), (7) 

some at least of the e’s will be finite whatever values we attach to z A , z B , 
etc According to the theory of errors, our problem is to determine values 
such that the sum of the squares of the errors, weighted by reference to 
considerations which do not concern us here, shall have its minimum value 
Initially the z’e are unknown, the A 's are specified 

In the elastic analogue (§ 6), the z’s may be regarded as displacements 
imposed by specified external forces upon a number of yokes or collars 
(fig 1), which can shdo without friction on a straight bar having the direction 



Oz, and which are connected by springs having elastic properties propor¬ 
tionate to the “weight factors ” our problem is to determine the configura¬ 
tion of equilibrium Alternatively we may suppose that initially the springs 
have such lengths that they cannot all be fitted into place without straining, 
and that e AB is the amount by which the unstrained length (A ab ) of the 
spring connecting A and B exceeds the distance (z B —z A ) between those 
points then the required configuration is one of self-strainmg without 
external forces, which (§ 2) can be brought within the scope of the relaxation 
method * 

* A numerical example, involving six points of observation, was easily solved by 
a relaxation process involving twenty six operations 
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Example 2 Adjustment of errors m a tnangulation survey 
7 A problem of greater complexity (and as such providing an even more 
useful application of the relaxation method) is provided by a “tnangulation 
survey ” Here the observations made at every point of a network are the 
angular bearings of other points in relation to the “zero” of the horizontal 
circle of the theodolite, which zero is given a purely arbitrary onentation 
Two co-ordinates determine the position of any point, and these can be 
altered independently m the process of adjustment On account of obser¬ 
vational errors no one set of values can be found for the co-ordinates which 
is entirely consistent with the observations our problem is to assign values 
to the co-ordinates such that the sum of the squares of the consequent 
“errors” (weighted by reference to considerations which do not concern us 
here) shall have its miiumum value 


R 



Let x A , y A and x B , y B be values assigned to the co-ordinates of two points 
A and B of the network, and let the consequent bearing of B at A be 0 AB , 
measured from a fixed reference direction OB As stated above, the bearing 
of B in relation to A was measured from a reference direction which is un¬ 
known If we assign a value \ A (fig 2) to the unknown angle between this 
reference direction and the fixed direction OR, the “error” in the observed 
bearing of B (<j> AB , say) will be given by 

e AB = 4>ab — (&ab-Xa) 


( 8 ) 
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By assigning a suitable value to Xa we could make e AB zero, but the same 
value must be taken in the similar expressions for e AC , etc , and accordingly 
Xj, as well as x A , y A , x B , y B , is a variable parameter m the minimal problem 
The <f>'s are specified, and the 0’s can be expressed in terms of the x’s and y’s 

8 The “framework analogue” of this problem does not present itself 
m practice But we can visualize an assemblage of ngid bare, slotted to 
receive pins which form the joints (fig 3), and sliding smoothly on those 
pms, and we can suppose that each pm carries a rigid member (A, fig 3) 
connected by spring constraints to every bar which slides upon that pm 
We may postulate that each spring constraint (one is indicated diagram- 
matically m fig 3) tends to preserve a definite angle <f> between thedirections 
of A and of the bar to which it is connected the angle may in fact have a 
different value, but if so strain-energy will be stored in the spring Since A 
is connected with a number of bars all sliding on its pm, although it is free 
to rotate it cannot (m general) assume an orientation such that none of the 
springs is strained By Castighano’s second theorem it will assume an orien¬ 
tation Xa> relative to some fixed direction Ox, such that the total strain- 
energy has its minimum value and if 0 is the orientation, relative to Ox, of 
any member connected with it, the strain-energy stored in the corresponding 
spring will be proportional to y^)} 2 , the constant of proportionahty 

depending on the weight factor, as in § 6 Again the elastic analogue of our 
problem is a self-strained system 



Example 3 Partition of electric current in a non-inductive 
network of conductors 

9 Suppose that two nodal points A and B of the network are connected 
by a conductor of resistance Rab> and let v A , v B be the potentials of A and 
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B By Ohm’s law, a current of magnitude (v A — v B )IR AB will flow from A 
to B, so that if I A , I B denote the currents flowing towards A and B respec¬ 
tively, then 

— Ia — Ib — Kab( v a~ v b)> 

where K dB = l/R AB Summing for all conductors which are connected 
with A , we may wnte 

ZAK AB (v B -v A )] + i A = 0, (9) 

where I A stands for the current supplied to A from outside 
Now the heat generated in A B will be measured by K AB (v A —v B ) z , and 
hence the total generation of heat is given by 

2 U = Z m [K AB (v A -v B n W 

E m denotmg a summation extending to every conductor m the network 
Also, if the current 1 A is supplied to A from an outside source at datum 
potential v 0 , the energy thereby expended will be measured by I a ( v a~ v o)> 
and hence the total energy expended will be measured by 

£j[i A (v A -”<>)] = ~ v (^y) ( u ) 

We see that (9) is a condition for a minimum value of 
Q=U + V 

= i ZJ.Kab(» A - »»)•] + WAVo - v A )], ( 10 ) 


since it is eqmvalent to 

_SQ 

dv A 


h u+V) ~ 0 


So U is the total strain-energy, V the total potential energy of the external 
forces, in the elastic analogue which we obtain by interpreting the u’s as 
displacements, the /’s as external forces, and the K’s as “spring constants” 
or “influence coefficients” Corresponding with the theorem of minimum 
total energy in the elastic analogue, we can enunciate a minimal theorem 
relating to the generation of heat by electric currents (the “Joule effect” 
Jeans 1923 , §355) as follows In a netivork of conductors to which specified 
currents are supplied at two or more nodal points* the actual distribution of 
steady currents is such that the total generation of heal, less twice the energy 
expended m supplying the specified currents from a source at datum potential, 
has its minimum value consistent with the satisfaction of Kxrchhoff's second law 

* The algebraic sum of the currents must be zero, in order that KirchhofTs laws 
may bo satisfied 
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10 The foregoing is to be distinguished from a more familiar theorem 
relating to the Joule effect (Jeans 1923 , § 358) When a system, of steady cur¬ 
rents flows through a network of conductors containing batteries of which the 
electromotive forces are specified, the currents are so distributed that the total 
generation of heat, less twice the output of energy from the batteries, has its 
minimum value consistent with the satisfaction of Kirchhoff’s first law 

This, m the elastic analogue of § 9 , is Castighano’s second theorem For 
if as before the electric potentials are interpreted as displacements and the 
K’s as “spring constants”, and if now the electromotive force E AB of the 
battery in any link .413 of the network is interpreted as the amount (- A) 
by which the length of the corresponding spring AB exceeds the distance 
between the points in the datum configuration which it has to connect 
(cf § 6), then for consistency the current I iB which flows from A to B, and 
which is measured by K AB ( V A — V g + E AI} ) must be interpreted as the 
thrust (— P) to which the spring A B is subjected in a strained configuration, 
and if 2 Q is the quantity (total heat generation — twice the energy output 
from the batteries), 1 e if 

2 Q = Z m [I»IK-2EI], 

then in the elastic analogue Q will stand for the quantity 
jr„[£-2Ap] 

= (total strain-energy stored in the elastic system) — Z m [PA], 

which is required in Castighano’s second theorem to have a minimum value 
(Southwell 1923, § 7 ) 

Just as, in that theorem, the variations of Q are restricted by conditions 
of equilibrium (the analogue of Kirchhoff’s first law) and compatibility of 
displacements is not realized in any but the correct configuration (Southwell 
1936a, § 2), so in the electrical theorem only the correct distribution of 
current satisfies Kirchhoff’s second law, 1 e gives a single value for the 
potential of every nodal point (Jeans 1923, § 346 ) The theorem of § 9 lends 
itself more readily to calculation by relaxation methods, and a network 
of which some or all links contain batteries can be readily treated Starting 
with the assumption that the whole e m f of each battery is utilized in 
passing current through the resistance of its own associated “link”, we can 
obtain a datum configuration m which calculable currents enter or leave 
the network at its nodal points Then we have merely to calculate and 
superpose the effects of neutralizing currents supplied at the nodal points 
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III Extension op the relaxation method to “gyrostatio ” systems 

11 We now consider the more difficult problem in which alternating 
current flows through a network characterized by self-mduction and/or 
capacity This as relating to sinusoidal current of constant frequency 
closely resembles the problem of stress-distribution in a plane pin-jointed 
framework, but the differences are such as to necessitate, in particular 
instances, a complete revision of the relaxation technique * 

Let AB be any link m the network having a vector “admittance” 
Yab = 9ab + J^ab (the reciprocal of a vector “impedance” Z = r—jx), 
and let 

V A = u A +jv A , V B = u B +jv B 

be the vector potentials of the nodal points A, B f Then the vector current 
flowing from A to B through the link AB is 

IiB = (94H+J b 4n) (Va- v b)> 
and hence, if I A = X A +jY A = -Z A [I AB \ 

is the total vector current flowing into A from all links which connect it 
with other nodal points of the network, we have 

— X A = E A [g AB (u A -u B )-b AB (v A -v B )],^ 

— Y a = X A [b AB (u A — u B ) + g AB (v A — v B )],\ 

E a having the same significance as in preceding sections Moreover, if 

I, = X a+j 7 a 

stands for the vector current supplied to A from outside, then 

X A -X A + X A = 0, Y A = ¥ A +Y A = 0, etc (12) 

since there can be no accumulation of current at a nodal point 
Equations analogous with (11) and (12) control the joint-displacements 
of a plane pm-jointed framework Thus we have from (1), (2) and (4) of §4, 

-X A = = ZA[{ X > X )AB{UA-UB) + (x,y)AB{V A - V B)]> 

~ Y a = = X A [(y, x) AB (u A - u B ) + ( y , y) AB (i v A - v B )] t 

* We are indebted to Professor L N G Filon for calling our attention to this 
fact 

t The notation of this section is based on that of Steinmotz (1900, chap vrt), but 
some new symbols have been introduced with the object of emphasizing the elastio 
analogue j stands for ^/( — 1) 
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and the conditions of equilibrium can be written in the form of (12) But 
whereas m the elastio problem Maxwell’s reciprocal theorem requires that 

(x,y) = (y,x), (14) 

so that (v A — v B ) in the first of (13) has the same coefficient as (u A — u B ) in 
the second, m equations (11) the coefficients, though equal in magmtude, 
have opposite signs, and in oonsequence, whilst in the elastic problem the 
equations (12) of equilibrium are conditions for a stationary value of the 
total potential energy (U + V), which has its minimum value m the required 
configuration, equations (11) and (12) are conditions for a stationary value 
of the function 

Q — h^‘m[9AB( u O~ U i) 2 ~^AB(' u B~ u A)( V B~ v A)~yAo( V B~ V A) 2 ] 

u a -T a v a ], (15) 

which, m the required configuration, is a minimum as regards variations in 
the u’e, but a maximum as regards variations in the v's 

Example 4 Partition of alternating current m an inductive network 
12 No feature of the relaxation process will be altered by reason of the 
circumstance that Maxwell’s relations (14) are not satisfied, and m general, 
suitably applied,* it will lead quickly to the required solution Occasionally, 
however, it will fail by giving divergent results, and then a different procedure 
will be necessary As an example which yields to the standard treatment we 
shall calculate the amplitude and phase of the current which w ill pass through 
the network shown in fig 4 when an alternating potential difference of 1 volt 
is applied to the nodal points .4, E (The analogous problem in relation to a 
plane framework would be to determine the effects of imposing a relative 
displacement on two nodal points ) 

The vector admittances of the different links, calculated for the particular 
frequency of the applied potential difference, will be taken to have values 
as under 


AB, 

101 50+,? 79 12 

BD, 

1 78 + j 6 88' 

AC, 

7 58-,? 899 

BE, 

2 36+j 3 72 

AD, 

12 18—j 2 03 

CD, 

2 55 +j 0 55 

BC, 

8 73+,? 6 72 

CE, 

1 78+^306 



DE, 

7 26+j0 73. 


* At every stage the largest of the “residual forces ” should be liquidated, and by 
that operation which affects it more than any other 
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13 Adopting the procedure suggested at the end of § 10, we first suppose 
that the veotor potential of A is 1 and that B, C, D are at zero potential 
Then the currents pewsing from A along the links AB, AC, AD will be given 
respectively by 

I AB = (101 5+j79 12), I AC = (7 58-J8 99), I AU = (12 18-y 2 03), (l) 

and no current will flow in any other link of the circuit By addition we 
deduce that (to make the assumed potentials correct) a current of amount 
(121 20-fj 68 10) will have to be supplied to A from outside currents 
I Ali , I AC , I ad will then leave the network at B, C and D respectively 



Fio 4 


Actually no current passes to or from the network at B,CoiD Therefore 
we must superpose on the assumed potentials those which would result if 
currents l n , I c , I D , equal respectively to I AB , I AC , I AD as given in (l), were 
supplied at B, C, D and allowed to leave the network at A and E, the latter 
points being held at zero potential Writing I B = X b +jY b , etc we thus 
have initially 

X A = X A = - 121 26, X B = X fl = 101 50, j 

X C = X C = 1 58, 12 18, I 

? A = f A = -68 10, Y b = Y b = 79 12, I 

~ ~ ® = = ~ 2 03, j 

Xfi =* Y e = 0 (17) 


with 
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In # the framework analogue these are initial values of the “forces on the con¬ 
straints”, and they have now to be “liquidated” by the imposition of suit¬ 
able displacements (actually, vector potentials) at B, C and D, but not at 
A and E 

14 Next we derive a table of standard operations by calculating the 
changes in the “residual forces” (typified by X A , F*) which result from 
ohanges made in any one, singly, of the “displacements” (typified by 
u A , v a) As in a normal elastic problem (§4), since the “external forces” 
(typified by X A , 7 A ) are specified and therefore invariant, the partial differ¬ 
entials dX B jdu A , dT B ldu A , are identical with dX B jdu A , 3 Y B j3u A , etc 
According to (11) they will be zero unless B is directly linked with A in the 
electrical network, and when B is so linked they will have constant values 
as under 

3%b _ _ dPp 3X B _ , _ dTjj 

du A AB ~ dv A ’ dv A AB ~ du A 

Sumlarly = ~Za(9ab) = ff^(say). (18) 

" ^ " W A = “ E ^b) = b AA (say) 

Here X A stands (as before) for a summation extending to every nodal point 
which is directly linked with A 

As in § 4, each of these differentials gives the effect on some residual force 
of some unit displacement, and a displacement of different magnitude will 
have a proportionate effect Tablo I records the effects of unit operations 
as deduced from (IS) for the example specified m j}12 The operations 
numbered 7 and 8 are simple examples of “group relaxations ” 

15 Starting a relaxation table by recording m the first line initial values 
of X A , 7 a , etc as given m (17), we can now liquidate these “residual” 
forces m the ordinary way The actual table is not reproduced, but it is 
summarized in Table II * The progress of the approximation was estimated 
by the extent to which X A , — X K and 7 A , - 7 K had approached equality by 
thirteen operations the values of (X A + X K )I(X A - X K ) and of 

(?a + Ys)l ft A — Ije) 
were both brought below 1% 

* The relaxation was performed for ua by Mr R J Atkinson 



Table I 



(4) X(-0 0289) 

(5) x(-0 1744) 

(6) x 0 0109 
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From the operations and multipliers given in the first column we can 
deduce the vector voltages Rejecting the fourth decimal place as un¬ 
reliable, we have 


v„ = 0 948 —j 0 029, 
v c = 0 850 —j 0 174, 
v„ = 0 690+,; 0 011 


(19) 


From the last line of Table II w e see that the total current flowing through 
the network from A to E is 

94+y63 (20) 


A MODIFICATION OF THF STANDARD METHOD 

16 When (as m this example) the residual forces decrease with satis¬ 
factory rapidity, we may regard the standard procedure as justified by its 
results, for they vanish in the exact solution, which is unique * But examples 
can be constructed m which, as relaxation proceeds, the residual forces are 
found to increase, and for use in such cases we now describe a modification 
of the standard procedure which, like that procedure as applied to normal 
elastic problems, can be show n to lead always to convergent results 

17 The required configuration is one in which, for each of a number of 
specified nodal points, 

F = P=o, (i) 

-F, F being defined by (11) and (12) for a typical point A If now E {}) stands 
for a summation extending to those nodal points, but to those alone, for which 
(l) is to be satisfied, and if 

2F = 2 y) |£ 2 + F i ], (21) 


then F will vanish and so (being necessarily positive) will attain its minimum 
value in the required configuration Like the total potential energy (U + F) 
in a normal elastic problem, it can always be reduced so long as any “residual 
force” (ftorT) remains “ unliquidated" 

We can thus treat F exactly as in 6 we treated the function denoted 
by Q Corresponding with the residual forces of that section we have 
“ quasi-forces” X A , Y A , etc given in terms of F by expressions of the types 




dF 
du A ’ 


y a 


dF_ 

dv A ’ 


( 22 ) 


* We have, in effect, to solve a system of simultaneous linear equations, equal in 
number to the numbor of the unknowns 


Vol Cl XIV—A. 
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which are analogous with ( 2 ), and corresponding with the influence coeffi¬ 
cients defined in equations (3) and (4) we have “ quasi-influence coefficients ” 
given by such quantities as 

'd{F = _dX A _ d 2 F dX A dY A &F _ _dY A 

dv? A du A ’ du A dv 4 dv A dv A ’ dv\ dv A ’ 


winch are analogous with (3) The latter we can insert in a table of standard 
operations, analogous with Table I, and we can start a relaxation table, 
analogous with Table II, by inserting in the first line initial values of the 
.XT's and F’s as given by ( 22 ) when all the u» and v’a are zero The relaxation 
procedure will be the same as before, and its convergence may be established 
by an argument exactly similar to that of §§ 3 and 4, since by definition (23) 
the “quasi-influence coefficients” satisfy reciprocal relations of the type 
of(14) 


18 According to (21) 


3 F _ 
3 u A 




and the differentials in these expressions have constant values typified by 
(18) of §14 Hence 


3 *F 

du\ 


3 *f = rdX dX _3P 

dv A dv v dv B + du A dv B \ ’ 


(25) 


Combined with (22) and (23), these expressions show that the “quasi 
forces ” are hnear in the u’sandn’sand that the‘‘quasi-influence coefficients 
have constant values Thus they justify the assumptions which were made 
(tacitly) m § 17 

19 Using the formulae (25) we can deduce the new table of standard 
operations (Table III) from an operations table of the normal kind (Table I) 
In the latter ( q v ) columns and lines are so arranged that the same number 
relates to a “corresponding” force and displacement (Southwell 19366 , 
§ 28) thus lino 2 relates to a displacement u c , and column 2 to the residual 
force X t Let the new table be arranged m conformity, so that (for example) 
lme 2 relates to u c and column 2 to X c , and suppose that we w ant to calculate 
dX c ldu u , the entry appropriate to hne 1 , column 2 (or, since reciprocal 
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relations are satisfied, to fine 2, column 1) Observing that in Table I the 
entries in lines 1 and 2 of the column appropriate to any force % are the 
values of dXjdu# and d^jdu c respectively, we deduce from (25) that for 
this purpose we must sum the products of such entries for all columns of 
Table I which relate to forces included within the summation 2y) Such 
columns are distinguished by heavy vertical rulings m Table I m Table III 
nothing is gamed by retaining other columns, which accordingly have been 
left blank 

Proceeding as described, we have as the appropriate entry in line 1, 
column 2 and in line 2, column l of Table III 

Ms = M» = +114 37 x 8 73 + 8 73x 20 04- l 78 x 2 55 

+ 90 44x0 72 + 0 72x 1 34-6 88x0 55, 


= +1827 40, (l) 

and the other entries are calculated similarly In our example the work is 
shortened by the circumstance that not only relations of type (14) are 
satisfied, but also relations typified by 


Mf? _ Mb = _M« Mo = 0y c 

du c dv c ’ dv c 3u c ’ dv c du c 


(26) 


Table III 


Column 

number 


1 

2 

3 



4 

5 

6 


Number 
and nature 
of operation 


X. 

x. 

X B 



Y„ 

Y„ 

y b 


(D«i=l 

TT 

-22553 04 

1827 40 

925 00 

__ 

1 — 

0 

183 79 

-474 91 

_ 

(2) u c = 1 

— 

1827 40 

- 565 98 

65 58 

— 

— 

- 183 79 

0 

37 61 

— 

(3) = 1 

— 

925 60 

65 68 

-659 90 

— 

— 

474 01 

-37 61 

0 

- 

(4) v, = 1 

— 

0 

-183 78 

474 91 

— 

— 

-2256104 

1827 40 

925 60 

— 

(5) v 0 = 1 

— 

183 79 

0 

-37 01 

— 

— 

1827 40 

-565 98 

65 58 


(6) f’ fl = 1 

— 

-474 91 

37 01 

0 


- 

925 60 

55 58 

-050 90 

“ 


20 To start the new relaxation table we must insert in its first line the 
initial values of the X’a and F’s We have from (22) and (24) 


31 


( 27 ) 
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with corresponding expressions for the other “ quasi-foroes ” so because 
the column numberings of Tables I and II conform, if (for example) we want 
the entry appropriate to column 2 of the new relaxation table, then we are 
concerned with the first line (initial “forces”) of Table II and with line 2 
of Table 1 Multiplying together the two numbers which appear m any 
particular column, we have to sum the resulting products Thus in our 
example the appropriate entry is given by 

^(initial) = - 8 73x 101 50 + 20 64x7 58-2 55x 12 18 

-6 72x79 12-1 34x899 + 055x203, 

= -1303 32 (li) 

The other entries are found similarly 

The new relaxation table has not been reproduced, since the procedure 
required to liquidate these initial X’a and F’s is in every way normal Applied 
to the particular example of § 12, fourteen operations sufficed to give the 
same solution as was found by an unmodified procedure m §§ 14-15 * 

Conclusion 

21 The relaxation proc edure is in effect a method for obtaining approxi¬ 
mate solutions of systems of linear simultaneous equations (The number 
of independent equations must be equal to the number of the unknowns, 
in order that the exact solution may be unique ) In previous applications 
(l e to problems of elastic equilibrium) the equations have been conditions 
for an absolute minimum of a certain quadratic function of the variables, 
necessarily positive here, m the last example treated, they are conditions 
for a stationary value of a certain quadratic function, but that value is not 
an absolute mimmum since the function can take either sign By a modifica¬ 
tion of the standard procedure we have made it applicable to problems of 
this less restricted class, and m so doing we have not made use of the fact 
that m the particular example treated (which concerns a “gyrostatic” 
system) certain skew-symmetrical relations govern the coefficients m the 
several equations Accordingly the procedure as modified (§§16-20) will 
apply without restriction to any system of linear simultaneous equations 
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The reflexion coefficients of ionospheric regions 

By E V Appleton, F R S and J H Pxd dinoton,* M Sc , B E 
Cavendish Laboratory, Cambridge 

(Received 17 November 1937) 

In a recent communication - ) - to the Society, Watson Watt, Wilkins and 
Bowen ( 1937 ) have described the results of an ionospheric investigation 
conducted by means of radio wave reflexion which they have interpreted 
as demonstrating the existence of four or more highly reflet ting Btrata in 
the lower atmosphere, about 10 km above ground level These results and 
their interpretation are naturally of great interest to those whose field of 
investigation has been the ionospheric regions at greater heights, for, as 
the authors of (I) state, their own findings “must modify the detailed 
discussion of ionospheric soundings effected with sounding waves which 
have had to traverse these highly reflecting strata” Moreover, if the high 
reflexion coefficients estimated for these low-lying strata are correct, even 
as regards order of magnitude only, it is immediately obvious that our 
ideas concerning the travel of wireless waves to great distances require 
radical revision, for, smee 1926, it has been customary to regard such 
communication as generally being effected either by way of Region E in 
the case of long waves, or by way of Region F in the case of the shorter 
waves It can, further, be asserted that current explanations of such 
phenomena are m such close agreement with the results of what is now 
known of the structure of the ionosphere at levels of 90 km and above, 
* Walter and Eliza Hall Research Fellow 
f We shall, for brevity, refer to this paper as (I) throughout 
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that any evidence not m harmony with these accepted relations must be 
accorded the closest scrutiny 

The experimental observations of Colwell and Friend ( 1936 ) and of the 
authors of (I) ( 1937 ) concerning the return of radio waves from low levels 
m the atmosphere are of the greatest scientific importance and, im¬ 
mediately they were announced, investigations were begun here m Cam¬ 
bridge to see if we could confirm them It was desired especially to ascer¬ 
tain in tins connexion how far the existence of such lowlymg reflecting 
strata influenced the interpretation of the vast amount of observational 
work already carried out m various parts of the world on radio reflexion 
at higher levels 

The results of our own experiments, and the interpretation concerning 
the ionospheric importance of low-level reflexions which we have felt 
obliged to give them, were different from those of the above-mentioned 
authors so that, on the publication of ( 1 ), we have examined afresh the 
arguments adduced in it which have led its authors to certain of their 
conclusions The account of our own work is therefore prefaced by a brief 
discussion of previous work 


The evidence for the existence of highly reflecting 

STRATA IN THE LOWER ATMOSPHERE 

The most complete account of the return of radio echoes from the lower 
atmosphere is given m (I) and the discussion m this section is therefore 
devoted to it The authors of (I) 

(a) have confirmed the occurrence of echoes returned from Region D 
These were noted by Appleton ( 1927 ) as occurring occasionally m 1927, 

(b) have found there is another reflecting region at 45-50 km with a 
reflexion coefficient* of 0 3 for 6 Me /boc waves (We may refer to this as 
Region C), and 

(<•) have found that there is a senes of discrete reflecting strata, per¬ 
sisting without substantial change of level for several days, at such heights 
as 8 5, 9 3, 10 3, 10 75 and 13 6 km , each with a reflexion coefficient of 
0 7 for 6-12 Me /sec waves (We may refer to this as Region B ) 

Since, from our own observations, we are unable to confirm the magnitude 
of the reflexion coefficients stated in (c) above we must examme afresh the 

* The reflexion coefficient hero refers to the ratio of the reflected and incident 
olectno vectors 
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arguments presented by the authors of (I) m this connexion We need only 
take the case of Region B (1 e the Region Z of (1)) 

The argument which leads to the evaluation of the reflexion coefficients 
of the low-lymg strata proceeds in thiH way From a snap-picture of a 
series of et hoes, four or more senes of multiple reflexions are identified and, 
from the amplitude decay among the members of a selected series, the 
reflexion coefficient of the stratum responsible for the senes is calculated 
For example, since the fifth echo of a senes is, in amplitude, 0 2 of the 
first, the effective reflexion coefficient is taken as (0 2)** (i e 0 67) The 
effective reflexion coefficient corresponding to each series is evaluated 
independently as if reflexion by, or transmission through, any strata below 
had no effect This argument raises the follow mg points 

(a) Since we must allow for the spacial attenuation of the waves (a 
doubly reflected wave has, for example, travelled twice the distance of a 
singly reflected one) the reflexion coefficient in a case where the fifth order 
echo is 0 2 of the first order is given by 



l e p = 137 (2) 

Thus the argument leads to the conclusion that the reflexion coefficient 
of a single stratum is greater than unity If further allowance were made 
for the imperfect reflexion of 6 Me /sec waves at the ground (for which 
the reflexion coefficient p' is of the order of 0 9) it will be seen that the 
Region B reflexion coefficient would come out higher still 

(6) Even if we accept the conclusion of the authors of (I) that the lowest 
reflecting stratum in Region B has a reflexion coefficient of 0 7 it is easy 
to see that, for the effective reflexion coefficient (measured as the ratio of 
the incident and reflected wave vectors at a point below the lowest 
reflecting stratum) of the remaining strata to be of the same value, it is 
necessary for the true reflexion coefficient of the second stratum to be 
unity This would mean that substantially no radio energy reaches Regions 
E and F, so that they would play no really significant part m the propaga¬ 
tion of radio waves 

There are other arguments of a more general character which are 
difficult to reconcile with the permanent existence of highly reflecting 
strata at fixed distances from the ground It is to be expected, for example, 

* There appears to be a misprint m (I) (p 186), where (0 2)1 is written and (0 2)1 is 
intended 
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that such strata, if they exist, would be fixed relatively to the levels of 
fixed density, pressure or temperature, and yet it is known that such levels 
vary from day to day Yet the conclusion drawn from the experimental 
evidence in (I) is that the four strata retain the same heights for several 
days independently of the physical characteristics of the atmosphere 
where they are formed Again, it is easy to show that a stratum which 
would reflect radio waves copiously at levels of 10 km must have an 
electrical conductivity of the order of, at least, 10 7 e s u Yet the general 
electrical conductivity at these levels, as measured in balloon flights, is of 
the order of 10 4 e s u It does, however, appear possible, as pointed out 
by Appleton ( 1937 ), to reconcile the important observations described in 
(I) with previous work, and also with the results of the experiments 
described below if we assume that the echoes returned from low levels are 
not reflected from layers at all, but are signals of very low intensity indeed, 
scattered from sporadic low-lying patches of ionization * If such an 
assumption is entertained wo must abandon the detailed analysis of echoes 
into correlated groups and regard the gradual decay of amphtude peaks 
with increase of echo-delay as indicating the successive reception of echoes 
from scattering centres at different distances The echoes of greater delay, 
for example, might be caused by scattering centres not immediately 
overhead 


Exphumental observations 

In order to look for confirmation of the existence of highly reflecting 
strata m the lower atmosphere a pulse sender and receiver of the required 
characteristics were built and erected, the sender m a hut on the Solar 
Physics Observatory site, Cambridge,! and the receiver in a private house 
7 km away 


(a) Pulse sender 

Tlus was capable of giving 2 to 3 kW output power on a fixed frequency 
of 8 8 Me /sec The pulse duration was variable but could be made as low 
as 30 ft sec The aerial system employed was a half-wave dipole at optimum 
height for vertical radiation, and was fed from the sender by a matched 

* The agency of ionization is here invoked following the general argument of (I) 
But if our conclusions concerning tho order of magnitude of the reflexion coefficients 
of these scattonng patches is correct, the possibility of reflexion from other types 
of atmospheric discontinuities must not be excluded 

t We are greatly indebted to Professor F J M Stratton for hospitality in this 
connexion 
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feeder-line Radiation was therefore strongest in an upward vertical 
direction 

(6) Pulse receiver 

This was of superheterodyne type with wide frequency band-pass 
characteristics The output dropped to half value, as tested by a signal 
generator, when the set was detuned by 33 kc /sec Transmission of the 
pulses through the receiver lengthened them to 50 f <sec , which means that 
a pulse deflected the base line of the oscillograph over a part of the scale 
corresponding to the delay of an echo reflected from an equivalent height 
of 7 km Thus echoes of this magnitude of semi-path and of appreciable 
intensity would be expected to show as clear from the ground signal 

Using a signal generator the pulse to noise ratio was found to be 5 to 1 
for a pulse mput of 10 pV Due to the good receiving site this noise was 
mainly of internal (set) and not external origin Assuming an aerial 
equivalent height of 4 m ,* wo may thus say that pulses of minimum field 
strength of 2 or 3 /iVjm would be detectable As at the sending station, 
a half-wave dipole situated about a quarter of a wave-length above ground 
was used at the receiving station Due to the low horizontal transmission 
and reception the receiver ground ray was small In case the reflexions 
for which we were searching had a particular polarization the receiving 
aerial was placed first at right angles and then parallel to the sending 
aerial 

(c) Accessory equipment 

The usual cathode-ray tube oscillograph equipment was used and calls 
for no special comment except to romark that the time-base scale was very 
open, echoes of equivalent height differences ot 16 km being soparated by 
1 om on the screen 

(d) Limits of sensitivity expressed m terms of 
equivalent reflexion coefficient 

Since the relatively high frequency used penetrated normal Region E 
at all tunes, estimates of the relation between reflexion coefficient and echo 
amplitude were made usmg Region F reflexions Using these it is possible 
to express the intensity of a particular echo m terms of an equivalent 
reflexion coefficient, such coefficient being unity in the case for an ideal 
perfectly reflecting stratum situated at a height corresponding to the 
delay time of the echo in question 

* In this assumption a liberal allowance has been made for losses m the trans 
mission from aerial to receiver 
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This calibration was effected as follows The receiver gam control was 
calibrated with a signal generator The amplitudes of the ground ray (G), 
first Region F reflexion (F') and second Region F reflexion (F") were 
measured We then have G/F’ = n, and F'jF” - n a Then p = 2/w, and 
F' = G\n x If however p were raised to unity, F' would increase in the ratio 
1/p (1 e Wj/2) so that we should have F’ = n^Gjitiy This quantity was 
found, and from its magnitude, allowing for spacial attenuation, it was 
calculated that a layer of unity equivalent reflexion coefficient at 100 km 
would give a first order echo of 3 G, that a similar layer at 10 km would 
give a first order echo of 300, and so on Using the calibrated volume 
control it was possible to estimate the magnitude of the echo (expressed 
as a fraction of the ground wave at maximum workable gam) which was 
just detectable This was found to be so that it should have been 
possible to detect a first-order echo from a layer at 10 km when the 
equivalent reflexion coefficient was of the order of 0 0001 * 

It should be noted that the above definition of equivalent reflexion 
coefficient may be used to denote the intensity of an echo returned from 
a small scattering centre and not from a layer at all The coefficient m this 
case gives us the ratio of the echo actually obtained to that which would 
be obtained if there were a perfectly reflecting stratum at the same 
distance as the scattering centre 


Experimental results 

It may be stated at once that no stratum at 10 km height with a re¬ 
flexion coefficient of the order of 0 7 has been detected by us during three 
months of observation We must thus conclude, in accordance with our 
interpretation of the results of (I) as due to atmospheric scattering patches, 
that the effective reflexion coefficient of such patches must be less than 
0 0001 They would therefore play no substantial part in ionospheric 
alternation or refraction, so that our ideas concerning the normal pro¬ 
cesses of wireless transmission are left undisturbed The detection of 
scattered echoes from lower intensity than the limit stated above obviously 
requires a higher-powered sender, since the receiver equipment is already 
operating at full sensitivity Such a sender is now being built 

* This order of magnitude for the upper limit of p may be checked in another way 
Using formula (3), p 475, and allowing for the effect of ground reflexion at both 
sender and receiver, it may be shown that a 2 kW sender would produce echoes of 
the estimated minimum detectable field strength (1 e 2 pV/m ) if reflected from a 
centre, the effective reflexion coefficient of which is 0 0001 
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Through the courtesy of Mr Watson Watt we have been able to test 
our own receiver in conjunction with the higher-powered sender used by 
the authors of (I) In this way we have found that, using the method of 
calibration outlined above, B Region echoes were detected, with B Me /sec 
waves, of amplitude corresponding to a reflexion coefficient of 0 00007 

In the course of our work at Cambridge it haB been found that, after 
the normally recognized regions of the ionosphere (Regions E and F) 
the reflecting centres next in importance as regards magnitude of echo 
production are transient m charac ter Such echoes were rioted by 4ppleton, 
Naismith and Ingram ( 1936 ) as coming from above the 100 km level, as 
lasting for a few seconds and as occurring by night and day * Using the 
same apparatus described above we have made a study of these transient 
echoes, paying particular attention to measurements of effective reflexion 
coefficient and of equivalent height of reflexion 

In fig 1 is shown a plot of the relative numbers of these transient echoes 
as a function of equivalent height, such numbers representing the number 
of echoes obtained from successive equal ranges of height in a series of 
observations made during the day It will be seen that the echoes come 
most frequently from a height of about 110 km Other characteristics of 
these echoes may be summarized briefly as follows 

(а) The echoes can be roughly grouped into two series, one group con¬ 
sisting of members lasting a fraction of a second up to one or two seconds, 
and the other of members lasting several seconds up to some minutes 

( б ) The equivalent reflexion coefficient may bo as high as 0 05, though 
that of those most frequently observed lies between 0 0005 and 0 005 

(c) They are observed both by day and by night, and a nocturnal graph 
corresponding to the day-time curve in fig 1 is very similar in character 

There can be little doubt that these observations indicate the temporary 
existence of marked scattering centres in the ionosphere which form and 
disappear throughout the whole of the twenty-four hours There is a 
marked resemblance between fig 1 and the correspondmg curve for the 
frequency of occurrence of auroral heights, but detailed consideration of 
this and other matters is being deferred for a later communication The 
results however indicate, without further evidence, the entry into the 
atmosphere, by day and night, of an agency which produces bursts of 
ionization of considerable intensity 

* These characteristics have also recently been noted by Mr T L Eckersloy, 
Nature, 13 November 1937, who has also succeeded in getting photographic registra 
tion of the received echoes (See also fig 10 of (I)) 
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It is possible to estimate the minimum number of electrons required in 
a scattering cloud to give transient echoes of the type we have described 
A cloud of 10 ia electrons, for example, concentrated within a region of 
linear dimensions small compared with a wave-length, would give an 
effective reflexion coefficient of the order of 0 001 as observed If the cloud 
were of greater dimensions a greater total number of electrons would be 
required to give the same effective reflexion coefficient 
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A corresponding word may be added concerning the number of electrons 
m a small cloud of given effective reflexion coefficient p situated at the 
10 km level Our experiments show that p is less than 0 0001 Let us 
suppose, then, that it is 0 00002 The number of electrons necessary to 
give this value of p would be 3 6 x 10 13 The corresponding number of ions 
of molecular mass required would be 2 x 10 18 

The pulse observations described above have been supplemented by 
observations and enquiries concerning the reflexion of ultra-short waves 
such as are used in the BBC Television Service since the authors of (I) 
point out that they have been able to detect Region B reflexions, very 
frequent and of disturbing amplitude, using frequencies as high as 
40 Me /sec Our enquiries and our own observations show that no general 
and sustained reception of “ghost” images, such as would be caused by 
strong echoes from low-lying strata, has been observed in the area within 
90 km of the sending station A careful watch was maintamed throughout 
the summer of 1937 on a television receiver situated in St John’s College 
and very occasionally ghost images were seen These corresponded to 
vanous delay times, a typical example being 8 /tsec corresponding to a 
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shift of 1 in on a 10-in picture Since the distance between Alexandra 
Palace and Cambridge is 69 km this would correspond to an equivalent 
height of about 10 km for the scattering centre if situated midway and in 
the plane of propagation This is of the same order of magnitude of Region 
B levels quoted in (I) A number of the ghost images noted were, however, 
accompanied by a fluttering of the intensity of the whole television picture, 
indicating rapid motion of the scattering centre In this way a substantial 
number of the ghost images noted were found to be due to aeroplanes, and 
we are not at all sure that any of the cases noted were due to reflexion 
from atmospheric scattering centres * 

In any case it is easy to show, as follows, that the influence of 
a naturally-occurring scattering centre would be expected to be small in 
television reception at Cambridge The field strength E of an echo reflected 
at a low height from a station of power P, at distance r, is given by the 
formula 

E (volts per metre) = ~^j W) , (3) 

where p is the effective reflexion coefficient Now the value of P is 3 kW, 
so that if we take r as 69 km and p as 0 00007 the value of E is found 
to be 0 5 /cV per metre The influence of additive interference by way of 
ground reflexion may, on occasion, give signals of double this valuo, but 
even then the field strength would be much smaller than that due to the 
direct transmission Since, however, our estimate of p is probably much 
too large for the high frequencies wo are considering it is very unlikely 
that B-Region echoes will give rise to sustained interference at any recep¬ 
tion point 
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Summary 

Experiments on the radio sounding of the ionosphere are described 
which give no support to the supposed existence of permanent highly 
reflecting regions at heights of 10 km It is considered possible that the 

* We are much indebted to Mr Edwards of Pye Radio Ltd for collaboration in 
these observations 
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echoes of short delay noted by previous workers are due to atmospheric 
scattering patches of very low effective reflexion coefficient It is found 
that, after the normally recognized regions of the ionosphere, the radio 
reflecting centres in the atmosphere next in order of importance as regards 
wireless ec ho production are transitory bursts of ionization which occur at 
equivalent heights of from 80 to 160 km Such bursts of ionization are due 
to some cosmic agency which is usually effective throughout the Vhole of 
the day and night 
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The speettum of tuibulencc 
By G I Taylor, F R S 
(Received 1 December 1937) 

When a prism is set up in the path of a beam of white light it analyses the 
time variation of electric intensity at a pomt into its harmonic com¬ 
ponents and separates them into a spectrum Since the velocity of light for 
all wave-lengths is the same, the time variation analysis is exactly equivalent 
to a harmonic analysis of the space variation of electric intensity along the 
beam In a recent paper Mr Simmons (Simmons and Salter 1938 ) has shown 
how the tune variation in velocity at a field point m a turbulent air stream 
can be analysed into a spectrum In the present paper it is proposed to 
discuss the connexion between the spectrum of turbulence, measured at 
a fixed pomt, and the correlation between simultaneous values of velocity 
measured at two points 

If u, the component at a fixed point of turbulent motion in the direction 
of the main stream in a wind tunnel, is resolved mto harmonic components 
the mean value of w 2 may be regarded as being the sum of contributions from 
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all frequencies If u a F(n) dn is the contribution from frequencies between 
n and n + dn, then 


F(n)dn = 1 


( 1 ) 


If F(n) is plotted against n the diagram so produced is a form of the 
spectrum curve 

The proof that u 2 may be regarded as being the sum of contributions from 
all the harmonic components has been given by Rayleigh, using a form of 
Parseval’s theorem If u = $(t) and 


I t = ^ J COS Ktdt, 

= <f>(t) sin Ktdt 

Rayleigh showed that 

j + J.mrdt = nj*{I\ + I\)dK, (3) 

oi it k = 2irn, so that n represents the number of cycles per second, 

= 2n*j* (/? + I\)dn (4) 

If the integrals on the right hand side of (2) and the left-hand side of (3) 
are taken over a long time T instead of infinity the left-hand side of (3) is 
Tuf, so that 

u a = 2n^uj^±fi)dr (5) 

The quantity 2n i Lt I 1 r j, 2 1 is therefore the contribution to ti i which 
anses from the components of frequency between n and n + dn, i o 

2^LtJ / > + /| ) = F(n) (0) 



Connexion between spectrum curve and correlation curve 

Now consider two cases (a) where the variation in u is due to eddies of 
small extent which are earned by a wind stream of velocity U past the fixed 
point, (b) the vanation is due to large eddies earned in the wind stream In 
case (a) the fluctuations at the fixed point will be much more rapid than 
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they are m case ( b) The spectrum analysis in case ( b) will therefore show 
greater values of F(n) for small values of n than in case (a) 

It is clear when the eddies are large the correlation R x between simul¬ 
taneous values of u at distance x apart must fall away with increasing x 
more slowly than when the eddies are small One may therefore anticipate 
that when the (R x , x) curve has a small spread m the x co-ordinate the F(n) 
curve will extend to large values of n and vice versa 

If the velocity of the air stream which carries the eddies is very much 
greater than the turbulent velocity, one may assume that the sequence of 
changes in u at the fixed point are simply due to the passage of an unchanging 
pattern of turbulent motion over the point, 1 e one may assume that 

* = 0 ( 0 - 0 ^), ( 7 > 

where x is measured upstream at time t = 0 from the fixed point where u is 
measured In the limit when ufU-> 0 (7) is certainly true Assuming that 
(7) is still true when u/U is small but not zero, R x is defined as 


We now introduce another expression analogous to (3) It can be shown 
that* 

j* = 2n 2 j^ (if + IJ)cos 2 ^dM, (9) 

where 7j and I 2 have the same meaning as in (3) 

Substituting for 7f + 7| from (0), (0) becomes 


f 00 v 2nnx 

= Jo 7(11)008 -jj -dn. 


hence from (8) R x =J F(n) cos y- dn (11) 

It will be noticed that the form of (11) is very similar to that of the Fourier 

* This formula can bo deduced from the theorem 9 09 given on p 70 of Norbert 
Wiener’s The Fourier Integral, Camb Umv Press, 1933 
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integral The Founer integral theorem is usually expressed by the pair of 
formulae 


1 c +a> 

/(*) = J{( 1 ) cos/ixd/i. 

(12) 

l /•+«> 

M = jin J J (X) cm T^ dx 

(13) 


When/(x) is symmetrical, so that f(x) = /(— a;), (12) and (13) may be written 


/(•*) = J^j Q 3 (/i)cos/ixd/i, 

(/(/*) = f(x) cos fixdx 

Comparmg (11) and (14) it will be seen that if 


/* 


2 nn , UF(n) 

U' f ( x) = M *’ 9{fl) = lQ2n’ 


(14) 

15) 


then (11) and (14) are identical 

Makmg these substitutions in (15), the following expression is found 
for F(n) 


F(n) 


4 |*“ 2 nnx. 

v)o R * ooa -ir dx 


(16) 


It seems therefore that R x and are Founer transforms of c 


another 

If F(n) is observed we can calculate R x using (11), and if R x is observed 
we can calculate the spectrum curve F(n) using (16) 


Comparison with observation 

Measurements have been made by Mr L F G SimmonB of R x and of 
F{n) at a point 6 ft 10 m from a turbulence-producing grid with a mesh 
3 x 3 in at wmd speeds U = 15, 20, 26, 30 and 36 ft /sec It was found that 
except very close to x = 0, R x is nearly independent of U within that range * 
When R x is independent of U it will be seen from (16) that UF(n) must be 
a function of njU 

Accordingly Mr Simmons’ measurements ol F{n) for all values of U have 

* A similar result has been obtained by Dryden, N A C A report 681, 1937 


VoL CLXIV—A 
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been plotted on the same diagram (figs 1 and 1 a), in which the ordinates are 
UF(n) and the abscissae are n/U The fact that the points fall so closely 
on one curve is very satisfactory evidence that the measurements of F(n) 
are accurate 
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Mr Simmons’ measurements of R x are shown in fig 2 The values of F(n) 
calculated using the measured values of R x in (16) are shown in fig 1, but 
as the points corresponding with the lower part of fig I are rather close 
together an enlarged version is shown in fig la The values of R x calculated 
using the measured values of F(n) in (11) are shown in fig 2 
It will be seen that the agreement in both cases is good 



4 

r (ins ) 
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It has been seen that the points in fig 1 seem to fall on one curve, as is 
predicted by (16), when it is assumed that R r is independent of U On the 
other hand it is known that the curvature of the R x curve at its vei te\ is not 
independent of U This curvature is defined (Taylor 193 s) by means of a 
length A, where 


A 2 


(17) 


If the turbulence is isotropic experiments show that A is proportional to U 
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To find what effect this variation m A with U may be expected to produce 
m the F(n) curve, A may be expressed in terms of F(n) When n is small 

2 nnx 2n i x i n 2 

cos -jj- may be replaced in (11) by 1 -—- Hence 

X* = % j Q n 2 F(n)dn (18) 

Since (18) can be written in the form 

< i9) 

A must be independent of U if the {UF(n), n/U} curve is independent of U 
This deduction is inconsistent with the observed fact that A is proportional 
to £/-* 

The explanation of this apparent discrepancy is that the value of 


n*F(n)dn depends chiefly on the values of F(n) for large values of n, 
Jo 


l e on the parts of figs 1 and 1 a where the points are so close to the axis that 
variations in their height above it are hardly visible In fig 3 the vertical 
scale of UF(n) has been enlarged very greatly It will be seen that above 
n/U = 10 the UF(n) curves separate, that for U = 15 ft /sec falling below 
those for 20 and 35 ft /sec 


Calculation of A from the spectrum c iirve 

To determine A from the spectrum curve the integral (19) must be 
evaluated using the values of TJF(n) taken from figs 1 and 3 It is instruc¬ 
tive to tabulate the contributions to this integral which arise from various 
ranges of n/U These are set forth m Table I, where they are expressed in 
ft -sec units It will be seen that when U = 35 about half of the integral 
is due to components for which n/U > 30, m spite of the tact that the highest 

Table I Contributions to J ^ t F ( n)dn expressed 

IN FT -SEC UNITS 

n/U U = 15 17 = 20 U = 35 

0-16 24 0 24 0 24 0 

17-30 7 7 19 0 23 9 

31-oo 0 16 6 44 4 

Total 31 7 68 6 92 3 
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value of F(n) m this range is only ^ of its maximum value (namely 0 35 
when n = 0) The value of A m feet is found by inserting the numbers given 
at the foot of Table I for the integral in (19) Thus when U = 35 ft /sec 
A = (4 n 2 x 92 3)~ l = 0 00105 ft = 0 50 cm The values of A so calculated 
are given m column 2, Table II 



$rr< 
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Value of F(n) at n = 0 

Putting i = 0hi (16) 


£W»)]»-« = 4 \“ R * dx 
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By numerical integration of the measured R x curve in fig 2 it is found that 


j*R x dx = 1 07 in = 0 089ft, 

so that, when n - 0, 

t7[/»] n=0 = 4 x 0 089 = 0 35 ft 
This upper limit is marked in fig 1 


PrOOI THAT TURBULENCE IS ISOTROPIC 

Though the theory and measurements so far discussed do not involve any 
assumption as to whether or not the turbulence is statistically isotropic, 
yet since the theory ot isotropic turbulence has been discussed so com¬ 
pletely it is worth while to describe measurements which prove that the 
turbulence was in fact isotropic 

It has been shown by Karm&n (1937) that when turbulence is isotropic 
there is a definite relationship between the correlation curves R x and R y 
K&rm&n defines two correlation functions R l and R 2 R x is the correlation 
between components of velocity along the line AB, where A and B are the 
points at which the velocities are measured, R 2 is the correlation between 
components at right angles to AB In isotropic turbulence R x and R 2 are 
functions of r only w here r is the length A B When correlation measurements 
are made in a wind tunnel by means of a hot wire, only the component 
parallel to the length of the tunnel produces any appreciable effect on the 
hot wire If therefore A and B are situated on a hue parallel to the mean 
wind stream the coirelation R x is identical with Karm&n’s R x If A and B 
are situated on a line perjiendicular to the stream the correlation R u is 
identical with K&rm&n’s R 2 

K&rm&n’s relationship between R t and R 2 , namely 

* 2 = *i + i (20) 

is therefore a relationship between the correlations R x and R y which have 
been measured The measured values of R x or R x are given in fig 2, and they 
are repeated m fig 4 To this curve the (negative) values of |r( dRJdr ) are 
added and the calculated values of R y or R 2 thus obtained are show n in 
fig 4 Tho values of R y measured by Mr Simmons at 6 ft 10 m behind a 
3 x 3 in grid are also shown m fig 4 It will be seen that K&rm&n’s relation- 
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ship ( 20 ) is very well verified, and it may fairly be concluded that the 
turbulence at 6 ft 10 in behind a 3x3in gnd in a wind tunnel is isotropic 
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Calculation of A >row mlamirrd rati*, oi dissipation oi enbroy 

In the case of isotiopic turbulence A can be found by measuring the rate 
of dissipation of energy This can be found bv measuring the rate of decay 
of the mean kinetic energy of turbulent motion 

Fig 5 shows the measured values of V ju', (u' — yju?), in the air stream in 
which F(n) and R x were measured It will be seen that in this case Uju' 
increases linearly* with x, the distance down stream from the gnd I have 
shown (Taylor 1935 ) that Uju' increases linearly with x when A satisfies 
the following relationship 

M = A Ju’M’ (2I) 

* This is not a general law Coses where Vju' does not mcreuso linearly have 
been observed 
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where M is the mesh size of the grid producing the turbulence Conversely, 
when V ju' increases linearly with x, A must be related to u' by the equation 
(21) By measuring the slope of the bne which passes through the observed 
points m fig 5,1 find that A in (21) is 2 L2 At the point where the spectrum 
measurements were made, 6 ft 10 m from the grid, U/u' = 33 5 Since 
M = 3 in = 7 62 cm and v = 0 148, ( 21 ) becomes 



WSTSSCE FROM CR® (FT) 
I 1 IQ 5 


The values given in column 3, Table II, are calculated from this formula 
Comparing the values of A calculated from the measured dissipation 
(column 3) with those calculated from the measured spectrum curves using 
equation (18) (column 2 ), it will be seen that the agreement is fairly good 

Table II VaiuesofA 

A calculated from A calculated from 
U ft /sec spectrum curvts observed dissipation 

15 0 86 cm 0 61cm 

20 0 63 0 53 

35 0 50 0 40 

Correlation measured with band filter circuits 
Recently Dryden ( 1937 ) has made measurements of R x using various band 
filter circuits in his amplifier The action of the band filter is to cut out all 
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disturbances except those whose frequencies he between certain limits 
By supplying truly sinusoidal disturbances of known frequency and 
amplitude to the filter circuit the characteristic curve showing the response 
of the circuit to unit input were obtained If <f>(n) is the ratio of w* measured 
with the filter to u * measured without it, the characteristic curve {<p(n),n\ 
for one of Dryden’s circuits which passes frequencies between 260 and 600 
cycles is shown in fig 0 The measured values of R x using this filter circuit 
and with wind speed U = 20 ft /seo are shown in fig 7 
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We have already seen how R x is related to F(n) It is clear that the same 
relationship will still hold when the filter circuit is inserted, but F(n) must 
now be replaced by 

_ F(n)<f>(n) 

J* F{n)<j>(n) dn 
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If R x q is the value of R x measured with the band filter circuit (j>, the 
formula analogous to (11) is 


f F(n) <fi(n) cos dn 

_ jo_ U 

J* F(n)<j>(n)dn 


( 22 ) 



Before this formula can be used m comparison with Dryden’s observed 
v alues of Kj.,j, it is necessary to find F(n) Drydoti has not measured F(n) 
except very roughly, but he has measured R r in the same air stream and 
without the filter circuit His measurements are shown in fig 8 To calculate 
F(n) we may use the expression (16) with the observed R x The values of 

^ F(n) so found is also shown m fig 8 Taking the values of F(n) from a 

smooth curve through the calculated points, the values of F(n) <j>(n) together 
can be found for any given values of U and m by multiplying the ordinates 
of the F(n) and <fi(n) curves The values of F(n)<f>(n) at U = 20 ft /sec 
( — 610 cm /sec ) found in this way are shown m fig b 
Using a senes of values of x, tho values of ha\ e been calculated by 

numerical integration of (22) The values so calculated are shown m Table 
III, and are marked in fig 7 It will be seen that the agreement with Dryden’s 
observations is very good This agreement provides additional evidence in 
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favour of the mam thesis of this paper that R x and are ^ ouner 

transforms of one another, so that each can be predicted when the other 
has been measured 


Table III— Calout a ted values o* 

x (cm ) 0 1 0 2 0 5 1 0 15 2 0 3 0 

J?,* +0 91 +0 79 -0 27 -0 72 +0 51 +0 23 -0 06 



Bearing o* spfctrum weamtri wents on theory oi dissipation 

The fart that the {UF(n) s njl 1 } curve is independent of U over nearly the 
whole range indicates that the turbulent flow at a fixed point behind a 
regular grid is similar, so far as the mam features of the flow are concerned, 
at all speeds On the other hand the fact that small quantities of very high 
frequency disturbances appear, and increase as the speed increases, seems 
to confirm the view frequently put forward by the author that the dissipa¬ 
tion of energy is due chiefly to the formation of very small regions where the 
vorticity is very high Apart from these very small regions the turbulence 
behind a gnd is similar at all speeds 
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Summary 

It is shown that a definite connexion exists between the spectrum of the 
time variation in wmd at a fixed pomt m a wmd stream and the curve of 
correlation between the wind variations at two fixed points The spectrum 
curve and the correlation curve are, in fact, Fourier transforms of one 
another 

As an example of the use of this relationship the spectrum of turbulence 
in an American wind tunnel was calculated from measurements of correla¬ 
tion by Dryden In some further experiments Dryden modified this spec¬ 
trum by inserting a filter circuit and then measured the correlation with 
this filter in circuit The modified spectrum is here calculated from the 
filter characteristics and the Fourier transform theorem is used to cal¬ 
culate the modified correlation curve The agreement with Dryden’s 
measurements is very good indeed 

The paper ends with some remarks on the bearing of the spectrum 
measurements on the theory of dissipation of energy m turbulent flow 
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By C J B Clews and F Schoszbehger 
University of Vienna 

(i Communicated by Sir William Bragg, 0 M , PR S — 

Received 24 July 1937) 

[Plate 7] 

Investigations of the micellar structure of fibre substances have given 
rise to two theories The older theory (Meyer and Mark 1930, Mark 1932, 
Siefriz 1934, Meyer 1930, and Nageli 1928) considers the micelles as 
separate crystallites, between which lie the lntermicellar spaces The 
micelles consist of “Hauptvalenzketten”* bound together along their 
length hy homeopolar bonds and m the transverse direction by van der 
Waals’ forces, the mtermicellar binding being also attributed to van dor 
Waals’ forces The original model suggested in work published by K H 
Meyer (1930), for cellulose, depicts the micelles arranged like bricks in a 
wall (fig 1), and doubtless this is the simplest explanation of the X-ray 



Fig 1 Micellar structure after Moyei a, Hauptvalenzketten, b, lntranuoellur 
regions, c, mtermicellar holes, d, mtermicellar long spaces 

results But it is difficult to understand how such an arrangement can 
give a micellar structure its peculiar mechanical properties, and further 
how it is possible, when both inter- and intramicellar cohesion are attributed 
to the same type of force, to cause by swelling experiments an enlargement 
of the mtermicellar spaces, while the “Hauptvalenzketten” remain un¬ 
affected 

An alternative theory has been put forward by 0 Gemgross, K 
Herrmann and W Abitz (1930), W T Astbury (1933), A Frey-Wysshng 


Long chain molecules of high molecular weight 
t 491 ] 
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(1936) and E Guth and S Rogowm (1936) These authors suppose that a 
given “Hauptvalenzkette” w not confined to a single crystalline region 
but may stretch through more such regions In general, the arrangement 
of the neighbouring chains will be truly lattice-like, but a cham may lie 
at too great a distance from its neighbours or not lie exactly parallel to 
them, so that the structure as a whole will show statistically distributed 
spaces In fig 2 ordered crystalline regions may be distinguished (drawn 
in thick line), but their significance is physically different from that of the 
crystallites of the Meyor model They are not self-contained units, the 
whole system is linked together due to the “Hauptvalenzketten” ex¬ 
tending beyond a single micelle Astbury considers that in a substance of 
high molecular weight of a type capable of swelling that part which 
produces the X-ray spectrum is the concentration centre of a complicated 
network of thread like molecules He draws an analogy between micellar 
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structure and the secondary structure of Zwicky He suggests that it is 
possible that micellar systems, which are characterized by a mixture of 
perfection and imperfection, are the counterpart m compounds of high 
molecular weight of the well known mosaic structure of the more familiar 
crystals Frey-Wyssling is of the opinion that the micelles, growing 
together, enclose lens-shaped spaces running parallel to the fibre axis 
Between these intermicellar spaces aro small rod-shaped regions of un- 
distorted lattice, which are the so-called micelles of the earlier work 
(fig J) In this figure, which gives a pictorial representation of Frey’s 
theory, the statistically distributed hollow spaces are shown black, some 
of these arc one losed in undistorted crystalline regions A lamellar structure 
consisting of superimposed monomolecular layers suggested by 0 L 
iSponsler and W H Dore (1930) has been shown to be untenable from 
the work cm double refraction by Baas-Becking and (Jalliher (1931) 

In order to investigate further the micellar structure the effect of 
“higher orientation ’, which up till now has been little used in such cases, 
was studied (Mark and Kratky 1937) By this ib meant an ordering of the 
crystalline regions so that they are parallel not only to the long axis, but 
also m a second crystallographic direction Fig 4 represents a cross-section 
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through a fibre system, the short lines being sections of the single chains 
Regions which are exactly ordered others not completely ordered and 
hollow spaces are shown The a and c axes lie m quite different directions 
in different parts of the fibre but the b axis (fibre axis) is always m approxi¬ 
mately the same direction, 1 e in our diagram, perpendu ular to the plane 
of the paper With the appearance of “higher orientation”, the direction 
of the “ Hauptvalenzketten ” remains as before, but a parallel ordering of 
the a and c axes occurs (The lines will be parallel to one another ) The 
effect was first observed byMarkandv Susich (1928) for stretched rubber 
the intensity of the interference pattern alters m a characteristic way 




l)i(i 3 Cross su tion and longitudinal Fid 4 ( ross s( ction of a hbie system 

section thiough an mti rmicellar system (Mark and Krntky) 

(A Fiev Wysslmg) 


according to whether the radiation is directed parallel or perpendicular to 
the direction of stretching With the radiation perpendicular to the 
direction of stretching, the spot (200) is most intense, (210) is weaker, 
while (002) and (012) are feeble, the order being reversed when the radiation 
parallel to the direction of stretching, (002) is very strong, (012) less so 
and (200) and (210) are quite weak From such diagrams Mark and v 
Susich have recalculated the rhombic elementary cell of rubber to be 
a - 12 3, b = 8 1 (fibre axis) and c = 8 3 A 

A tentative structure with eight isoprene residues m the unit cell and 
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based on a series of lsoprene chains has been put forward From measure¬ 
ments of the tpeadths of interference patterns Hengstenberg (1918) 
estimates the dimensions of the rubber mioelle to be of the order 
600 x 600 x 160 A Recent work of Sauter (1937) is m substantial agree* 
ment with this structure although the dimensions of the unit ceH are 
found to be slightly larger a = 12 60 ± 0 06 A , c = 8 91 ±0*06 A , 
6 =* 8 20 ± 0 06 A It has been further suggested by Meyer and Mark (1928) 
that the elementary cell for rubber must be shorter than the length of a 
smgle molecule 

Other examples of “higher orientation” are shown by the cell wall of 
Valona ventnccm, where it appears with growth, and by mechamoally 
worked cellophane From the results of a number of experiments (Mark 
and v Susich 1929, Burgem and Kratky 1929, Eggert and Luft 1930, Hess 
and Trogus 1930) it was concluded that the lath-shaped micelles become 
oriented by rolling so that their longest and second longest edges he m 
the plane of rolling Mark and Kratky (1937) consider that sliding m the 
lattice or rotation of the single chains cannot give rise to “higher orien¬ 
tation ” In order to explain the latter on a basis of interlocking oharns 
and statistically distributed spaces, the micelles muBt be lath-shaped and 
must possess a certain individuality This will occur if the statistically 
distributed spaces appear more frequently m the direction of two crystallo¬ 
graphic axes perpendicular to the fibre axis Then the small regions of 
undistorted lattice will automatically become bound together by lattice 
forces into lath-hke forms and will cease to be isolated entities 

It is now interesting to discuss whether the building up of such lath-like 
aggregates is a characteristic of naturally occurring conditions, or whether 
the “ Hauptvalenzketten ” themselves are able to build up such micelles 
from solution It has already been observed that hydrated cellulose films 
obtained from xanthogenate solutions (Burgem and Kratky 1929) show 
“higher orientation”, but it might be argued that these solutions were 
extremely concentrated and that the micelles themselves had not been 
broken up 

We have therefore investigated a series of very dilute solutions of a 
rubber soluble with difficulty, made by drying the latex (braun-gelb) in 
benzene, chloroform and carbon tetrachloride, these solvents being chosen 
with a view to examining a possible influence on “higher orientation” The 
rubber only partially dissolved after shaking for 1-2 weeks on a machine, 
so that the objection that the micelles have not been split up can still be 
made For comparison, solutions of an easily soluble rubber (first latex 
crepe) were also made m the same solvents To make the films actually 
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employed, the dilute solutidlSi were poured on to a glaat plate or mercury 
surfaoe, when the solvent evaporated and left a thin film of rubber, by 
repeating the process several tunes the films oopld be made about 0-1 mm 
tbiok They were then dusted with nee powder after which they oould be 
stripped from the underlying surface The X-ray photographs were taken 
on a fibre oamera, the plate-specimen distance being 35 mm and the 
collimator 0 8 mm in diameter The rubber film under investigation was 
held m a special extension apparatus 

The X-ray tube was a Siemens Strukturrohre with a copper antikathode 
and Ni filter, running at 45 kV and 15 mA Under these conditions the 
exposure time was of the order of 6 hr 

All the films denved from these solutions show “higher orientation” for 
X-rays on extreme extension to about 700% (see figs 5 and 6, plate 7) It is 
interesting to note that the effect also appears with a film of vulcanized 
rubber (fig 7, plate 7) The results of this work establish that the capacity 
for building up lath-shaped micelles m the way described is an mtnnsio 
property of the “ Hauptvalenzketten ” themselves 

The picture of micelle structure here developed is intermediate between 
the two formerly proposed theories The micelles are of lath-shaped form 
but probably not closed on all sides, and possess, on account of their shape 
and of their transverse bindings, a definite individuality, even though 
the “Hauptvalenzketten” themselves extend beyond the Bphere of single 
micelles 

We have pleasure in thanking Professor H Mark and Dr O Kratky 
for their continued advice and assistance, and their interest m the in¬ 
vestigation One of us (C J B C ) is indebted to Professor H Mark for 
extending to him the hospitality of his Institute and to the University of 
London for a travelling studentship which made the work possible 
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Description of plate 7 

Fin 5 a and 56 X ray photographs of a crepe rubber film obtained from a chloro 
form solution Higher orientation is clearly shown * 700 % strotching Radiation 
perpondicular and parallel to plane of film respectively 

Fig 6 a and 66 X ray interference diagrams for a film of raw rubber (braun gelb) 
from a benzene solution 700% stretch mg 

Fig 7a and 76 Photographs showing higher onontation of a film of vulcanized 
rubber 800 % stretching 

* Cf figs la and 16 of Mark and v Susich (1928) 


Statistical mechanics of the adsorption of gases 
at solid surfaces 

By F J Wilkins 

Research Department, Imperial Chemical Industries, Rillingham 

(Communicated by R H Fowler, F R S —Received 20 September 1937) 

The object of this paper is to develop a statistical mechanical treatment 
of adsorption of gases on plane solid surfaces using the method of partition 
functions Several authors have approached this problem by way of the 
Boltzmann equation but without success In fact Kruyt and Mpddermann 
(1930), who discuss this work in some detail, conclude that the equation 
cannot be satisfactorily applied to the problem of gaseous adsorption at 
a solid surface and suggest that this is because the forces causing adsorption 
are of a chemical nature 

Recently, Fowler (1936a) has developed the Langmuir isotherm using 
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essentially Langmuir’s assumption of chemisorption on an adsorbing surface 
similar to a ohequer board containing a fixed number of points of adsorption, 
and further the assumption that if a molecule is adsorbed on one point it 
does not influence adsorption on contiguous points This further assumption 
is relaxed m later papers (Fowler 19366, Peierls 1936) The assumption 
made by Langmuir that adsorption forces are chemical in nature is not 
always true, as it is likely that the forces operative are m many cases of the 
van der Waals’ type His other assumptions are unnecessarily restrictive 
in view of the considerable amount of evidence on lateral mobility in the 
adsorbed layer and also of the certainty that molecules adsorbed con¬ 
tiguously suffer the normal molecular interactions of the van der Waals’ 
type 

A rather more general treatment is attempted therefore in this paper 

The derivation of an adsorption isotherm from the Boltzmann equation 
itself is readily achieved, provided a suitable model of the adsorbed phase 
is chosen In the first place it must be assumed that the potential throughout 
the adsorption volume is uniform In the second place, the adsorbed layer 
is assumed to be a fluid phase similar to a compressed perfect gas The 
adsorption volume can be considered therefore to be a part of the system 
m which the gas comes under the influence of an external field of force 
Fowler (1936a, p 63) gives the Boltzmann equation as 
ajdj = w l e~ t 'l kT lu) i e~ e ti kr 

Applying this to the problem under consideration we write a x and a 2 as 
the average number of molecules m equal elements of translational phase 
space which have the total energies tj and e a u\ and «> 2 are the corresponding 
weights for the internal energies of the molecules For equal volumes of 
physical space accessible to the systems, in which their dynamical state 
is the same, integrating over all possible momenta,, we obtain the result 
n 1 jn i = w l e~ w d kT lw % e~ ,v *! k 1 , 

where W x and Wj are the potential energies of the molecules in the two 
portions of physical space This reduces to 

CJC V =*w; 8 /M>,e*'« r , 


where C„ and C g are the number of g mol of gas in equal volumes of the 
adsorbed and gaseous phases respectively and $ is the adsorption potential 
Therefore 
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where x is the total number of g mol adsorbed per unit area at pressure p 
and temperature T, a is the fraction of the area available for adsorption 
and d is the thickness of the adsorbed layer 

It is important to note that x is not the number of molecules adsorbed as 
it is usually determined, since it is the total number in the adsorption 
volume, both bound and free The amount determined experimentally is 
the difference between the total amount of gas in the adsorbed phase and 
the amount in an equal volume of the gas phase At values of <f> of the order 
of those considered in this paper and at small values of x, the difference 
between the total amount in the adsorbed phase and the experimental value 
of x is negligible 

It is also important to note that the integration employed to give the 
adsorption isotherm assumes that the adsorbed and gaseous phases have 
the same dynamical state The adsorption isotherm will therefore be applic¬ 
able to systems in which the adsorbed phase is similar to the model dis¬ 
cussed above, but it is not applicable in the simple form, as we shall see 
later, to a system in which the adsorbed gas becomes a part of the solid 
phase and behaves, for example, as a Planck oscillator 

The simple adsorption isotherm, given by equation (1), gives the amount 
adsorbed as proportional to the pressure, a result which agrees with experi¬ 
ment if x is small The deviations from thiB equation for larger values of x 
are quite considerable The Langmuir adsorption isotherm was one of the 
first successful attempts to account for these deviations It is important, 
however, to notice that the Langmuir adsorption isotherm can also be 
obtained if it is assumed that the adsorbing surface is uniform, can adsorb 
only one molecular layer, and that the adsorbed molecules are infinitely hard 
spheres which do not attract each other To this extent, therefor©, his 
discussion is equivalent to the assumption that the intermolecular energy 
of interaction is E(r) — +oo (r<<r) and E[r) = 0 (rxr), where cr is the 
molecular diameter and may be considered to take account of the im¬ 
perfection of the adsorbed gas layer A theoretical derivation of an adsorp¬ 
tion isotherm which takes account of both types of intermolecular forces is 
given below 

The approach to this problem, using the Boltzmann equation itself, is 
difficult and cumbersome Fowler (1936a, p 253) points out that the 
theoretical treatment of imperfect gases m external fields of force is best 
accomplished by applying the laws of statistical mechanics only to elements 
of the gas and to supplement these by general thermodynamic theorems 
Following this line of attack we write the free energy for the gaseous and 
adsorbed phases as F g and F a respectively (cf Fowler 1936a, p 240) 
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Then 

F„ = -^[log^(T) + log^p+1], 

(2) 


F a — ATW„[log b% a (T) + log'f> +1] 

(3) 


In these equations N a and N u are the total number of molecules in the gaseous 
and adsorbed phases respectively, and f g ( T) and f„(T) are partition functions 
for molecular internal and translational energy, b^ g {T) and b% a {T) are the 
corresponding partition function per molecule for the potential energy of 
the whole gas The 6’s are related to the strict partition function for the 
potential energy of the whole gas by {b{T)} N = B(T) The condition for 
equilibrium is that 

(dFJdN a ) T f = 0 FjdN,) T f 

If we assume the gaseous phase to be perfect, then b^ lT) = V g , and the 
condition for equilibrium reduces to 

log^log^P = log b a Na ( 7 1 ) + log £ ai p + N a ™ log b% a (T) 

1 1 a a 

The partition function b% a (T) can be evaluated m the following way 
If we assume that the adsorption potential (<f> cal /mol) is uniform over 
the whole of the adsorbed phase then, neglecting the imperfection of the 
adsorbed layer, 

b% a (T) = V a e*i RT 

(cf Fowler 1936a, p 57) 

The imperfection of the adsorbed layer can be taken into account by 
writing 

t>UT) = V a (l+/iy«+y^l+ 

and it will be shown later that the coefficients /?, y, etc are very simply 
related to vinal coefficients Writing 

b% a (T) = V a B Na (T)e*i*T, (4) 

we have 

wn = MsJT}fa[T) exp J-^ {log Vu (T)} + 4 /Rt ], 
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The general equation assuming imperfection of the gaseous phase is 


c'/m 


(5) 


Equation ( 1 ) can be deduced readily from this if we use the same model 
of the adsorbed layer Since both gaseous and adsorbed layers are perfect 
we have 


B Ng {T) = B Na (T) = 1, 


and therefore as before 


UT) to t 

fa(T) «>,’ 


The process outlined above for evaluating equation ( 5 ) is typical of the 
general method, in which some definite model is chosen for the adsorbed 
phase and the partition functions corresponding to it evaluated In the 
further discussion given in this paper three models of the adsorbed phase 
will be considered In the first two the adsorbed gas will be assumed to 
behave as a highly compressed gas Proceeding from this, two special cases 
will be considered In the first model the adsorbed gas will be assumed to 
possess three translatory degrees of freedom This is equivalent to the 
assumption that the amplitude of any vibration of the adsorbed molecules 
perpendicular to the surface is much larger than the molecular diameter 
In the second model, the adsorbed gas will be assumed to be a two-dimen¬ 
sional gas, lit which the molecules moving across the solid surface execute 
a vibratory motion perpendicular to the surface whose amplitude is of the 
order of the molecular diameter 

In the third model the adsorbed moleiules will be assumed to have no 
lateral but only vibratory movement As Lennard-Jones (1932) has shown, 
the solid surface is a region of varying adsorption potential even on a smooth 
surface, owing to the arrangement of atoms in a lattice structure (cf Fowler 
1932) As the temperature is raised and the adsorbed molecules obtain 
sufficient energy to surmount the potential hills m the surface, this model 
passes over into the second model 


Cask I 

If the adsorbed phase is a three-dimensional gas, we can write 

f g (T)lf a {T) = Wl lw, 
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Assuming the gaseous phase to be perfect, we have 
B Ng (T) = 1 

Equation ( 5 ) reduces then to 

Substituting B Na {T) = +/?|r+ 

. , V g . w, 4> 2 ftN a „ 0 m N* 

we get log^" = 

If x is the number of g mol adsorbed per sq cm , d the thickness of the 
adsorbed layer and a the fraction of the surface available for adsorption, then 


l°g- 


~ l °^w l RT + RT + ad X + 2 (ad ) 2 


where <j> is the adsorption potential per g mol and N 0 is Avogadro’s 
number 

To put this equation into a form suitable for application to experimental 
data it is necessary to determine the relation between ft and y and the vinal 
coefficients for the gaseous phase In order to do this it will be assumed that 
the virial coefficients are the same for the adsorbed and gaseous phases, 
although later this will be modified to correct for the transition of molecules 
from a three-dimensional to a two-dimensional gas London (1931) shows 
that dispersion forces between molecules are to a first approximation addi¬ 
tive, and in those gas-sohd interfaces at which the van der Waals’ forces 
are predominantly of the dispersion type it would appear to be reasonable 
therefore to assume that the dispersion forces are not very different in the 
adsorbed from those in the gaseous phase Such systems are those of argon, 
mtrogen and oxygen on platinum, which are considered in the next paper 


Now p = -(#) r „ a = -tN a ^[log^ + , 0 g /a (y ) + 1] 

kNJ, ftN a (2y — ft 1 ) N* \ 

“ h\ v a V\ ) 

Rxl „ ftN 0 x (2y—ft 2 ) N§x* \ 

= 'v;{ ]l ~~V a FT / 
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But the vmal coefficients 


B, C, may be defined by 
RTx / Bx Cx * \ 

*~nn 1+ > a + T| + ) 

fi = -BIN 0) 


(2y—y? 2 ) = -C/iVJ 

, X . ad (j> 2 Bx 3 Cx 2 
log- - + “2(Sdj» 


( 6 ) 


This equation can be denved equally simply by purely thermodynamic 
arguments, without using the notation of partition functions Bradley 
(1931) has developed an equation of the same form from such thermo¬ 
dynamic arguments Williams (1918) has also deduced an equation of the 
same type from a mixture of kinetic and thermodynamic arguments He 
proves that 

log- = A 0 — A,x, 

0 1 


where A 0 and A x are constants 

It has been tacitly assumed that the adsorption potential 0 is constant 
throughout the adsorption volume This assumption will be justifiable if 
monomolecular layers exist, when (- <p) will be the potential energy of the 
adsorbed molecule at its mean distance from the surface The simplest way 
of removing this restriction is to sum the x’s tor each value of <[> which 
corresponds to each successive adsorption layer Neglectmg the weight 
factors, for the first layer we have 


log- 1 = log 


log- 2 = log 


“l^l, <t>l 

2 B 

3 c 

' RT + RT 

ot ^* 1 

2 (a 1 d l ) i3 

a 2 d a <p 2 

2 B 

3 C 

1 RT RT 

a i *4 s 

1 2 Mr 


Unfortunately, it is not possible to solve these equations in a simple manner 
for (aq+Xj-t- ) as a function of p, and some device of the type employed 
by Whipp (1933) for two layer Langmuir adsorption isotherms will be 
necessary before they can be apphed to experimental results 
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Cass II Adsorbed phase Two-dimensional lateral free motion 

TOGETHER WITH VIBRATION PERPENDICULAR TO SOLID SURFACE 

In this case it is no longer possible to assume that 
UT)lf a (T) = w t lw % 

We can write instead f a (T) = f' a (T)f v ^ (T), 

where / vlb (T) is the partition function for the vibrational energy of the 
adsorbed molecule m a direction perpendicular to the solid surface, and 
f’ a (T) is the partition function for the two-dimensional translatory and 
rotatory energies The partition function for rotation has not been abstracted 
because on this model the rotational energy m the gaseous and adsorbed 
phase should be equal (cf Lennard-Jones 1932, p 340) 

at , /27rmfcT\* 

N ° w /im-(-**-) 

For a two-dimensional gas 

Assuming the vibrations are simple harmonic 

/ ,r\ (l-e-’WT) 

/vlb U / (1 _ g-hv/kl") 

(Fowler 1936a, p 90) Here phv is the maximum vibratory energy the 
molecule can have without leaving the surface Since adsorption potentials 
are usually at least 5000 cal /g mol e- phvlkT can be neglected and we have 

/vib = (1-e-W**)- 1 

As before B Ng (T) = 1, but B Na (T) is now given by 

)• 

where /?' and y' are the values of /? and y for the two-dimensional gas and A 
is the area occupied by one gram molecule of gas Using the method of the 
Clausius vinal the general equation of state of a two-dimensional imperfect 
gas can be shown to be (Mitchell 1935) 

pA =NkT(l-^j” r(e-«Wfcr _i)d r ) 
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Assuming that E = + oo (r < <r) and E = 0 (r > <r), where cr is the radius of 
the molecule, we obtain 


pA = NlcT +1 


The corresponding equation for the three-dimensional gas is 


pV 


From this we see that the equation connecting B and B\ where B' is the 
second vinal coefficient for a two-dimensional gas, is approximately 

B — ^crB' 

Similarly we can write C — £<r a C', 


w here £ is a constant 

Substituting the above derived values for the various partition functions 
in equation ( 5 ), we have 


r a’t/t ,i 30 

-g = ( 2 nmkT)l (1 — e -A,/Acl )e A 2A ‘ 


log X p = 1 °S^~~ log - 7r ~ T)i - log( l - e~ h>,KT ) 


*RT 2 ol(T 2 (a<r) a K) 


This equation is very similar in type to equation (0) developed from the 
simpler model 


Cask III Adsorbed gas a Planck oscillator 

OF 3 DEGREES OF FREEDOM 
Here also it is not possible to write 

f 0 (T)!f a {T) = wjw 2 

The adsorbed molecule can be assumed to be a Planck oscillator with three 
degrees of freedom, and we get 

f g (T) = (2 nmkTWh* 
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B Na (T) = (l 


J' Y_ 


Substituting in ( 5 ) we obtain 


C a = Wj (2nmkT)l (1 _ e -w kT)3e -+ IRT+ 1 + 2, 


l°g- 


-]og 


{2nmkT)^[\-e~^ kT f , $ 2B" 3 C" 

_ a 2i«’ 


" A 8 


t RT 


( 8 ) 


where 5 * and G" are constants similar in type to vinal coefficients 

It is interesting at this stage to derive the simplified versions of equations 
( 7 ) and (8) which can be applied if the adsorbed gas phase is perfect, and 
compare the results with equation (1) From ( 7 ) we get 


ad (2n mkT)H 1 - e~>^ ) 

X ~RT Wl h C P ’ 

and from (8) x = ^ “ >a (i _ e -hr/k i )3 e <t>iRT p 

HI u>i h* 

This makes quite evident the errors which are obtained if the Boltzmann 
equation is not applied with sufficient discrimination 


Shapk of the theokftical adsorption isotherms 

The shapes of th e pjx isotherms given by equations (6), ( 7 ) and (8) are 
obviously similar It is easy to see that at small values of x, x is proportional 
to p As x increases the progress of the curve depends on the sign of B, the 
second virial coefficient If B is positive, which corresponds with that 
portion of the pV(p curve for gases at which d(pV)jdp is negative, then as x 
increases the adsorption isotherm becomes convex to the pressure axis 
At this stage the nett intermolecular forces are attractive If B is negative, 
then the isotherm is concave to the pressure axis and the nett intermolecular 
force in the adsorbed layer is repulsive At high values of x, the adsorbed 
gas will always be at that part of thepV/p curve where d(pV)jdp is positive 

It should, perhaps, be pointed out that none of the isotherms, either 
( 0 ), ( 7 ) or even (8) which approaches most nearly to Langmuir’s model, 
gives a saturation maximum, because the adsorbed molecules are not 
assumed to be incompressible For all practical purposes, of course, the 
isotherms give a saturation maximum owing to the relatively shght com¬ 
pressibility of molecules 
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The differential heat of adsorption and 

THE ADSORPTION POTENTIAL 

The most commonly determined heat of adsorption is the integral heat of 
adsorption Q The differential heat is then defined as (dQ/cx), which we will 
write as q Comparatively few direct measurements of adsorption heats 
have been made and the normal method of procedure is to apply the 
equation 

(d log p/dT) x = -qJRT» ( 9 ) 

to two different <j> x T points on the same x isostere The above equation is 
usually considered to be a corollary to the Clausius-Clapeyron equation 
Coohdge (1926), after a critical discussion, concludes that this equation is 
satisfactory McBain (1932), how over, draws attention to the difficulty 
that where saturation maxima vary with temperature it is impossible to 
construct the isostere when x approximates to x s , the saturation value and 
the equation appears to break down He suggests that this is due to the 
strains set up in the solid during adsorption and that the extent of this 
strain vanes with temperature Further difficulties are obtained when 
differential heats so calculated are compared with directly determined 
values Coohdge found they agreed only to a first approximation, the 
calculated values being somewhat less than the experimental A similar 
discrepancy has been reported by Pearce and Taylor (1931) 

The above difficulties are entirely removed if the equation is applied as 
it should be to the concentration ( x/ad ) isosteres instead of x isosteres, for 
(ad) is not independent of temperature, in fact, as will be shown in a later 
paper, 

ad = (ad) 0 e~^ T (10) 

It is not necessary to denve the exact equation thermodynamically 
because it can be obtained without trouble from the general adsorption 
isotherm (equation ( 5 )) In this equation the B(T)’s determine the potential 
energy of a molecule due to molecular interaction and we can write 

-i - loglogjam. 
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where W g and W a are the potential energies with reference to a perfect gas 
as the standard state and are functions of C g and C a respectively Then 


= log ad + 2 log7,+log 


(2jrjn) 1 A* (2i m) 8/2 


A 3 


log- 


+ log(l — e- ht ’i iT )‘ — - 


where s’ and s’ are the appropriate degrees of freedom for translation and 
vibration m the adsorbed phase 

Integration of the Clausius-Clapeyron equation gives 


. x . x 

log-, log-J. 


R K 


rr 


Here (C l ) g and (C t ) a are the constant part of the specific heat for gaseous 
and adsorbed phases, C vU) is the specific heat associated with the vibration 
of the adsorbed molecule and i is the chemical constant The specific heats 
due to rotation and internal vibrations of the molecules have been assumed 
to be equal in both phases Comparing (9) and (11) 

-*+W,+ W a -q 9 -W g +W a 


and 


» = log 


S-« fi-a 

(27TTO) * A. * 
A 8- * 


q 0 is here the heat of adsorption when both gaseous and adsorbed phases 
are perfect and at absolute zero, and 

q = (ffo- W t + ^a)-J/v, b dT-m),-(C a )'} T, (12) 

where q is the differential heat of adsorption and is given by 
(3 log p/dT\ xlad) = - q/RT 8 

This gives us the relation, therefore, between d and q We can rewrite (12) as 
q = q T -W g + W a , (13) 

where q T is the differential heat of adsorption at temperature T under con¬ 
ditions such that W g and W a are zero, i e low concentrations m both adsorbed 
and gaseous phases 
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The error which arises where x isosteres are used to calculate q instead of 
(xjad) isosteres can be demonstrated readily From (11), (12) and (13) 



From (10) we have ad = (ad) 0 e~^ r , 

where JJ is a positive quantity, so that 



Values calculated from the x isosteres are therefore less than the true values 
by the amount /} q x is therefore greater than q, in agreement with the experi¬ 
mental results of Pearce and Taylor 


The dfcrease in q with increase of x 

As a general rule, the differential heat of adsorption decreases with in¬ 
crease in amount adsorbod The theoretical relation between x and q can 
be readily derived From (9), (11) and (12), we have 


where 


m = 


log xjp = log ad + Tf'{T) +f'{T) - q/RT, 

f&m, *e-'“‘ lkl hv] 

(2 (e-w^-l) kT*l’ 


f'(T) = [2 log T + log - log + log( 1 - e->"*Ty ] 


There are no satisfactory data existing which enable a test to be made of 
this equation, for no one has measured heats of adsorption on plane surfaces 
The calculated values reported in the literature are erroneous for the reasons 
mentioned above The direct relation between q and x is given by (13) If 
as usual W g = 0, 

«-?r-nr(g+2r^-,+ ) 


If this decrease is due to molecular interaction and not to heterogeneity 
of the surface field /} must be positive Therefore B, the second vinal 
coefficient, must be negative, indicating a nett repulsive force between 
molecules in the adsorbed layer 
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Summary 

The generalized adsorption isotherm is shown to be 

where G a and C g are the molecular concentrations in the adsorbed and 
gaseous phases respectively, (f> is the adsorption potential and f g (T), 
f a (T), B Ng (T) and B Na (T) are partition functions These functions have 
been evaluated for three special cases in which the adsorbed phase is (a) a 
three-dimensional gas, (6) a gas of two-dimensional lateral mobility whose 
molecules vibrate in a plane perpendicular to the plane of lateral mobility, 
and (c) a group of Planck oscillators with three degrees of freedom 

The relation between <f> and q, the differential heat of adsorption, is 
deduced and it is shown that the common practice of calculating from 
the equation 

(Slog plW) m --qJBT* 
is erroneous The correct equation is 

(8 log pldT) ulad) = - q/BT*, 

where (xjad) is the concentration m the adsorbed layer 

My thanks are due to Professor R H Fowler for much kind advice and 
assistance during the preparation of this paper 
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The adsorption of argon, nitrogen and oxygen 
on smooth platinum foil at low 
temperatures and pressures 

By F J Welkins 

Research Department, Imperial Chemical Industries, Billtngham 

(Communicated by R H Fowler, FR S — Received 20 September 1937) 

The w ork to be described in this paper is, m effect, an extension of the 
earher researches of Langmuir ( 1918 ), who measured the adsorption of 
argon, nitrogen, oxygen, carbon monoxide, carbon dioxide and methane 
on mica and glass at pressures up to 0 1 mm and temperatures of 90° and 
155° K He also investigated the adsorption of these gases on a smooth 
platinum foil surface, but except for a slow irreversible adsorption of oxygen 
at temperatures above 0 ° C , he was unable to detect any adsorption 
In order to interpret his experimental results, Langmuir deduced his well- 
know n adsorption isotherm 

x = abpl(l+ap), 

where x is the amount adsorbed at a pressure p and temperature T Of the 
constants b is equal to the saturation maximum, a is equal to a 0 e't‘ IRT 
where a 0 is a constant and $ is the adsorption potential 
Langmuir showed that this equation was satisfied by his experimental 
results It has since received widespread apphcation One of the out¬ 
standing successes was obtained in the careful work of McBain and Bntton 
( 1930 ) on the sorption of the vapours of nitrous oxide and ethylene on 
charcoal 

Failure of the values of x andp to satisfy this equation is usually attributed 
to the composite nature of the adsorbing surface There are, however, two 
senous difficulties which cannot be disposed of so easily Both conoern the 
constant b, the saturation maximum If Langmuir’s equation is correct, 
the value of 6 should be the amount of gaB required to cover the adsorbing 
surface with a layer one molecule thick The following table gives Lang¬ 
muir’s and Bawn’s figures for the fraction of the adsorbing surfaoe covered 
when various gases were adsorbed on mica, Huckel ( 1928 ) Bawn ( 1932 ) 
With the exception of Bawn’s figures for carbon monoxide the surface is 
only partially covered at saturation An even more senous cnticism has 
t 510 ] 
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been brought forward by Huckel ( 1928 ), who pointed out that theoretically 
b should be independent of temperature Actually, as the above table Bhows, 
b is very markedly reduced by increase of temperature Zeise ( 1928 ) showed 
empirically that b = 6 0 (1 —kT), where & 0 and k are constants 

Table I 


Langmuir 




Gas 


T= 90°K T = 155“K ' T = 90° K 


193° K 


N, 0 22-0 26 

CH 4 0 04-0 80 

CO 0 38 

A 0 17 

O, 0 11 

CO, — 

Acetone — 


0 08 — 

0 17 — 

013 1 13 

0 06 0 30 

0 03 0 23 

0 41-0 47 — 

— 0 32 


0 82 
0 16 


240° K 


In order to investigate these problems further it was decided to carry out 
measurements similar to those made by Langmuir Instead of using mica 
and glass it was decided to use platinum foil as the adsorbing surface Mica 
and glass, although readily obtainable in thin sheets with smooth surfaces, 
have the drawback that they possess so complicated a lattice structure that 
the arrangement of the surface atoms is not accurately known Platinum, 
on the other hand, is free from this objection and, moreover, can be obtained 
as a smooth foil which can be cleaned vigorously without impairing the 
surface smoothness As it was almost certain that Langmuir s failure to 
measure adsorption on platinum at low pressure and temperatures was due 
only to the insensitivity of his apparatus, it was decided to use platinum as 
an adsorbent After a few trial experiments, an apparatus was designed 
capable of measuring the adsorption of argon, nitrogen and oxygen on 
platinum at temperatures between 90° and 190° K 


Experimental 

The arrangement of the apparatus is shown in fig 1 The adsorption vessel 
A is made of pyrex and is connected via a pyrex-glass seal to a Piram gauge 
from which it can be isolated by means of a tap The Piram gauge m its turn 
is connected to a vacuum line, a McLeod gauge and a storage vessel which 
contained the purified gas required for the experiments All glass or pyrex 
used for the apparatus was carefully cleaned with hot chromic acid and 
distilled water The vacuum for the adsorption section was obtained from 
an Apiezon oil diffusion pump backed by a Hyvac These were separated 


Vol CLX1V—A 



612 


F J Wilkms 


from the tap isolating the Pirani gauge system by a trap, surrounded by 
liquid air day and mght, and a P a 0 8 t ube The vacuum for the McLeod gauge 
section, which was used during the calibration of the Pirani gauge, was 
obtained from a two-stage Volmer mercury diffusion pump set, backed 
with a Hyvac 



Great care was taken to keep the apparatus free from mercury and grease 
Mercury vapour from the McLeod gauge was condensed out in a liquid air 
trap and the traces that passed through the trap entered the Piram gauge 
chamber only, as all calibrations were made before the adsorption vessel 
was sealed on All taps were carefully ground so that mercury sealing was 
unnecessary and they were greased w ith Apiezon low vapour pressure grease 


Piranigauge 

The filament of the Pirani gauge was made ol flattened nickel wire 
(Ellet and Zabel 1931 ) It was operated according to the method of Camp¬ 
bell This method gives at low pressures a Unear relation between the 
pressure p and the square of the voltage across the bridge 

p = *(F*-Fg)/F8, 

where V is the bridge voltage at pressure p and V 0 the voltage tn vacuo 
Calibrations were carried out over the range 6 x 10~® to 10 -1 mm At the 
higher pressures used in these expen ments the above equation departed 
from lineanty and calibrations were made at frequent pressure intervals 
The voltmeter used was a Crompton universal indicator 
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Volume measurements 

Volume measurements were made with reference to a bulb whose volume 
had been measured by filling it with water, using hydrogen as the reference 
gas Before making them, the whole of the apparatus was very carefully 
baked out 


Temperature measurement 

Experiments were earned out at various temperatures between 80° and 
195° K These were obtained by using constant temperature baths of liquid 
nitrogen, liquid air, liquid oxygen, liquid methane, liquid ethylene and 
solid carbon dioxide and acetone The temperatures of these baths were 
measured with a copper congtantan thermocouple, which was calibrated 
frequently against a platinum resistance thermometer, which had been 
standardized at the National Physical Laboratory The temperature 
measurements were self-consistent to within 0 5° 


Preparation and purification of oases 

(a) Oxygen 

The oxygen was prepared by heating A R potassium permanganate It 
was purified by treatment with caustic potash and then by storage in a 
vessel surrounded with liquid air 

(b) Nitrogen 

The nitrogen was kindly supplied by Dr E J B Willey, who reported 
that the sample was so pure that it refused to give the active nitrogen 
afterglow It was prepared from air and therefore contained the usual 
traces of inert gases 

(c) Argon 

The argon was obtained from a cylinder supplied commercially It was 
purified using the method of Baxter and Starkweather, which consists in 
fractionating it from chabazite between the temperatures of 90° and 190° K 
This method is reported to give a gas which is spectroscopically pure 

(d) Hydrogen 

The small quantities of hydrogen needed were made as they were required 
by heating with a hydrogen flame a portion of a hollow palladium tube 
which was sealed into the apparatus 

34 a 
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Kncdsen thermal transpiration correction 

Over the range ofpressure used in these experiments, 5x 10 s tol0 ^m, 

the thermal transpiration correction is very important It was impossible 
to reduce it to negligible proportions by workmg with large diameter tubes, 
as the volume of the apparatus was reduced to a minimum in order to 
achieve the maximum sensitivity It was also impossible to work over the 
square root range, as this would have required a capillary tube connection 
between the adsorption vessel and the Piram gauge, which would have made 
the task of baking out the adsorption vessel very difficult indeed The tube 
connecting the adsorption vessel and Piram gauge m the final series of 
experiments had an internal diameter of 4 mm The Knudsen correction 
was determined for argon, nitrogen and oxygen at all temperatures used and 
over the w hole pressure range 

Langmuir estimated his correction by determining it for hydrogen, which 
is not adsorbed, and then assuming it was the same for all other gases at 
those pressures at which the mean free paths were equal This assumption 
is true only over a narrow pressure range at the lowest pressures 


The measurement of the Thermal transpiration correction 

In order to measure the thermal transpiration correction, the apparatus 
was first carefully baked out and evacuated During this operation, the 
pyrex adsorption vessel was kept at a temperature of 500° C for 24 hours 
After isolating the pumps and closing the tap between the adsorption vessel 
and the Piram gauge, gas was admitted to the gauge at a measured pressure. 
Pi It was then expanded to the adsorption vessel, which contained no 
platinum and which was placed in a constant temperature bath The new 
pressure p 2 was measured after equilibrium had been reached From these 
two figures the apparent pressure, p 3 , in the adsorption vessel was calculated 
assuming that there was no adsorption Then 

Pl V l Pi V l , Pi V l , P 8 *3 

Rfi RTi RTi~RT a ’ 

where Vi is the volume of the Piram gauge, V t the volume of the connecting 
tube between the tap and the level of the liquid in the constant temperature 
bath, and V 3 the volume of the adsorption vessel immersed in the bath 
T t is the air temperature, T a the bath temperature, R the gas con¬ 
stant 
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Now if x 18 the mass of gas adsorbed on the walls of the adsorption vessel, 
at the apparent pressure of p 3 we have 

RT 2 RT 2 ’ 

where p 0 is the true pressure in the adsorption vessel p, was measured for 
all gases over the whole range of temperature and pressure The expen ments 
were then repeated with the adsorption vessel filled with pyrex glass tubing 
of known area, which enabled a series of pressures p 4 to be determined 


rt 2 


,P<K 

rt 2 


where V x is the volume of the adsorption vessel minus the volume of the 
added tubing and a, is the ratio between the surface area of the adsorption 
vessel together with the tubing and the surface area of the adsorption vessel 

From these two senes of expenments values ofp 0 and x were determined 
for all values of p 2 In actual fact the values of x were so surprisingly small 
that they could be neglected except for temperatures of 90° K or less The 
Knudsen thermal transpiration correction t = p 0 /p 2 was then calculated for 
all values of p 2 

In Table II are given the observed results for the transpiration correction 
for nitrogen and also the values calculated from the measured transpiration 
correction for hydiogen, assuming that the corrections are equal at the same 
mean free path It is clear that Langmuir’s assumption is not correct 


Pt 

in mm 10* 
05 
1 0 

1 5 
20 

2 5 
30 
35 
40 
60 
60 
70 


Table II 


measured 
0 64 
0 01 
0 68 
0 73 
0 77 
0 79 
0 81 
0 82 
0 84 
0 86 
0 87 


calculated 


0 63 
0 64 
0 80 
0 68 
0 09 
0 71 
0 72 
0 75 
0 78 
0 80 


Adsorption experiments 

The platinum used m these expenments consists of a roll of smooth 
platinum foil, 9600 sq cm in area This was carefully cleaned, first with hot 
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nitric acid and then with hot chromic acid It was finally washed thoroughly 
with distilled water and placed in the pyrex adsorption bulb All the water 
adhering to the foil, with the exception of the last traces, was removed by 
heating under vacuum in a separate apparatus The adsorption bulb was 
then sealed into its final position in the apparatus and baked out at a tem¬ 
perature of 500° C until, after isolating the pumps, no measurable pressure 
developed over a period of 12 hours This baking-out process took several 
days 

The method of carrying out the adsorption experiments was almost 
identical with that used to determine the thermal transpiration coefficients 
The apparatus was baked out for 12 hours at 500° C Gas at a known pressure 
was expanded from the Pirani gauge to the adsorption vessel, which was then 
isolated and more gas was added to the Pirani gauge This m its turn was 
allowed to expand into the adsorption vessel In this way a senes of points 
on each isotherm was determined At low temperatures the amounts 
adsorbed were so large that, even when the Pirani gauge was filled with gas 
at as high a pressure as the calibration curve allowed (10 _l mm ), on expan¬ 
sion to the adsorption vessel, the equilibrium pressure was too small for the 
gauge to measure Under these conditions the error of the measurement is 
equal to the error m measuring the pressure, which is + 2 % At the high 
temperatures 170° and 190° K , when the amounts adsorbed were less, the 
errors became larger 


Results 

The experimental results are given in Tables III-XIV The curves for 
nitrogen are plotted in fig 2 to illustrate the smoothness of the experimental 
curves and the change m the shape of the curve with change of temperature 
Unfortunately, owing to a serious breakdown in the apparatus and to the 
short time available for completing this investigation it was not possible to 
carry out more than one check experiment If the results given in Tables III 
and IV for the adsorption of mtrogen at 83 0° K are compared it is found 
that the values of x given m Table III are about 4 % lower than those given 
in Table IV This agreement can be considered to be satisfactory in view of 
the nature of the experiments and the possible error in temperature measure¬ 
ment of 0 5° K Further, the self-consistency of the experimental results as 
judged by the closeness with which they can be placed along a smooth curve 
is also very satisfactory Only m the case of the experiments at 170° and 
193° K , where the amounts adsorbed are very small, do the errors become 
at all serious 
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Table HI Table IV 


Bath Liquid air Bath Liquid air 

Temperature = 83 5°K Temperature = 8.3 6° K 


' 


* in g mol /Bq cm 

r " 

X 1 

n g mol /sq cm 

p 1 

n mm 10* 

of Pt 10 1 ® 

P i 

in mm 10* 

of Pt 10 1 ® 


0 813 

1 90 


0 069 

1 19 


1 08 

2 21 


0 325 

1 75 


1 75 

2 44 


0 533 

2 00 


2 24 

2 01 


0 996 

2 27 





1 52 

2 51 





2 13 

2 69 





2 88 

2 89 





3 71 

3 06 





4 37 

3 19 





5 14 

3 34 





6 01 

3 47 





6 93 

3 59 


Table V 


Table VI 


Bath Liquid oxygon 


Bath Liquid i 

ncthane 


Tomperatui 

re = 00 6°K 


Temperature = 

112 2°K 



r in g mol /sq cm 


X 1 

n g mol /sq cm 

V 

tn mm 10* 

of Pt 10 1 ® 

P i 

in mm 10* 

of Pt 10“ 


0 34 

0 98 


0 305 

2 32 


0 78 

1 25 


1 04 

4 26 


1 51 

1 52 


2 20 

6 58 


2 40 

1 70 


3 87 

6 82 


3 04 

1 90 


5 87 

7 56 


0 14 

2 16 


7 95 

8 15 


8 45 

2 37 


10 2 

8 34 


10 70 

2 51 


12 2 

8 44 


12 40 

2 69 


14 6 

8 60 


Table VII 


Table VIII 


Bath Liquid ethylene 

Bath Solid carbon dioxide acetone 


Tempo ratur 

e - 170 4° K 


Temperature = 

194 6°K 



x m g mol /sq cm 


X 1 

n g mol /sq cm 

pi 

in mm 10* 

of Pt 10 1 * 

P ' 

in mm 10* 

of Pt 10“ 


0 687 

2 04 


0 877 

2 34 


1 44 

7 72 


2 04 

3 18 


2 52 

10 0 


3 17 

6 72 


3 98 

18 2 


4 55 

5 55 


5 56 

20 2 





7 40 

23 9 





10 10 

23 9 





12 9 

26 7 
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Argon experiments 


Table IX 



Table X 

Bath Liquid nitrogen 


Bath Liquid oxygen 

Temperature = 

= 77 3°K 


Temperature = 90 6° K 

' XI 

n g mol /sq cm 

r 


xing mol /sq i 

p in mm 10* 

of Pt 10 1# 

P 

in mm 

10 * ofPt 10 1# 

0 406 

2 81 


1 40 

1 33 

0 836 

3 34 


2 74 

1 75 

1 90 

4 26 


4 27 

1 99 

3 76 

5 02 


6 11 

2 25 

6 69 

5 81 


7 97 

2 45 

7 64 

6 26 


10 14 

2 71 

0 82 

6 80 


12 3 

2 92 

12 1 

7 30 


15 3 

3 16 

16 2 

8 08 


18 8 

J 30 




21 5 

3 43 

Table XI 



Table XII 

Bath Liquid methane 


Batli 

i Liquid ethyleno 

Temperature = 

112 2° K 


Temperature = 172 2°K 

XI 

n g mol /sq cm 



xing mol /sq < 

p in mm 10* 

of Pt 10 11 

P i 

in mm 

10* of Pt 10'* 

0 80 

3 33 


1 01 

2 00 

1 96 

5 69 


2 16 

7 57 

3 15 

6 97 


3 01 

10 40 

5 60 

8 73 


6 66 

17 7 

8 97 

10 8 


10 5 

19 7 

12 1 

12 2 


14 5 

23 2 

14 0 

13 1 


188 

26 0 

16 1 

14 0 
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Table XIII 



Table XIV 

Bath Liquid oxygen 


Bath 

Liquid ethyleno 

Temperature = 

90 6°K 


Temperature = 172° K 

x u 

n g mol /sq cm 



x m g mol /sq < 

pin mm 10* 

of Pt 10"> 

p i 

n mm 

10* of Pt 10“ 

0 201 

I 20 


0 806 

0 618 

0 442 

1 52 


1 78 

0 929 

1 34 

2 07 


2 90 

1 68 

2 66 

2 49 


4 46 

1 64 

4 52 

2 87 


6 13 

2 57 

6 64 

3 21 


8 02 

3 28 

8 48 

3 41 


10 5 

3 81 

10 20 

3 61 




12 1 

3 84 
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Flo 2 Nitrogen isotherms 


Discussion 

Application of the Langmuir isotherm to the results 

At the lower temperatures all three gages give adsorption isotherms which 
are not concave enough to the pressure axis to be typical of the Langmuir 
adsorption isotherm In each case there appears to be a middle part of the 
isotherm which is almost linear (see fig 2) The Langmuir equation has been 
applied to the results in the usual way by plotting pjx against p, which 
should give a straight hne Such curves, except for some experiments at 
112 ° and 170° K , are concave to the p-axis and indicate that more gas is 
adsorbed in the later higher pressure stages than is to be expected (see 
figs 3 and 4) The curves for nitrogen are particularly interesting because 
they show that the Langmuir equation is obeyed at 112° and 170° K That 
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this is not due to a masking of the curvature caused by experimental in¬ 
accuracy is proved by the smoothness of the isotherm at 112° K and also 
by the way in which the individual points of the plot of p/x against p he 
so accurately on a straight line The evidence for argon and oxygen is 
similar, but not so clear m that argon, for example, still shows a definite 
departure from the Langmuir isotherm at 112° K For all three gases it can 
be said that the higher the temperature at which adsorption occurs the more 
closely is the Langmuir equation obeyed The excess adsorption which oocurs 
in all cases over and above that expected from the equation is to be attri¬ 
buted without doubt to mtermolecular forces of attraction which will be 
more apparent at low temperatures 



Fig 3 Nitrogen 
The saturation maximum 

The values of x t , the saturation maximum, can of oourse be easily cal¬ 
culated for those experiments whose results satisfy the Langmuir equation 
For the other cases the following procedure has been adopted A straight 
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line has been drawn through the last three points of the pjx, p curve In 
every case these points lay quite accurately on this line From the slope of 
this line the value of x, is calculated in the usual way This method is prob¬ 
ably not very greatly in error provided that the values of x corresponding 



Fia 4 Neon 

to these three points are at least 50-60 % of the value of ar„, because at this 
stage in the adsorption the concentration m the adsorbed layer is so large 
that the forces of repulsion between molecules predominate m determining 
the adsorption equilibrium The results are given m Table XV and it ib 
easy to see that x, decreases rapidly with increase of temperature m agree¬ 
ment with the results of Bawn and Langmuir 
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Table XV Saturation maxima 


Gas 

Nitrogen 
x, g mol / 

Oxygen 
x, g mol / 

Argon 
x, g mol 

T° K 

cm * x 10 10 

em'x 10»° 

cm *x 10 1 

77 3 

— 

_ 

13 0 

83 5 

4 6 

— 

— 

90 5 

33 

54 

43 

112 2 

1 1 

— 

2 3 

170 4 

0 42 

0 96 

0 39 


Application of the vmal adsorption isotherm to the results 
In an attempt to elucidate further the pjx relationships which have been 
found experimentally the vinal adsorption isotherms which were derived 
in the previous paper have been applied to the experimental results (see 
equations (6), (7) and (8) of the previous paper) 

In order to do this it was necessary to fit the experimental results to an 
equation of the type 

logx/p = L + bx + cx* + 

As a first attempt Mr R R M Mallock substituted the experimental 
values in the above equation and solved directly for the coefficients on his 
calculating machine The range of values of x, which owing to the experi¬ 
mental difficulties was limited, was too small to enable any coefficients to 
be determined with any degree of exactness at all The coefficients were 
therefore determined in the following way For small values of x we have 

l°g X IP = k + bx 

If this equation is applied to values of * and p outside the range over which 
this equation is valid, then 

log xjp = k l -\-b l x 

If the values of x are not too large, then we can write 
J; x = k + cz 

and b x = b 0 +dx 

Substituting log xjp = k + {c+b 0 )x + dx i 


These equations were solved from three values of x and p taken from the 
smoothed curve over the range occupied by the first three x and p readings 

on the log x curve At the higher values of x, the above parabolio equation 
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gave values of log x/p which were too low It was always possible to obtain 
a perfect fit over the whole range by adding a term in x* This method was of 
course employed only for the measurements at or below 90 5° K At the high 
temperatures the curve fitting was simplified (although the experimental 
results, particularly at 170° K , were not very accurate), because owing to 
the small amounts adsorbed, the lower values of x fitted the equation 

logx/p = L + bx 

The higher values of x were easily dealt with by the addition of a term m x* 
The equations so calculated are given below 

Argon 

7 = 77 3°K logx/p = — 13 5— 1 40x 10 10 x + 0 92x lO^x 2 — 1 4x 10 3 ®x 4 

7 = 90 5°K logx/p = — 16 6 — 2 65 x 10 10 x + 0 44 x lO^x* — 2 8 x lO 38 # 4 

7 = 112 2°K logx/p = — 18 6 — 2 05x 10 w x + 0 23 x lO 20 ® 2 
7 = 170 4°K logx/p = -21 5-4 9 x 10 w x 

Nitrogen 

7 = 83 5°K logx/p = —120 — 3 35x 10 10 x + 0 39 x lO 20 #* — 0 92 x 10 38 x* 

7= 90 5°K log xjp = — 14 0 — 4 43 x 10 w x + 0 90 x lO^x 2 — 1 34 x 10 38 x* 

112 2°K logx/p = -17 8-3 50xlO lo x-4 01 xlO l8 x* 

7 = 170 4°K log xjp = -21 0-4 6 x 10 lo x 

Oxygen 

7= 90 5°K logx/p = — 13 4 — 3 42 x 10 10 x+ 0 60 x 10 2 °x* — 0 85 x lO 38 # 4 
7 = 172 2°K logx/p =-21 0-2 70x 10 10 x 
x is m g mol /sq cm and p in mm of mercury 

Having determined values of k and b it is possible by substituting m 
equations (6), (7) and (8) of the previous paper to calculate (ad) or (a<r) 
the volume of the adsorbed phase and, (j> providing B, the virial coefficient 
for the gas phase, is known a is the fraction of surface area available for 
adsorption and d is the thickness of the adsorbed layer in one case, and m 
the other it is assumed to be equal to the molecular diameter of the adsorbed 
molecule <r (see previous paper) 
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Evaluation of the virial coefficients 

The values of the second vinal coefficient B can be calculated from gas 
data using Lennard-Jones’ method (Fowler 1936 , p 299 ) For both argon 
and nitrogen at all temperatures used m this investigation B is negative, 
1 e the molecular attractive forces are greater than those of repulsion The 
experimental results however show that the forces of repulsion predominate 
(since dpjdx increases with increase of x) and it is evident that over the 
observed range of experiment vinal coefficients of higher order than the 
second are the important factors The adsorbed gas is in fact on that part 
of the isotherm which is above the Boyle point and to which the equation 
p(V-b) = LT applies approximately Since repulsive forces predominate 
it is possible to evaluate roughly a coefficient by the Lennard Jones method 
neglecting the attractive forces This is broadly what has been done in 
applying the vinal coefficients to calculation of crystal parameters, except 
of course that the assumption that repulsive forces only are important is 
much more nearly true for the crystal state than for the adsorbed layer The 
values of B have therefore been calculated lor argon and nitrogen assuming 
an r ~ %3 law for the repulsive foice No data exist which allow us to calculate 
B for oxygen 

Having evaluated B it is possible to substitute in the adsorption isotherms 
(equations (b) and (7)) and evaluate (ad) or (a<r) For equation ( 8 ) the 
simplest assumption is to put B' = B" This is not exactly true, but in the 
special case under (onsideration the error is perhaps not large The molecular 
diameters of argon, oxygen and nitrogen are 3 64 x 10~ 8 , 3 62 x 10 ~ 8 and 
3 80 x 10~ 8 cm respectively The platinum atoms are arranged on a lattice 
of unit length, 3 91 x lO -8 cm Providing therefore that molecules can be 
adsorbed on adjacent lattice squares it is evident that molecules so ad¬ 
sorbed will approach each other almost as closely as they do in a molecular 
collision They cannot however approach quite as closely as this because we 
have assumed that lateral mobility is restricted owing to the existence of 
potential bills between the adjacent molecules 


Results 

The values of a so calculated are given below, together with the values of 
the adsorption volume calculated from x„ a is calculated from x t by assuming 
that at saturation those parts of the surface which can adsorb are covered 
with a close-packed monomolecular layer of molecules a can alternatively 
be calculated by assuming one molecule is adsorbed per lattice square, and 
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since the area of such a square is for platinum nearly equal to the square of 
the molecular diameter of argon, nitrogen and oxygen the difference m the 
two values is quite small In each case d and <r have been put equal to 
4 x 10 -8 era 


a FRACTION OF SURFACE AREA AVAILABLE FOR ADSORPTION 




Argon 




Nitrogen 




cl 

CL 

a 


a 

<x 

a ' 

T° K 

Bx 10* 

<*.) 

(6) 

(7)and(8) Bx 10* 

(*.) 

(6) 

(7)and(8) 

77 3 

5 26 

1 06 

0 21 

0 31 

— 

— 

— 

_ 

83 S 

— 

— 

— 

— 

5 88 

0 40 

0 10 

0 16 

906 

5 15 

0 35 

0 11 

0 17 

6 72 

0 28 

0 08 

0 12 

1122 

4 66 

0 18 

0 12 

0 18 

5 31 

0 096 

0 08 

0 12 

170 4 

4 06 

0 03 

0 05 

0 08 

4 75 

0 04 

0 06 

0 09 
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The agreement between the values of a calculated from b and x, is reason¬ 
ably satisfactory at 112 ° and 170° K having regard to the difficulty of 
as si g nin g appropriate values to the vinal coefficients At low temperatures 
the values of a calculated from b are much less than those calculated from x. 
This is to be expected if, as the shape of the adsorption isotherms suggest, 
lntermolecular forces of attraction play an important part at these tem- 
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peratures and surface concentrations m determining the molecular energy 
of interaction in the adsorption layer In fig 6 the true adsorption isotherm 
and the isotherm represented by (a) the experimental figures and (6) an 
adsorbed layer with only repulsive forces are drawn A brief examination of 
these curves shows that owing to the restricted range of the experimental 
data in cases where attractive forces are a significant part of the total 
force of molecular interaction the apparent value of b will be higher than it 
would be if in the adsorbed layer repulsive forces only were effective 

The influence of temperature on the volume of the adsorbed phase 
Hiickel (1928) first pointed out that the saturation maximum as cal¬ 
culated from the Langmuir equation should be independent of the tem¬ 
perature, whereas all the experimental evidence showed that this was not 
the case Several authors have discussed this problem (cf Wilkins and Ward 
1929, and Bradley 1931) All these have worked with x t and have assumed 
that its temperature coefficient is due to some factor which alters the 
number of molecules which can be packed into the adsorbed phase, the 
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volume of which is independent of temperature The foregoing discussion 
suggests that the values of the adsorption volume (ad) calculated from x, 
are the most reliable values While the values of (ad) or a so calculated cannot 
be of a high order of accuracy, a plot of 1 jT against log a would suggest that 
effects of the temperature can be represented roughly by the equation 
a = ce~fl T , where c and are constants (see fig 6 ) 

The magnitude of the temperature coefficient is so large that the factors 
discussed by Wilkins and Ward cannot possibly account for it Bradley's 
factor is automatically taken aocount of in the vinal coefficient It is of 
course possible to argue that the sharp increase of adsorption volume with 
decreasing temperature is due to the formation of polymolecular layers 
The discussion of the previous section, while it cannot be said to dispose of 
this possibility entirely, does at least indicate that the results are not in¬ 
consistent with the theoretical equations which tacitly assume mono- 
molecular layers It this view-point is correct we can draw the interesting 
conclusion that even on a smooth metal foil surface the surface fields are 
not uniform The surface can be energetically composite in two ways If 
we assume that the heterogeneity is associated with the type of structure 
postulated by exponents of the ‘ real Krystall ’ the exponential temperature 
effect can be explained Goetz and Hergenrother ( 1932 ) state that if N c be 
the number of atoms per umt volume of a large crystal existing m perfect 
lattice configuration, and N d the corresponding number of decrystalhzed 
atoms, then 

(N d /N c + N d ) = f(T), 

where f(T) is exponential It is of course important to note that this equation 
was developed m the discussion of the behaviour of a metal near its melting 
point and to apply it to the problem under discussion is perhaps an un¬ 
warrantable extrapolation 

There is one very important implication made m the calculation of (ad) 
from b It is that the molecules are concentrated together in a small 
fraotion of the surface and not uniformly distributed over it If the adsorbed 
molecules are uniformly distributed over the surface area the adsorption 
volume, which is significant as far as the evaluation of B a (T) is concerned, 
is not (ad) but the total adsorption volume per sq cm , which is (d) There¬ 
fore, in order that (ad) should equal (d), for example, for argon and nitrogen 
at 11 2® K the second vinal coefficient B will have to be ten times larger 
than the value used This is far outside the range of experimental error 
We are therefore driven to the conclusion that the atoms m a solid surfaco 
which are capable of adsorbing molecules are congregated together in 
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patches and that the adsorbed molecules form islands m the surfaces The 
concept of islands existing m the adsorbed layer has been employed by 
Polanyi and Welke ( 1928 ) and Goldmann and Polanyi ( 1928 ), and also by 
Benton and White ( 1930 , 1931 ), to explain discontinuous adsorption 

The adsorption potential 

In view of the difficulties which are encountered in applying the vinal 
adsorption isotherm to the experimental results obtained at the lowest 
temperatures the adsorption potential has been evaluated only at 112 ° and 
170° K , using equations (7) and ( 8 ) ot the previous paper There is no 
evidence existing which allows us to determine cr It has been assumed that 
a for the adsorbed molecule is the same as tor the platinum atoms, 1 e 
3 1 x 10~ 12 Since the vibratory motion of the adsorbed molecules is con¬ 
ditioned almost entirely by the vibratory motion of the platinum atoms 
this is not an unreasonable assumption to make The results are tabulated 
below 



Nitrogen 


Argon 

T a K 

<t>i 

<t>* 

' </>, <h' 

112 2 

4400 

6300 

4000 4800 

170 4 

5700 

7200 

5300 6000 


It appears that <f> 7 and <f> 9 increase markedly with temperature Aotually 
the adsorption potential would be expected to be independent of tem¬ 
perature If, however, there is a change of physical state of the adsorbed 
layer so that melting or lateral diffusion occurs between 112 2 ° and 170°K , 
then the adsorption potential is given by at 112 2° K and at 170 4°K 
This gives us an adsorption potential independent of the temperature and 

(j) Nt tv 6500 cals and <j> A fv 5000 cals 

Lennard-Jones ( 1932 ) has developed a quantum mechanical calculation 
of that part of <f>, </> a which is due to the attractive forces existing between 
the solid surface and the adsorbed molecule He has not been able to 
calculate the repulsion potential </> r , but he estimates it to be 40 % of <p a 
Now (f> a is given by 



where e is the electronic charge, R is the equilibrium distance of the adsorbed 
molecule from the surface and P is a quantity which can be calculated 



The adsorption of argon, nitrogen and oxygen 529 

when the distribution, of electrons in the adsorbed molecule is known For 
diamagnetic molecules f 2 is given by 

f 2 = —yZ/e a /6wic 2 , 

where x is the diamagnetic susceptibility per gram atom, L is Loechmidt’s 
number, m is the mass of the electron and c the velocity of hght Following 
Lennard-Jones, R has been taken as the mean of the least distance of 
approach of the gas molecules in the solid state and of the platinum atoms 
in the solid state The values of <j> are 

Nitrogen 2500 cal /g mol 
Argon 5300 cal /g mol 

He suggests that 40 % should be allowed for the potential of the repulsive 
fields and this gives for <j> 

Nitrogen 1500 cal /g mol 
Argon 3200 cal /g mol 

The experimentally determined s are therefore much larger than these 
theoretical values There are two points of importance here The platinum 
foil was cleaned before use with hot mtnc and chromic acids This treatment 
would probably cause the formation of a thin layer of oxide which would, 
of course, completely alter the surface properties It should be pointed out 
however, that Thomson, Stuart and Munson ( 1933 ) have shown that heating 
sputtered films of platinum which were covered with PtO a to above 225° C' 
removed the oxide to such an extent that it could not be detected by 
electron diffraction Langmuir ( 1918 , 1922 ) states that oxygen is so strongly 
and irreversibly adsorbed by platinum that it is retained even at tem¬ 
peratures as high as 1200°C It is possible, therefore, that the platinum 
was covered with a monomolecular layer of chemisorbed oxygen 

A further point to be borne in mind also is that the experiments show 
quite clearly that although the surface is plane it is not homogeneous, and 
the fraction available for adsorption decreases rapidly as the temperature 
is raised from 80° to 190° K This is characteristic of the results of all experi¬ 
ments which have yet been reported where adsorption is reversible If the 
majority of the surface has an adsorption potential of 1500 cal /g moj for 
nitrogen and 3200 cal /g mol for argon the amounts adsorbed on it will be 
quite small compared with those parts of the surface havmg a potential of 
5000-6000 cal /g mol, except at low temperatures where the areas of 
higher potential may be very nearly saturated 
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Summary 

The adsorption of argon, nitrogen and oxygen on a smooth platmum foil 
has been measured at vanous temperatures between 77 and 193° K 
over the pressure range of 5 x 10 -3 to 2 x 10 -1 mm It is found that the 
deviations from the Langmuir adsorption isotherm arc greater the lower is 
the temperature The values a. of the fraction of the apparent surface 
covered by the gas at saturation is unity only for argon at 77° K In all 
other experiments a was much less than unity Further, the rate of 
decrease of a with increase of temperature is much more rapid than is 
given by Zeise’s linear equation and can be expressed approximately by 


where c and ft are constants After a discussion of the results, using the 
vinal adsorption isotherm, the failure of the Langmuir adsorption isotherm 
at low temperatures is attnbuted to the intermolecular forces of attraction 
which exert a pronounced effect on the amount of gas adsorbed 

The adsorption potentials of argon and nitrogen are calculated to be 
approximately 5000 and 5500 cal /g mol respectively These compare with 
the corresponding values calculated from quantum mechanics of 3200 and 
1500 cal /g mol The possible reasons for the discrepancy are discussed 
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The emission band spectrum of chlonne (Clj) II 

By A Elliott, Ph D , D Sc , and W H B Cameron, M So 
Physics Department, University of Sheffield, 

(Communicated by S R Milner, F R S —Received 7 October 1937) 
[Plate 8] 

Introduction* 

In continuation of our work (Elliott and Cameron 1937 a) on the spectrum 
of chlorine excited by a high-frequenoy electrical discharge, we have 
established the fact that the discrete bands which appear are due (at least 
in part) to the ionized molecule Cl^ In the publication referred to, we have 
desonbed measurements of the wave numbers of the band heads in the 
region 3804-5435 A, as well as of the maxima of some contmua m the 
ultra-violet An extensive vibrational isotope effect was identified m the 
discrete bands, and on the basis of this a suggestion was made that two 
systems were present, with origins situated at 21000 and 21340 cm -1 
respectively The vibrational analysis of Ota and Uchida ( 1928 ) was shown 
to be untenable, but no alternative analysis was put forward It was sug¬ 
gested that the intervals of 627 and 632 cm -1 , which oocurred frequently, 
might be the vibrational frequency of the chlorine molecule in either the 
upper or the lower state involved 

The bands considered m the present paper, with the exception of that at 
20106 5 cm -1 , were all mcluded in the first paper, but m some cases the 
wave numbers of the heads have been slightly amended About one-half 
* Introduction rewritten and Table III revised 12 November 1937 
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of the ninety-four bands previously tabulated (excluding isotopes) have 
now been classified and assigned to Cl^ The two systems previously 
mentioned are now identified as the subsystems of a doublet system, the 
system origins are much more accurately determined and are found to be 
situated at 20596 9 and 20797 3 cm -1 respectively It is found that the 
intervals 627 and 632 (more accurately 627 9 and 633 7 cm -1 ) are the 
vibrational frequencies of CIJ for the hypothetical levels with vibrational 
quantum numbers 2£ and 1 \ 

Photography, measurements, etc 

The apparatus used for generating the chlorine and exciting its band 
spectrum has already been described in a previous publication (Elliott and 
Cameron 19370) For photographing the spectrum, a Littrow spectrograph 
fitted with three pnsms of dense flint glass was used, and arrangements for 
keepmg constant the temperature and pressure of the surrounding air were 
employed These arrangements have been descnbed elsewhere (Elliott and 
Cameron 19376) 

In the visible region the spectrum was bright enough to enable Wellington 
Ortho Process plates to be employed, the exposure times varying from 1 up 
to 6 hr In the near ultra-violet region, Ilford Double X-Press plates were 
used, as the exposure times would have been too long with the slower plate 
Even so, an exposure of 50 hr was necessary to record the band at 
26166 cm -1 In some of the last photographs taken on Double X-Press 
plates, a great decrease in graininess was obtained by using a fine-grain 
developer (Morgan, 1936) 

The iron arc was used to provide a comparison spectrum, and the wave 
numbers of the chlorine band lines were obtained by linear interpolation 
between two selected iron lines These wave numbers were corrected by 
reference to an error curve, constructed from measurements of as many 
suitable iron-arc lines as could be found between the selected reference lines 
Usually a separate error curve was drawn for each band Great care was 
taken in the construction of this error curve, since a faulty curve leads to 
systematic errors m the wave numbers of the lines measured 


Description of the bands 

In no case is the rotation structure of a band resolved nght up to the head, 
but many bands have been found where the structure is sufficiently resolved 
to show that there are two branches of approximately equal intensity, and 
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that no others of appreciable strength are present In several bands only 
a single branch is apparent This is presumably due to the superposition of 
the two branches which ocours when the ratio of the rotation constants of 
upper and lower states has a suitable value (Jevons 1932 a) 

The vibrational isotope effect has already been identified (Elliott and 
Cameron 1937 a), and it has been found possible to analyse the rotational 
structure of the isotopic pairs ( 3 S C1 2 ) + and ( 38 C1 S 7 C1)+ in a number of cases 
Plate 8 shows three such pairs 

It was expected that the lines of the bands due to ( M C1 2 ) + would show 
alternating intensities with a ratio of strong to weak line intensities of 
1 4 to 1 , since this ratio has been found in the Cl 2 absorption bands (Elliott 
1930 ) No alternation of intensities has been found, however The evidence 
for this, and the explanation offered, will be given in the following section 


Intensity measurements 

Although none of the Cl^ bands examined shows an alternation m 
intensity of the band lines which is visible to the eye, it was considered 
necessary to examine this point more closely by making microphotometer 
records of the densities of the band lines Bands 24308 and 23624 cm -l 
were selected for the purpose, as they are fairly free from overlying bands 
Reproductions of microphotometer traces of these bands are shown in 
Plate 8 Comparison of these traces with a calibration curve (intensity of 
light incident on the plate against density produced) showed that no 
alternation as great as 1 1 1 was present As an alternating intensity 
ratio of 1 4 l had been expected, it seemed desirable to establish that the 
bands were really due to chlorine molecules, and not, for example, to 
28 Si 38 Cl and ! 8 Si 37 Cl or to «P 38 C1 and «P 37 C1, molecules which would give 
rise to an isotopic separation similar to that expected in chlorine Con¬ 
clusive evidence was given by the intensity measurements on band 
25882 cm -1 (mam band and isotope), which gave a ratio of intensities for 
the corresponding lines in ( 38 C1 2 ) + and ( 38 C1 S 7 C1) + of 1 56 1 The relative 
abundance of these molecules calculated from the atomic weight of chlorine, 
35 465,isl57 1 The relative abundance of 28 Si 38 Cl and “Si 37 C1, which is 
the same as that of 31 P 38 C1 and 31 P S 7 C1, is 3 14 1 Whilst the close agree¬ 
ment of the measured intensity ratio with the relative abundance of 
( 38 Clj) + and ( 88 C1 37 C1)+ may be in part fortuitous, there is no doubt that the 
carriers of the spectrum are chlorine molecules 

The explanation of the absence of alternating intensities, which was 
suggested to us by Dr Kromg (Groningen), is probably that neither of the 
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Table I Wave numbers of ( 86 C1 8 )+ band lines in om 

Subsystem I 

Band 4 -► 3 Band 4 2 Band ^ 

-1 

1 -> 2 

J- i 

P branch 

R branch 

P branch 

R branch 

P branch 

R branoh 

2 




21060 74 




3 




005 82 

21068 70 



4 

21030 80 



664 54 

068 12 



5 

035 41 



663 17 

007 47 



6 

033 83 



601 62 

600 74 

22086 73 


7 

032 27 



059 99 

* 

084 90 


8 

030 30 

21036 80 

657 92 

1 

682 84 


9 

028 40 


\ 

655 89 


680 70 

22687 45 

10 

026 10 


1 

053 03 

posed 

078 37 

085 73 






P and R 



11 

023 59 


1 

051 33 

lines 

075 77 

083 83 

12 

020 90 

Sur 

•or 

648 90 

I 

673 09 

681 84 

13 

018 24 

posed 

645 93 

J 

670 03 

079 65 

14 

015 41 

P and R 

042 99 

053 03 

660 90 

677 12 

16 

012 33 

lines 

040 05 

051 05 

663 57 

674 51 

16 

009 05 



630 60 

648 45 

060 03 

671 57 

17 

006 65 



633 01 

045 60 

060 39 

668 57 

18 

001 98 



029 34 

642 61 

652 42 

665 30 

19 

20998 22 



026 44 

039 65 

048 35 

661 85 

20 

994 23 



— 

630 10 

644 12 

658 37 

21 

990 11 



617 35 

632 60 

639 90 

054 69 

22 

985 75 



612 77 

628 88 

634 86 

060 64 

23 

981 16 



008 28 

025 02 

630 15 

040 43 

24 

976 50 



603 39 

— 

625 08 

042 00 

25 

971 73 



598 39 

610 69 

619 88 

637 58 

20 

966 62 



593 38 

612 37 

614 43 

032 77 

27 

961 42 



588 01 

607 60 

609 00 

027 83 

28 

956 08 



682 48 

002 98 

603 24 

022 08 

29 

950 37 


i 

676 84 

597 91 


017 41 

30 

944 74 



670 85 

592 77 


01195 

31 

938 80 



564 98 

687 24 


606 49 

32 




568 72 

681 94 


600 52 

33 





576 26 



34 


j 



570 52 



36 


20938 80 


564 36 




30 658 12 

electronic levels involved in the production of the bands is a L state, and 
that the A-type doubling is too close for resolution Each line would then 
consist of a strong and a weak component, unresolved A somewhat similar 
state of affairs occurs in the a II- s n bands of carbon, exoept that there the 
nuclear spin is zero, and the weak lines are consequently missing, which 
gives rise to a “staggering” of the consecutive lines m a branch 
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-► 1 Band 8 -► 1 

535 

Band 8 -*■ 0 


P branch 

R branch 

P branch 

R branch 

P branch 

R branch 

8 



24306 22 


24945 86 


8 



305 24 


944 75 

24947 14 

4 



304 01 

24307 00 

943 52 

946 63 

5 

23321 66 


302 36 

306 22 

942 04 

945 86 

6 

320 04 


300 70 

305 24 

940 36 

944 75 

7 

318 20 


298 80 

304 01 

938 33 

943 52 

8 

316 27 

23322 24 

296 74 

302 63 

936 21 

942 04 

9 

314 08 

320 81 

294 44 

300 96 

933 85 

940 36 

10 

311 55 

319 07 

291 99 

299 14 

931 39 

938 52 

11 

309 07 

317 17 

289 26 

297 06 

928 62 

036 45 

12 

306 26 

315 03 

286 30 

294 86 

925 67 

934 18 

13 

303 29 

312 75 

283 24 

292 41 

922 63 

931 77 

14 

300 10 

310 24 

279 93 

289 73 

919 22 

929 06 

15 

296 76 

307 50 

276 36 

286 87 

915 66 

926 15 

16 

293 13 

304 68 

272 66 

283 85 

911 78 

923 00 

17 

289 37 

301 67 

268 77 

280 57 

907 89 

919 68 

18 

285 39 

298 30 

204 67 

277 14 

903 65 

916 14 

19 

281 27 

294 86 

260 27 

273 47 

899 30 

912 39 

20 

276 96 

29$15 

255 76 

269 50 

804 66 

008 50 

21 

272 41 

287 29 

261 00 

265 51 

889 88 

904 39 

22 

267 79 

283 33 

246 01 

261 28 

884 85 

900 02 

23 

262 84 

279 01 

240 93 

256 56 

879 56 

895 41 

24 

257 69 

274 60 


262 05 

874 12 

890 73 

26 

252 29 

269 93 


247 23 

868 50 

885 69 

26 

246 90 

266 13 


242 05 

862 72 

880 54 

27 

241 13 

260 20 




875 07 

28 

235 30 

264 91 




869 60 

29 

229 17 

249 56 




863 88 

30 

222 62 

243 96 





31 

216 48 

238 10 





32 

209 78 

232 29 





33 

203 01 

226 06 





34 

196 00 

219 84 





35 

188 86 

213 27 





36 

181 36 

206 60 





37 


199 49 





38 


192 47 






Calculation of the wave numbers of the 

1 BAND HEADS 

Although the formulae in common use 

> for vibrational isotope separations 

refer to the band origins rather than to the band heads, we have oaloulated 

the wave numbers of the heads, because these can in 

many cases be more 

accurately determined than the origins 

This is especially the case with the 
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j-i 

2 

3 


8 

e 

10 

11 

12 
13 

u 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


Table I (continued) 
Subsystem I Subsystem II 

Band 10 0 Band 5 -*• 3 


P branch 
25880 53 
879 53 
878 26 
870 70 
874 97 
872 98 
870 84 
868 47 
865 84 

863 04 
860 05 
856 82 
853 35 
849 67 
846 84 
841 72 
837 41 
832 94 
828 19 

823 26 
818 12 
812 74 


R branch 


25882 06 
881 38 
880 53 

1 


Super 
posed 
P and R 





I 

812 74 


P branch 
21346 14 
345 28 
344 05 
342 74 
341 18 
339 48 
337 77 
335 65 
333 47 

330 84 
328 32 
325 68 
322 83 
319 66 
316 42 
312 84 

305 44 
301 45 

297 26 
292 88 
288 26 
283 53 
278 64 
273 63 
268 21 
262 82 
256 96 
251 27 


R branch 


21347 05 
346 14 

t 

Super 
posed 
Pand R 


328 32 
325 33 
322 41 
319 29 
316 02 

312 30 

304 97 
300 78 
296 70 
292 20 
287 64 
282 82 
277 83 
272 68 


Subsystem II 
Band 5 -► 2 
P branch R branch 
21974 04 

973 09 21976 38 

971 84 975 49 

970 54 974 93 

969 03 974 04 

967 26 t 

965 37 Super- 

963 44 posed 

961 24 P and R 

958 80 

956 12 965 37 

953 34 963 15 

950 39 960 77 

947 14 958 30 

»43'86 956 53 

940 22 952 73 

936 53 949 72 

932 60 946 54 

928 57 943 18 

924 19 939 54 

919 78 935 83 

915 15 931 87 

910 33 927 54 

905 38 923 38 

900 19 918 91 

914 16 
909 24 
904 11 
899 03 


31 

32 

33 

34 

35 

36 


245 02 267 27 

238 94 261 84 

256 15 
250 23 
244 07 
237 82 


bands of ( 38 U1 S7 C1) + , where the observations sometimes did not permit the 
calculation of B values, which is necessary if origin wave numbers are to be 
determined from the wave numbers of the band lines On the other hand, 
it is a fairly simple matter to determine the wave number of the head 
When the D values are small (as has been found to be the case here), the 
mean wave numbers of adjacent P and R hnes, if plotted against successive 
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Band 7 
P branch 


22984 28 
982 77 
981 04 
979 05 
976 92 
974 66 

972 11 
969 45 
966 44 
963 34 
960 06 
956 62 
952 92 
949 06 
944 96 
940 83 

036 24 
931 68 
926 86 
921 87 
916 63 


Emvmon band spectrum 

Table I (continued) 
Subsystem II 

-*• 2 Band 7 -+ 1 


R branoh 


22987 55 
986 46 
985 21 
983 63 
982 19 

980 21 
978 14 
975 90 
973 51 
970 98 
968 17 
966 17 
961 96 
958 61 
965 01 

951 17 
947 33 
943 07 
938 77 
934 27 
929 51 
924 54 
919 58 
914 10 


P branch 


23616 33 
614 65 
612 69 
610 41 
608 17 

605 41 
602 66 
599 84 
596 58 
593 31 
589 72 
585 97 
582 02 
577 95 
573 51 

569 09 
564 44 
559 54 
564 40 
549 13 
543 04 
537 95 
532 20 
526 06 
519 79 

513 35 
506 66 
499 86 


23617 22 
615 48 

613 69 
611 57 
609 27 
606 81 
604 13 
601 29 
598 27 
594 97 
591 53 
587 86 

584 09 
580 05 
575 74 
571 26 
566 78 
561 86 
556 87 
551 73 
546 38 
640 75 

534 96 
528 93 
522 95 
516 44 
509 88 
503 27 
496 92 


537 


Band 9 -*• 1 
P branch R branch 
24593 56 
592 34 
590 89 

589 24 24593 92 

587 37 592 67 

585 32 59137 

583 11 589 73 

580 67 588 04 

578 04 586 03 

575 19 583 82 

572 15 581 50 

568 87 578 89 

565 43 576 09 

561 79 573 11 

557 96 569 92 

553 88 566 50 

549 66 562 91 

545 12 559 13 

540 48 555 14 

535 64 550 92 

530 64 546 58 

525 34 541 99 

519 82 537 13 

514 14 532 12 

508 34 626 91 

502 33 521 49 

496 07 516 72 

489 58 510 02 

604 00 
497 81 
491 30 


integers, are parabobc to a high degree of accuracy, and the vertex of the 
parabola ib at the head of the band From such mean wave numbers of P 
and R lines, the vertex or head may be obtained by extrapolation This 
procedure was suggested to us by Mr H Bell (Manchester) The advantage 
of the method is that where P and R linos are not resolved (which is the case 
near the heads of many of the bands measured) no error is introduced because 
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Table I {continued) 
Subsystem II 

Band 9 -* 0 Band 11 -*■ 0 


P branch R branch 


25230 29 
228 84 
220 60 
224 06 
222 41 
219 94 

217 27 
214 29 
211 27 
208 04 
204 51 
200 82 
190 94 
192 81 
188 49 


25230 71 
229 08 
227 23 

225 29 
223 04 
220 73 
218 00 
215 22 
212 09 
208 93 
205 43 
201 81 
197 97 

194 12 
189 55 


P branch 


26150 90 
164 80 
152 41 
150 00 

147 18 
144 10 
141 02 
137 63 
134 02 
130 14 
126 14 
121 90 
117 37 
112 73 

107 84 
102 68 
097 30 
091 82 
086 07 
080 07 
073 86 
067 45 
060 89 
054 05 


R branch 


26156 90 


Super 
posed 
P and R 


046 96 | 

046 96 


Unclassified 


v HMd = 2U76 85 cm- 1 
P branch iJ-branoh 
21473 62 
472 62 
471 58 
470 19 

468 82 21473 62 

467 15 

465 28 

463 25 

460 96 

458 69 
456 15 

453 51 Super 

450 66 posed 

447 56 P and R 
444 21 linos 

440 87 
437 30 
433 69 
429 51 

425 39 
421 15 
416 61 
411 95 
407 11 
402 11 
396 90 
391 50 
385 96 
380 13 

374 17 
368 07 
361 72 
355 31 


37 | 

38 355 31 


of the lack of resolution The vibrational isotope separations given in Table 
III have been calculated from the wave numbers of heads obtained m this 


way 

Calculation shows that, adopting the B values here given, the interval 
between band head and origin lies between 0 6ft and 0 43 cm -1 for the bands 
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Table I (continued) 

Unclassified bands 


v Uevl = 23926 10 cm 
J~i P branoh R branch 


= 25243 14 cm -> v Hetd = 25425 84 cm 

P branch R branch P branch R branch 


2 

3 

4 

5 

6 

7 

8 
9 

10 


11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


23920 48 
919 12 
917 47 

915 58 23920 93 

913 67 919 66 

91131 918 02 

908 91 916 24 

906 32 914 31 

903 45 912 09 

900 42 909 55 

897 10 907 10 

893 65 904 30 

889 96 901 38 

886 15 898 06 

882 09 894 65 

877 80 891 00 

873 28 887 27 


25239 98 
238 62 
237 20 

236 56 25239 98 

233 52 \ 

23141 j 

229 06 Super 

226 60 posed 

P and R 

223 80 lines 

220 71 
217 64 
214 30 
210 63 
206 82 
202 82 
198 62 
194 12 


25423 60 
422 64 
421 33 

419 86 25423 90 

418 23 422 93 

416 33 421 67 

414 33 420 30 

412 04 418 67 

409 54 416 86 

406 83 414 83 

403 97 412 64 

400 76 410 13 

397 57 407 57 

394 06 404 62 

390 40 401 67 

386 43 398 41 

382 40 394 98 

378 00 391 23 

373 45 387 48 


21 868 66 883 18 

22 863 76 878 91 

23 858 67 874 44 

24 853 29 869 87 

25 864 89 

26 859 81 

27 864 68 


1 368 79 383 36 

194 12 363 89 379 02 

374 51 
369 99 
364 95 


measured The error in the vibrational isotope separations due to using 
head instead of origin wave numbers is therefore quite inappreciable 


Analysis op the bands 

All the observed features of the bands are accounted for if they are 
assumed to belong to a 8 I1- S II system, with both states m case (a) of Hund’s 
classification The evidence for this is as follows 
The vibrational analysis shows that two systems or subsystems exist, 
these have shghtly different vibrational constants in the upper electronic 
state and apparently identical vibrational constants in the lower state The 
rotational constants are, however, not identical for the lower electronic 
level, hence the systems have not a common electronic level Further, the 
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rotational analysis (see later) shows that the rotational quantum number J 
is half-integral, whioh is the case for a doublet state (even multiplicity) The 
absence of alternating intensities excludes E states, and there remain as 
possibilities (if we exclude quartet states) the transitions 2 I1— a IT or a A- s A, 
either of which, for Hund’s case (a), gives two sub-bands with P and R 
branches of nearly equal intensity (at least for high ./-values) and a very 
weak Q branch whose intensity falls very quickly with increasing J, and 
which could not be observed unless all the band lines were well resolved 
The states of Cl a being of odd multiplicity, it follows that the observed 
emission bands must be due to Clg , the possibility of which has been 
mentioned by Mulkken ( 1934 ) The lowest state of Cl^ is (ibid ) a a II state, 
and it seems therefore not unlikely that the bands are a Il— 2 I 1 (see, however, 
the section on the energy of dissociation of CIg) No certain evidence as 
to the number of missing lines is available to support this assignment In 
this connexion, reference should be made to the concluding remarks 

The vibrational scheme proposed for ( 30 Cl 2 ) + is shown m Table II, the 
subsystems are designated I and II provisionally A striking feature is the 
frequent absence of alternate bands in the v' progressions Whilst all bands 
have been recorded which fit into these two subsystems, a transition not 
recorded in Table II is not necessarily absent, for the heads of some bands 
would fall in regions where they could not with certainty be recognized 
owing to the overlapping of other bands It may be noted that whereas in 
subsystem I the bands which have odd v’ values are frequently not observed, 
in subsystem II it is the bands from the even levels which are occasionally 
missing 

The intensity distribution appears to be of the type with the open 
Franck-Condon parabola, which is characteristic of bands for which the 
mtemuclear distances of the molecule differ considerably m the two 
electronic states, the upper electronic state having the greater mternuolear 
distance Bands corresponding to the low frequency branch of the parabola 
would fall in the region below 18000 cm _1 (5554 A), where the presence of 
strong atomio lines makes the observation of bands difficult No bands have 
been definitely recorded here, though they may exist 

The rather meagre array of bands in Table II would not establish the 
correctness of the vibrational soheme, were the latter not very satis¬ 
factorily confirmed by the rotational analysis To save space, no rotational 
combination differences are given, but attention is directed to the table of 
rotation constants for ( ss Cl a ) + (Table IV), where good agreement is found 
for the common level of bands m the same progression 

The wave numbers of the heads of the bands of ( 35 C1,)+ have been fitted 
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to a formula of the usual type, in which, however, a term m v' 3 is re¬ 
quired 

Subsystem I v = 20797 3+ [572 3(i>' + l)-5 32(i>' + i) 2 -0 013(i/ + £) s ] 

-[645 3(«'+£)-2 91(u' + i) 2 ] 

Subsystem II v = 20590 9 + [564 8(v' + £) - 4 I3(i>' + £) 2 - 0 038(t/ + £) 3 ] 

-[645 2(v' + 4)-2 89(y' + *) 2 ] 

In Table II the wave numbers of the heads calculated from these formulae 
may be compared with the observed values for ( 36 Cl a ) + The vibrational 
quantum numbers have been chosen so as to give the best fat between the 
observed vibrational isotope separations and those calculated from equa 
tion 125 (a) on p 212 of Jevons’ “Report on Band Spectra of Diatomic 
Molecules” No other numbering which we have tried gives such good 
agreement between observed and calculated isotope separations and the 
numbering adopted is therefore taken as absolute, Table III shows the 
observed and calculated isotopic separations, for those bands m which the 
heads have been calculated by extrapolation of rotation fane wave numbers 
The agreement is in general good, though a better fit might have been 
expected m bands 4->-3 and 10-»-0 of subsystem I, and in band 11 ->0 of 
subsystem II 

Since the bands are not resolved up to the origin, it was not possible to 
identify P and It branches and assign rotational quantum numbers by 
inspection Combination differences were therefore sought which should be 
identical for the common level of bands m the same progression A unique 
set of combination differences was found, fitting the vibrational scheme of 
Table II The P and P branches could then be identified by noting that, of 
the two lines concerned m a combination difference, the P line has the 
higher frequency Since the upper state differences are given by 

B(J)-P(J) = & t F' = (4J + 2)[B' + 2D’(J i +J + l)] = 4B\J + \) approx , 

it was possible to assign J values to the fanes from the observed set of com¬ 
bination differences, as well as to calculate the rotation constant B' It 
was found that D' was too small to bo determined The rotation constant B" 
was calculated from the lower state differences using the correspondyig 
equation Here again D" was found to be negligible 

In both states, the combination differences, when plotted against a senes 
of integers M, became zero (on extrapolation) at an integral value of M 
This shows that J is half-integral for both states 
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Table II a Vibrational scheme for (* B Cl a ) + Band heads in cm ~ l 


Subsystem I 


\ V" 

0 

"71 

2 

3 

4 

6 

6 

7 

0 


20118 4 
20120 7 


18868 8 

18859 2 

* 

* 

* 

* 

1 





t 

* 

* 

* 

2 

21872 2 

21872 7 



19972 0 

19971 7 

19349 4 
19349 7 

t 

* 

* 

3 

t 

t 

t 



t 


* 

4 


223010 
22302-4 

21669 0 
21668 7 

21041 0 
21040 9 

20416 0 

20418 9 

t 

19192 6 

19192 3 

18689 2 
18587 7 

5 

t 

22819 7 

22820 5 

t 

21669 1 
21559 0 


20323 8 

20320 8 

t 


8 

23984 4 
23967 1 

23327 4 
23327 7 

22693 9 

22694 0 


t 

20828 6 

20827 9 

t 


7 

t 

+ 


t 


t 

20711 3 
20713 5 

t 

8 

24947 9 
24947 9 

24308 3 
24308 4 



t 

t 

t 

20695 6 ' 
20593 7 , 

•1 

t 

t 

24147 3 

24148 2 

t 

t 


t 

1 

10 

26882 7 

25883 5 

t 






t 1 


Notes to Tables II a. and II b 

Wave numbers of band heads have been calculated from rotation data where 
available 

Wave numbers calculated from the band head formulae are given m heavy type 
t Indicates that a band may be present (and overlaid by other banda) though 
there is no positive evidenoe for this 

* Indicates that the band falls outside the range of observation 
Where blank spaces occur, the bands are almost certainly absent from the photo¬ 
graphs 
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Table II b Vibrational scheme for (“CIj)-*- 

StJB SYSTEM II 



The rotation constants for ( S5 C1 4 ) *■ are given m Table IV For the weaker 
isotopic bands of ( 3 ®C1 S7 C1) + the measurements were only accurate enough 
to provide an approximate confirmation of the rotational isotope effect, 
and consequently are not reproduced here 


Energy of dissociation of C1J 

Using the method of Birge and Sponer, the energies of dissociation of 
Cl 4 have been determined by extrapolation of the u>-v curve, for both states 


Vol. CLXIV—A. 
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of each subsystem These values, expressed in electron-volts, are given in 
Table V It must be remarked that all the extrapolations are very long, 
those for D' are particularly uncertain because a)' is not linear m v' 

Taking the ionization potentials of Cl and Cl 2 as 12 96 (Ruark and Urey 
1930 ) and 13 2 V (Mackay 1924 ) reapet tively, and the energy of dissociation 
of the normal chlonne molecule Cl a as 2 468 e-volts (Jevons 1932 b), the 
energy of dissociation of normal Cl 2 h mto 2 P lt + 3 P 2 is 2 23 e-volts This is 
much lower than the figure (4 4 e-volts) which we find for the lower state 
of the bands investigated 

It is difficult to believe that the discrepancy could be entirely explained 
by assigmng to the bands m question a lower state different from the 
normal one, with different dissociation products, and it is accordingly 
suggested that some of the numerical values given above may be in error 

Table III. Vibrational isotope separations 

_ Subsystem I _ Subsystem II 

Isotopic separation Isotopic separation 

Band Calc Obe Band Calc Obs 

4 -* 2 -10 62cm- 1 —117* cm 3-4 -12 47 cm ~ l 15 7* cm" 1 

4 -3 - 2 31 - 0 47 6 - 1 -25 86 -23 6* 

5-*l -25 42 -26 7* 5 — 2 -17 19 -16 63 

«-*•! -3142 -319* 5- 3 - 8 87 - 8 43 

6 — 2 -22 94 -22 33 5 — 6 15 13 17 9* 

8 -0 -51 14 -51 25 7 — 1 -37 74 -37 39 

8 - 1 -42 52 -42 69 7-2 -29 27 -29 05 

10-0 -60 98 -62 43 9 — 0 -57 30 -55 9* 

9 - 1 -48 68 -47 93 

11 -0 -66 97 -65 04 

The separations marked * are taken from the head measurements of an earlier 
paper (Elliott and Cameron 1937 a), and are on the whole leas aeourate than the 
remainder, which are derived from rotation data 

Table IV Rotation constants of (*®C1 4 ) + (in cm -1 ) 

Subsys tem I Subsystem II Unclassified bands 

Band B' B“ Band B' B" j/ H ^ B' B* 

*4 — 2 0 1753 0 2658 5 — 2 0 1735 0 2650 *21475 9 0 1768 0 2640 

4 — 3 0 1770 0 2655 6 — 3 0 1733 0 2635 23925 1 0 1658 0 2669 

6 - 1 0 1693 0 2668 7 — 1 0 1695 0 2665 *25243 1 0 1593 0 2653 

6 -2 0 1695 0 2655 7 — 2 0 1698 0 2660 25425 8 0 1860 0 2685 

8 — 0 0 1645 0 2688 9 — 0 0 1668 0 2688 

8- 1 0 1640 0 2669 9 — 1 0 1660 0 2668 

*10-0 0 1616 0 2693 *11 -0 0 1588 0 2663 

* These bands have superposed P and R branohes, and their rotation constants 
are lees accurate than those of the other bands in this table 
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Table V Constants bob electronic energy levels ok ( S 8 G # ) + 


0 ), x, 0 ). y,io, D* 

Subsystem I cm - 1 cm - 1 cm _1 V 


Upper level '572 3 5 32 -0 013 1 67 0 186 0 0028 2 26 
Lower level 046 3 2 01 V small 4 37 0 2688 t 1 886 


Subsystem II 

Upper level 664 8 4 13 -0 038 1 62 0-183 0 0017 2 29 

Lower level 646 2 2 89 V small 4 41 0 2688 f 1 885 1 

* Values of the dissociation enorgy are derived from long extrapolations 
t B„ not linear in v 


Explanation of symbols 

to,, x,w„ y,o>, coefficients of powers of (« + J) in the expression for the vibrational 
energy term 

G v = o>.( v + J) - w.(tH- i)» + y. w,( v + J)» 

D energy of dissociation 

B„ — ■ f , where /» is the moment of inertia of the molecule with vibrational 

8 

quantum number zero 

a. coefficient of v in the expression B v = B t — xv 

r. mtomuclear distance m the equilibrium position (potential energy of the 
molecule a minimum) 
v, system origin 


Concluding remarks 

Besides the bands assigned to subsystems I and II, there are other bands 
m the spectrum which have not yet been classified, four of these bands have 
proved suitable for rotational analysis Choosing the numbering of the 
lines of these four bands so as to give rotation constants of the same magni¬ 
tude as those found for the classified bands, the B values given in Table IV 
have been calculated These B values show that the bands cannot be assigned 
to either of the two subsystems, and it seems possible that they belong to 
another doublet system, whose origin (as shown by the magnitude of the 
isotopic head separations) lies close to that of the two subsystems Frag¬ 
ments of such a doublet system have been observed, but no analysis has yet 
been possible It seems likely that the molecular constants are of similar 
magnitude to those listed in Table V, and there is a possibility that we have 
here not two doublet systems, but a quartet system Some slight evidence 
exists that band 7-flm subsystem II may be a 4 A 3t - 4 A 3l band, for the line 
P( 3$) appears to be missing or of low intensity in this band (see PI 8) 
However, evidence based on intensities in a crowded system such as this 
may be misleading The other bands are unfavourably situated for observing 
intensities near ,the origin, though in band 8-> 1 (subsystem I) the line 

36 1 
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P( 2J) + ii(6$) appears to be weak Without higher resolution than we have 
at our disposal, greater certainty in this matter cannot be obtained 

SUMMARY 

The emission bands of chlorine have been photographed under high dis¬ 
persion, and the wave numbers of many of the band lines have been 
measured Vibrational and rotational analyses have been made for several 
bands, and it is shown that these bands belong to a doublet system, possibly 
*Il-*n, and that the carriers of the spectrum are ionized chlorine mole¬ 
cules No alternation of intensity is observed, showing that the A-type 
doubling is unresolved 

Values for the chief molecular constants of ( s# Cl a )+ are given 
Many of the bands observed do not fit into the doublet system, and it 
seems likely that a second system, of similar structure to the one analysed, 
has its origin situated near the first one 

The energy of dissociation of the lower state of the doublet bands, aB 
determined by the method of Birge and Sponer.is considerably greater than 
that calculated for the normal state of Cl^ from molecular and atomic 
ionization potentials and from the heat of dissociation of the normal state 
of neutral Cl 2 
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Description of plate 

(а) High dispersion photograph of a portion of the emission band spectrum of 
chlorine (excited by a high frequency electrical discharge) showing the bands 
of ( M C1,)+ and ( M Cl a7 Cl)+ in subsystem II, for the vibrational transition 7 -»• 1 

(б) The same, for the vibrational transition 8 -* 1 in subsystem I 
(c) The same, for the vibrational transition 10 -*■ 0 in subsystem I 
(a') Miorophotometer record of (a) 

(6') Miorophotometer record of (6) 






















On the solution of the laminar boundary 
layer equations 

By L Howabth, MA,PhD 
King’s College, Cambridge 

(Communicated by L Bair stow, F R S —Received 20 October 1937) 
Introduction 

For some years after its suggestion an approximate method of solution of 
the boundary layer equations due to K&rm&n and Pohlhausen was thought 
to be reasonably accurate The present writer ( 1934 ) recommended it for 
general use because it agreed with experiment as far as the point of separa¬ 
tion for the flow past a circular cyhnder (when the observed pressure dis¬ 
tribution was used m the theoretical solution) There seems to be little 
doubt that this method gives a reasonably accurate solution m a region of 
accelerated flow, but more recently its adequacy m a region of retarded flow 
has been questioned The flow past a circular cylinder is not an exhaustive 
test for a retarded region because the pressure rises very rapidly from its 
minimum value leaving little doubt as to the position of separation 

Schubauer ( 1935 ) has measured the pressure distribution around an 
elliptic cyhndef of fineness ratio 2 96 1 and also observed, by introducing 
smoke just beyond the separation point, the actual position of separation 
On applying Pohlhausen’s method to his observed pressure distribution 
Schubauer fails to find any separation at all By measurements of the 
velocity distribution in the boundary layer he finds that Pohlhausen’s 
method agrees reasonably with the observed one up to a point about five- 
sevenths of the way between the pressure minimum and the observed point 
of separation, the calculated distribution then diverges from the observed 
one 

Fairly reoently K4rm&n and Millikan ( 1934 ) put forward another approxi¬ 
mate means of solution of the boundary layer equations Millikan ( 1936 ) 
has applied their method to Schubauer’s pressure distribution, he finds 
separation about six-sevenths of the distanoe from the pressure minimum 
to the observed point of separation More precisely, if x is the ratio of the 
distanoe measured along the surface from the forward stagnation point to 
the length of the minor axis, the pressure minimum occurs when x - 1 30, 
[ M7 1 
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the observed point of separation is x = 1 99 and Millikan finds x = 1 88 
for the position of separation 

A new approximate method of solution of the boundary layer equations 
is suggested below This method, when applied to Sohubauer’s observed 
pressure distribution, gives separation when x = 1 925 compared with the 
observed value 1 99 Reasons are given below (see pp 575 and 576) for 
believing that the Reynolds number of Schubauer’s experiments is scarcely 
high enough for the boundary layer equations to be valid There is, in fact, 
an appreciable pressure drop across the boundary layer It is difficult to 
estimate how important this pressure drop is, but the agreement between 
the theoretically obtained position of separation and the observed one is 
probably as good as could be expected in the circumstances, the agreement 
is somewhat better than that obtained by K&rm&n and Millikan’s method 
This new method of solution is also compared with the exact solution 
given by Falkner and Skan ( 1930 ) when the velocity distribution at the edge 
of the boundary layer 19 of the form x~ m , fairly good agreement is obtained 
The method suggested below developed from a comparison between 
the results obtained by KArm&n and Millikan's method, K&rm&n and 
Pohlhausen’s method and an accurate solution of a particular problem 
K&rm&n and Millikan applied their method, when it was first introduced, 
to the problem of the flow along a flat plate placed edgewise to an incident 
stream when a retarding pressure gradient varying linearly with the 
distance from the leading edge is superposed We may write the velocity 
distribution at the edge of the boundary layer as 

U = b 0 ~b 1 x, 

so that the pressure gradient is pb t (b 0 - 6 ,«), KArmkn and Millikan find that 
separation occurs when x*( = b^jb^ is equal to 0 102 , whereas Pohlhausen’s 
method does not give separation until x* = 0 156 In order to determine 
which, if either, of the methods is reasonably accurate it was decided to 
attempt to solve the boundary layer equations accurately for this velocity 
distribution This problem is discussed at length below m Part I, it admits 
of a solution m senes of the type 

u = |{/o(?) - Sx'f'M + ~ }, 

where if and some of the coefficients / 0 , f v are defined below in equations 

( 2 ), (6)—(13) Separation occurs when 

/o(0) - 8x*f[(0) + (&r*)VI(0) - =0 



Laminar boundary layer equations 549 

The coefficients in this senes have been determined up to and including 
/*(0) They are sufficient to show that unless subsequent coefficients increase 
enormously—and there seems to bo no reason to believe they do for, apart 
from /„, /j and / s which are exceptional, they decrease steadily over the 
range oovered—the value a* — 0 102 for separation is much too small 
Furthermore, x* = 0 156 is very much too large 
Unfortunately the senes converges very slowly in the neighbourhood of 
8 x* = 1 and sufficient terms have not been obtained to give the point of 
separation However, if we assume that the higher terms in the senes 
continue to alternate m sign and decrease (or remain constant in absolute 
magnitude as the earlier ones / 3 , / 8 do) it is easy to show that the point 

of separation lies between x* = 0 119 and 0 129 An approximate method of 
determining the error obtained by retaining only the terms calculated gives 
x* — 0 120 as the point of separation 
In Part II below a method of solution of the boundary layer equations is 
suggested utilizing the solution of the problem of Part I by replacing the 
velocity distribution at the edge of the boundary layer by a polygon of 
infinitesimally small sides and joining on the solution in adjacent sides by 
making the momentum integral 



continuous at the vertex Up to the pressure minimum Pohlhausen’s 
solution may be used Alternatively, if the number of terms computed in 
the solution m senes starting from the forward stagnation point (Howarth 
1934 ) is sufficient to carry the solution as far as the pressure minimum this 
method is to be preferred in the accelerated region If this solution does not 
extend quite far enough it may be extended by the solution corresponding 
to the one given below for the retarded region, this extension is limited, 
because the senes does not converge rapidly enough beyond x* = 0 10 
A solution m senes can also be obtained when the velooity distnbution 
at the edge of the boundary layer is of the form 


U = b f >-b 1 x-b l x*. 


so that, if necessary, the method outlined above could be made more 
aocurate by replacing the actual velocity distnbution at the edge of the 
boundary layer by a senes of parabolas 
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PARTI 

The solution of the boundary layer equations 

FOR A PARTICULAR PRESSURE DISTRIBUTION 

We consider, first of all, the solution in senes for a velocity distnbution 
at the edge of the boundary layer of the form 

U — b^-bj^x, 

where b 0 and b l are positive constants 
We assume an expansion of the form 

f = b& v k {Mv) - »*ViM+(8**)Y.M - (*x*mv) + (*x*)*m - } 

(1) 

for the stream function rjr, where 

V =e iy x ~ i v~ i ft J> and x * ~ bix/b 0 ( 2 ) 

Substituting this form m the boundary layer equation 


du du 1 dp vd 2 u 

U dx + V dy p dx+ dy % ’ 


(3) 


where ~p ~ ~bi(K~b l x), (4) 

and equating coefficients of the vanous powers of x*, we find that 
/o +/o/; = 0 , ( 5 ) 

/r+/./;-wi+Wi--i. («) 

n +/«/:-w;+6/y, = -i/8+(2/^-3/,/a (?) 

/» +/«/; - o/i/s+YS/a = mn - 3 / 7 ; - w 

/r+/o/i- 8 /o/i + 9 /o /4 = (4/J® — 6/7*) + ( 8 / 1/3 — 3/i/a — 7/7s)» (9) 

/r+/o/;- io/o/;+ii/«7 6 = (win-Win-wj 


+W73- 5 / 2 /;- 7 / 2 / 3 ). (io) 

/;+/«/«'- W,+ 13/7. = (12/7i-3/x/ s # - ll/I/a) 

+ (12/i/;-5/2/;-9/7.)+w-7/3/7 (11) 
/* +/0/7 ~ 14/77+ 15/7? = (14/7« — 3/x/«- 13/7.) 

+ (14/7. - 5/*/.' -11/7.) + (14/7i - 7/71 - 9/7.). (12) 
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n+fofi- mn+ iw. = mitt-ViK-wiD 

+ (is/;/; - e un - 13 /;/„)+oe/;/; - yj\ -11/;/ 5 ) 

+(8/;*-9/j;), (i3) 

(where dashes denote differentiations with regard to 7 ) together with the 
boundary conditions 

fr—J' T = 0 when 17 = 0 for all values of r, f' 0 = 2 , j 

/; = 1 . /;=/;=/;= = o when 17=00 J 

Blasius ( 1908 ), Toepfer ( 19 x 2 ) and Goldstein ( 1930 , p 15 ) have given the 
solution of (5) Indeed the problem considered is a particular case of a more 
general problem discussed by Goldstein ( 1930 , p 15 ), though no more of the 
coefficients f r are given m that paper The method of solution for the re¬ 
maining equations, which are all linear, is exactly the same as that described 
by the present writer in a previous paper ( 1934 ) The following results have 
been obtained 

/5(0) = 1 328242, /;(0) = 1 02054, /J[(0) = -0 06926, 

/5(0) = 0 0500, /J(0) = - 0 0372, /J(0) = 0 0272, 

/J(0) = - 0 0212, fj(0) m 0 0174, f' 8 ( 0) = - 0 0147 

The velocity distnbution is given by 

«-^{/i(V)-(8»*)/i(9) + ( *x*)Vl(V)- } (1«) 

The functions / 0 f 0 / J / 6 /; /JJ are tabulated in Table I 

The condition for separation ( Su/dy) 0 = 0 leads to 

/S(0) - (8**)/5(0) + (8**) s /;(0) - = 0 (16) 

From the terms calculated it will be seen that the senes converges quite 
slowly m the neighbourhood of 8 x* = 1 , probably at least eight more terms 
would be required in order to determine the value of the senes in (16) to 
three places of decimals We can, however, set fairly close limits to the values 
of x* for separation (henceforward we shall refer to this number as xj) if 
we assume that for r > 9 the values of /£(0) do not increase in absolute 
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Table I 


n 

/. 

fi 

fl 

A 

A 

fi 

00 

0 00000 

0 00000 

1 32824 

0 00000 

0 00000 

1 02054 

0 1 

0 00604 

0 13282 

1 32795 

0 00494 

0 09705 

0 92064 

02 

0 02650 

0 26553 

1 32589 

0 01908 

0 18411 

0 82054 

0 3 

0 05974 

0 39788 

1 32033 

0 04142 

0 26116 

0 72057 

04 

0 10611 

0 52942 

1 30967 

0 07098 

0 32823 

0 62073 

05 

0 10557 

0 65967 

1 29204 

0 10674 

0 38532 

0 52125 

0 6 

0 23795 

0 78768 

1 26637 

014771 

0 43250 

0 42258 

0 7 

0 32298 

0 91253 

1 23147 

019201 

0 46989 

0 32545 

08 

0 42032 

1 03352 

1 18606 

0 24137 

0 49768 

0 23094 

09 

0 52952 

1 14963 

1 13173 

0 29214 

0 51621 

0 14045 

1 0 

0 65003 

1 25964 

1 06701 

0 34432 

0 62590 

0 06566 

1 1 

0 78120 

1 36263 

0 99341 

0 39706 

0 52759 

-0 02161 

1 2 

0 92230 

1 45798 

0 91237 

0 44959 

0 52195 

-0 08948 

1 3 

1 07252 

1 54492 

0 82582 

0 50124 

0 51006 

-0 14633 

1 4 

1 23099 

1 02303 

0 73003 

0 55143 

0 49309 

-0 19093 

1 5 

1 39682 

1 09210 

0 04544 

0 69973 

0 47231 

-0 22202 

1 0 

1 56911 

1 75218 

0 55651 

0 04581 

0 44900 

-0 24145 

1 7 

1 74096 

1 80354 

0 47151 

0 68949 

0 42442 

-0 24817 

1 8 

1 92954 

1 84606 

0 39234 

0 73069 

0 39972 

-0 24418 

1 9 

2 11606 

1 88224 

0 32050 

0 76946 

0 37588 

-0 23138 

20 

2 30570 

1 91104 

0 25694 

0 80592 

0 35307 

-0 21198 

2 1 

2 49806 

1 93392 

0 20208 

0 84027 

0 3336 i 

-0 18827 

22 

2 69238 

1 95174 

015589 

0 87273 

0 31608 

-0 16240 

2 3 

2 88826 

1 90537 

0 11793 

0 90357 

0 30116 

-0 13625 

2 4 

3 08534 

1 97558 

0 08748 

0 93305 

0 28879 

-0 11130 

2 5 

3 28329 

1 98309 

0 06363 

0 96141 

0 27882 

-0 08801 

20 

3 48189 

1 98849 

0 04537 

0 98889 

0 27098 

-0 00879 

2 7 

3 08094 

1 99231 

0 03171 

1 01666 

0 26490 

-0 05212 

2 8 

3 88031 

1 99496 

0 02173 

1 04192 

0 26045 

- 0 03855 

2 9 

4 07990 

1 99675 

0 01459 

1 06779 

0 26715 

-0 02785 

30 

4 27964 

1 99795 

0 00961 

1 09338 

0 26480 

-0 01905 

3 1 

4 47948 

1 99873 

0 00620 

1 11878 

0 25315 

-0 01356 

3 2 

4 67938 

1 99922 

0 00392 

1 14403 

0 25203 

-0 00914 

3 3 

4 87931 

1 99954 

0 00243 

1 16919 

0 25128 

-0 00603 

3 4 

5 07928 

1 99973 

0 00148 

1 19430 

0 25079 

-0 00389 

3 5 

5 27926 

1 99984 

0 00088 

1 21936 

0 25048 

-0 00245 

36 

5 47926 

1 99991 

0 00061 

I 24440 

0 25029 

-0 00151 

3 7 

5 67924 

1 99995 

0 00029 

1 26942 

0 25017 

-0 00091 

3 8 

5 87924 

1 99997 

0 00017 

I 29443 

0 25010 

-0 00064 

3 9 

6 07923 

1 99999 

0 00009 

1 31944 

0 25005 

-0 00031 

4 0 

6 27923 

1 99999 

0 00005 

1 34444 

0 26003 

-0 00018 

4 1 

6 47923 

200000 

0 00003 

1 36944 

0 25002 

-0 00010 

42 

0 67923 

2 00000 

0 00001 

1 39444 

0 26001 

-0 00005 

4 3 

6 87923 

200000 

0 00001 

1 41944 

0 2 5000 

-0 00003 

44 

7 07923 

2 00000 

000000 

1 44446 

0 26000 

-0 00002 
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Table I ( continued) 



V 

ft 

ft 

n 

ft 

St 

n 

00 

0 0000 

0 0000 

-0 0693 

0 0000 

0 0000 

0 0560 

0 1 

-0 0004 

-0 0075 

-0 0816 

0 0003 

0 0056 

0 0560 

02 

-0 0015 

-0 0163 

-0 0932 

0 0011 

00112 

0 0560 

03 

-0 0037 

-0 0261 

-0 1031 

0 0025 

0 0168 

0 0559 

04 

-0 0068 

-0 0368 

-0 1108 

0 0045 

0 0224 

0 0556 

05 

-00111 

-0 0482 

-0 1156 

0 0070 

0 0279 

0 0551 

08 

-0 0165 

-0 0699 

-0 1170 

0 0101 

0 0334 

0 0541 

07 

-0 0230 

-00715 

-0 1144 

0 0137 

0 0387 

0 0524 

08 

-0 0307 

-0 0828 

-0 1077 

0 0178 

0 0438 

0 0499 

09 

-0 0395 

-0 0928 

-0 0966 

0 0224 

0 0486 

0 0463 

1 0 

-0 0493 

-0 1018 

-0 0812 

0 0275 

0 0530 

0 0414 

1 1 

-0 0598 

-0 1089 

-0 0620 

0 0330 

0 0569 

0 0352 

] 2 

-00710 

-0 1141 

-0 0397 

0 0388 

0 0600 

0 0275 

1 3 

-0 0825 

-0 1168 

-0 0152 

0 0450 

0 0623 

0 0185 

1 4 

-0 0943 

-0 1171 

0 0100 

0 0513 

0 0637 

0 0082 

1 5 

-01059 

-0 1148 

0 0346 

0 0577 

0 0639 

-0 0028 

1 6 

-01171 

-0 1102 

0 0571 

0 0640 

0 0631 

-0 0142 

1 7 

-0 1278 

-0 1035 

0 0762 

0 0702 

0 0611 

-0 0252 

1 8 

-0 1378 

-0 0951 

0 0008 

0 0762 

0 0581 

-0 0352 

1 9 

-0 1468 

-0 0855 

0 1005 

0 0818 

0 0541 

- 0 0437 

20 

-0 1549 

-0 0762 

0 1049 

0 0870 

0 0494 

-0 0500 

2 1 

-0 1619 

-0 0647 

0 1046 

0 0917 

0 0442 

-0 0640 

22 

-0 1678 

-0 0644 

0 1000 

0 0958 

0 0387 

-0 0555 

23 

-01728 

-0 0448 

0 0922 

0 0994 

0 0332 

-0 0547 

24 

-0 1768 

-0 0361 

0 0822 

0 1025 

0 0278 

-0 0519 

25 

-0 1800 

-0 0284 

0 0710 

0 1060 

0 0228 

-0 0476 

26 

-0 1826 

-0 0219 

0 0595 

0 1071 

0 0183 

-0 0422 

2 7 

-0 1844 

-0 0165 

0 0484 

0 1087 

0 0144 

-0 0363 

28 

-01869 

-0 0122 

0 0384 

0 1100 

00111 

-0 0304 

29 

-01869 

-0 0088 

0 0296 

0 1109 

0 0083 

-0 0247 

30 

-0 1876 

-0 0062 

0 0222 

0 1117 

0 0061 

-0 0195 

3 1 

-0 1882 

-0 0043 

0 0163 

0 1122 

0 0044 

-0 0150 

32 

-0 1885 

-0 0029 

0 0116 

0 1126 

0 0031 

-00112 

33 

-0 1888 

-0 0019 

0 0081 

0 1128 

0 0021 

-0 0082 

34 

-0 1889 

-0 0012 

0 0055 

0 1130 

0 0014 

-0 0059 

35 

-0 1890 

-0 0008 

0 0037 

0 1131 

0 0010 

-0 0041 

36 

-0 1801 

-0 0005 

0 0024 

0 1132 

0 0006 

-0 0028 

3 7 

-0 1891 

-0 0003 

0 0016 

0 1132 

0 0004 

-0 0018 

38 

-0 1891 

-0 0002 

0 0009 

0 1133 

0 0002 

-0 0012 

39 

-0 1891 

-0 0001 

0 0006 

0 1133 

0 0001 

-0 0007 

40 

-0 1892 

-0 0001 

0 0003 

0 1133 

0 0001 

-0 0005 

4 1 

-0 1892 

-0 0000 

0 0002 

0 1133 

0 0001 

-0 0003 

42 

-0 1892 

-0 0000 

0 0001 

0 2133 

00000 

-0 0002 

43 

-0 1892 

-0 0000 

0 0001 

0 1133 

0 0000 

-0 0001 

44 

-01892 

-0 0000 

00000 

0 1133 

00000 

-0 0001 
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Table I ( continued ) 


V 

fi 

f * 

n 

/. 

/; 

n 

00 

00000 

0 0000 

-0 0372 

0 0000 

0 0000 

0 0272 

0 1 

-0 0002 

-0 0037 

-0 0372 

0 0001 

0 0027 

0 0272 

02 

-0 0007 

-0 0074 

-0 0371 

0 0005 

0 0054 

0 0272 

03 

-0 0017 

-00111 

-0 0309 

0 0012 

0 0082 

0 0270 

04 

-0 0030 

-0 0148 

-0 0365 

0 0022 

0 0109 

0 0207 

05 

-0 0046 

-0 0184 

-0 0358 

0 0034 

0 0135 

0 0262 

06 

-0 0067 

-0 0220 

-0 0348 

0 0049 

0 0162 

0 0254 

0 7 

-0 0090 

-0 0254 

-0 0334 

0 0067 

0 0187 

0 0243 

08 

-00117 

-0 0280 

-0 0314 

0 0087 

0 0210 

0 0228 

0 9 

-0 0147 

-0 0310 

-0 0289 

0 0109 

0 0232 

0 0210 

1 0 

-0 0180 

-0 0344 

-0 0258 

0 0133 

0 0251 

0 0180 

1 1 

-0 0216 

- 0 0308 

-0 0220 

0 0160 

0 0268 

0 0159 

1 2 

-0 0254 

- 0 0388 

-0 0175 

0 0187 

0 0282 

0 0127 

1 3 

-0 0293 

-0 0403 

-0 0124 

0 0216 

0 0293 

0 0090 

l 4 

-0 0334 

-0 0412 

-0 0066 

0 0245 

0 0300 

0 0049 

1 6 

-0 0376 

-0 0416 

-0 0004 

0 0276 

0 0303 

0 0006 

1 6 

-0 0417 

-0 0413 

0 0060 

0 0307 

0 0301 

-0 0038 

1 7 

-0 0458 

-0 0404 

0 0126 

0 0336 

0 0295 

-0 0083 

1 8 

-0 0498 

-0 0388 

0 0186 

0 0365 

0 0285 

-00125 

1 9 

-0 0535 

-0 0367 

0 0241 

0 0394 

0 0271 

-0 0163 

20 

-0 0571 

-0 0340 

0 0280 

0 0420 

0 0253 

-0 0195 

2 1 

-0 0603 

-0 0310 

0 0319 

0 0445 

0 0232 • 

-0 0221 

22 

-0 0033 

-0 0277 

0 0339 

0 0460 

0 0209 

-0 0237 

2 3 

-0 0059 

-0 0243 

0 0346 

0 0485 

0 0185 

-0 0244 

24 

-0 0681 

-0 0208 

0 0339 

0 0503 

0 0161 

-0 0243 

25 

-0 0700 

-0 0175 

0 0321 

0 0618 

0 0138 

-0 0233 

2 8 

-00716 

-00144 

0 0294 

0 0631 

00115 

-0 0217 

27 

-0 0729 

-00116 

0 0202 

0 0541 

0 0094 

-0 0197 

28 

-0 0740 

-0 0092 

0 0220 

0 0549 

0 0075 

-00171 

29 

-0 0748 

-0 0071 

0 0190 

0 0555 

0 0059 

-0 0147 

30 

-0 0754 

-0 0054 

0 0155 

0 0560 

0 0046 

-0 0123 

3 1 

- 0 0759 

-0 0040 

0 0124 

0 0564 

0 0034 

-0 0101 

32 

-0 0762 

-0 0029 

0 0096 

0 0567 

0 0025 

-0 0080 

33 

-0 0765 

-0 0021 

0 0073 

0 0569 

0 0019 

-0 0001 

34 

-0 0766 

-0 0014 

0 0054 

0 0571 

0 0013 

-0 0046 

3 5 

-0 0767 

-0 0010 

0 0039 

0 0572 

0 0009 • 

-0 0034 

3 6 

-0 0768 

-0 0006 

0 0027 

0 0573 

0 0006 

-0 0025 

3 7 

- 0 0769 

-0 0004 

0 0019 

0 0573 

0 0004 

-0 0018 

38 

-0 0769 

-0 0003 

0 0011 

0 0573 

0 0003 

-0 0012 

39 

-0 0769 

-0 0002 

0 0008 

0 0573 

0 0002 

-0 0008 

40 

-0 0770 

-0 0001 

0 0005 

0 0573 

0 0001 

-0 0005 

4 1 

-0 0770 

-0 0001 

0 0003 




4 2 

-0 0770 

-00000 

0 0002 




4 3 

-0 0770 

-0 0000 

0 0001 




44 

-0 0770 

-0 0000 

0 0001 
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L 

/; 

Table I { continued ) 

fl V 

/. 

/; 

n 

00 

0 0000 

0 0000 

-0 0212 

2 1 

-0 0347 

-0 0184 

0 0165 

0 1 

-0 0001 

-0 0021 

-00212 

22 

-0 0364 

-0 0107 

0 0179 

02 

-0 0004 

-0 0042 

-0 0212 

23 

-0 0380 

-0 0148 

0 0186 

03 

-0 0010 

-0 0064 

-00211 

24 

-0 0394 

-0 0129 

0 0186 

04 

-0 0017 

-0 0085 

-0 0208 

25 

-0 0405 

-00111 

0 0181 

05 

-0 0027 

-00105 

- 0 0204 

26 

-0 0416 

- 0 0094 

0 0171 

06 

-0 0038 

-0 0125 

-0 0197 

27 

-0 0424 

-0 0077 

0 0157 

07 

-0 0052 

-0 0145 

-00188 

2 8 

-0 0431 

-0 0062 

0 0140 

08 

-0 0067 

-0 0163 

-0 0177 

2 p 

-0 0437 

-0 0049 

0 0124 

09 

-0 0084 

-0 0180 

-0 0162 

30 

-0 0440 

-0 0038 

0 0102 

1 0 

-0 0103 

-0 0197 

-0 0145 

3 1 

-0 0442 

- 0 0028 

0 0084 

1 1 

-0 0123 

- 0 0209 

-0 0123 

3 2 

-0 0444 

-0 0021 

0 0066 

1 2 

-0 0145 

-0 0221 

-0 0099 

13 

-0 0446 

-0 0016 

0 0051 

1 3 

-0 0168 

-0 0229 

-0 0072 

34 

-0 0446 

-0 0011 

0 0038 

1 4 

-0 0191 

-0 0234 

- 0 0042 

3 5 

-0 0447 

-0 0007 

0 0028 

1 5 

-0 0215 

-0 0237 

-0 0009 

36 

-0 0447 

-0 0005 

0 0021 

1 6 

-0 0239 

- 0 0238 

0 0026 

37 

-0 0447 

- 0 0003 

0 0015 

1 7 

-0 0263 

-0 0231 

0 0061 

38 

-0 0447 

-0 0002 

0 0010 

1 8 

-0 0285 

-0 0223 

0 0093 

39 

-0 0447 

-0 0002 

0 0007 

1 9 

-0 0307 

-0 0212 

0 0122 

40 

-0 0447 

-0 0001 

0 0004 

2 0 -0 0328 

magnitude as r 

-0 0199 0 0146 

increases and continue 

to alternate m sign 

t (Each term in 


(16) after the first is then negative ) 

We can then obtain limits for x J by putting first/"(0) = 0 for r > 9 and 
then by putting | /'(0) | = | f" 8 { 0) | for r > 9 In the first case we find 
x* = 0 129 and in the second x* = 0 119 It is, therefore, fairly safe to 
assume that x* lies within the interval 0 119 to 0 129 

We can obtain an approximate answer in the following way We may 
regard the terms already obtained up to and including x 6 , say, as an approxi¬ 
mate solution J It appears that each of the terms/j and f' t , and as far as 
they have been obtained,/? and/, are expressible with reasonable accuracy 
m the form K r 7)e~ an ', where the K r are constants (different for different f r ) § 
In fig 1 /, is compared with K t ye,-*? with an appropriate value -0 0221 
for K t and a = 0 1 It is evident by trial that a retains the same value for 

t It will bo seen from the equations (5)- (13) that apart fr omf 0 ,fi and/,, which have 
exceptional right hand sides, tho equations defining the f r may be considered to be 
of the same form, it seems reasonable therefore to assume that they continue to 
alternate in sign and decrease in absolute magnitude beyond r = 8 

t The terms in x 7 and x* were not obtained sufficiently accurately m the outer 
part of the boundary layer to be used here, it is, in fact, necessary to obtain /'(0) 
to an accuracy considerably greater than is required for/' in the outer part of the 
boundary layer 

§ The error incurred by expressing / 4 ' in thiB form is not great 
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the different functions f' r If we assume that all the terms after x 8 are of the 
form K T ^e- 0 ^ 1 1 , the velocity u at any point may be written (u 0 + u t ), where 



«o = 6 2 ? {/o(y) - (8**)/;(?) + + (8 x*my)} 

(17) 

and 

«i4 , ^)^ i, ‘ 

(18) 



0 10 20 30 4-0 


V 

- 

-0 022 lye-o'l' 

FlO 1 

where F(x*) is a function to be determined It will be noticed that the 
function satisfies the conditions 

du dhi 

U =dy=W= = ° when ^ = c0 > 

M = ^ = = 0 when rj = 0, 

a considerably greater number of conditions than the polynomial used in 
the ordmary Pohlhausen method Moreover, the choice of a (= 0 1) so as to 
give agreement with the forms of f 6 and presumably corresponds to 
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satisfying an additional condition, though it is not obvious what this 
condition is 

We may write the boundary layer momentum integral in the form 

(£),• < 19 > 

le 

~(u>-U^dy-U^^u,-U)dy+2^~(u 0 u l )dy 

(20) 

Let us wnte w 0 = +{***)%} = 7 ^’ (21) 

^° = ^{-7/;+8*«-2/i)- = (22) 

tM'/n-J-/'* < 23 > 

Equation (20) may then be written 
J*K + 8x*(l -x*)}d V - (I-**)[(-^+/ 0 ) + 3/j+l) 

- (^*) 2 W , - 5/*) + - (8x*)» ( V f' t - 13/,)] 

+ E(x*)£-J 3ij*e-°' 1, i , )+j* v'ye-* 1 ?dy-( l-x*)J* j/e- 0-1 **cfy] 

+ 2/ 1, (x*)x*|^j* w/e -fll » , di;-(l-x*)J i/e -0,1 ’*^] 

+ 2F{x*) F'(x*) x*JJ ^* e -o-a,« dr, - [F(x*)]*J ” fe-° «** (1 - 0 3i/ 3 ) dy 

(24) 

Starting from the value of F(x*) at x* = 0 0875 given by the terms in x* 7 
and x* 8 , equation (24) may be integrated graphically for F(x*) The con¬ 
dition for separation is, of course, 


F(x*) = - V 

t The dashes on v and V do not denote differentiations 


( 25 ) 
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It mil be seen from equation (24) that F'{x*) become* infinite w ben 

F{x*)pi/h^dv+j^vye^dy-il -**)J - 0. (26) 

Once the integral curve reaches this curve it becomes imaginary The 
integral curve together with the curves given by (25) and (26) is shown m 
fig 2 It will be noticed that the integral reaches the curve given by (28) 
when x* = 0 120 and that it has not then reached the curve given by (25) 
by a quantity of the order of 2 x 10 -2 
This failure to find separation—although the actual value of the skin 
fnction given by the last real point on the integral curve is small—must 
be due to the form assumed for the correction term It seems fairly reason¬ 
able to assume that it is only m the neighbourhood of the point where 
F'(x*) becomes infinite that the solution is invalidated If we suppose that 
the solution given is valid as far as F(x*) = - 0 110, x* = 0 1 10 say, we may 
complete the solution using a result stated by Goldstein ( 1930 , p 4 ), viz 


/du\ _ /3u\ 

W*~ Wo 


l 34 !*) 

7 ^" 


/B*u\ 2 dud 7 u 
„ W/ + dydy 7 , 


(27) 


Taking the values of du(dy and d*u/dy 4 obtained by our method of solution 
we find separation when x* = 0 120 The values of d 7 ujdy 7 given by the 
approximate method are sufficient to show that the third term m the senes 
is negligible over the range of values of x* (0 001 ) over which we require 
the solution 

An alternative method of solution is obtained by using the result given 
by differentiating the first boundary layer equation twice with regard to y, 
we find 

d /du\ d*u Idu f , no . 

dx\dy) ~ V By*/By * 


along the wall We may use the skin fnction given by the first nine terms of 
the senes as an approximation and again use a term 


as a correction Equation (28) then gives a first order differential equation 
for <j> Although we are still using the same form for the correction term, yet 
applying (28) (which gives the correct growth of the skin fnction along the 
+ This result is, of course, contained in (27) 
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wall) instead of (24) (which is the expression of the momentum law through¬ 
out the layer) would be expected to produce a totally different result from 
(24) if the form assumed for the correction term were inadequate The 
integral curve for <j>{x*) is shown in fig 3, the corresponding value of 

4>(x*)-r 7 (0)(»x*r+f's(0)(8x*)* 



<&<**) 

Condition for separation 


Fio 3 

is shown dotted in fig 2 This quantity is the one we have to compare with 
F(x*) It will be seen that the agreement between the curves is very good 
and that both lead to the result that separation occurs when x* = 0 120 
The curve m fig 3 when <j>{pc*) becomes infinite coincides in this case with the 
curve of condition for separation (Of course, the accurate value of dhi/dy 1 
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is zero at the separation, but the present method, being approximate, does 
not give this result and consequently yields an infinite value for <P'(x*) at 
the point of separation ) 

Table II 




0 0125 2 739 

0 0250 1 772 

0 0375 1 309 

0 0600 1 011 

0 0625 0 790 

0 0750 0 613 

0 0875 0 459 

0 1000 0 315 

0 1125 0 163 

0 120 0 000 



0 000 0 000 

0 199 0 076 

0 292 0 110 

0 371 0 137 

0 447 0 162 

0 623 0 186 

0 603 0 209 

0 091 0 231 

0 794 0 254 

0 931 0 270 

1 110 0 290 



0 000 oo 


3 17 0 024 2 773 

2 39 0 046 1 817 

2 08 0 066 1 360 

1 93 0 084 1 004 

1 86 0 100 0 843 

1 82 0 115 0 663 

1 81 0 128 0 503 

1 84 0 138 0 345 

1 88 0 147 0 184 

1 92 0 151 0 000 


In Table II the values of 



b[6 


and 


v* 


are tabulated against x* over the entire range of the solution, where 0 is 
the momentum integral J* ^ 1 — ^ ^ dy and is the displacement thickness 


J 11 — dy The values of these functions are shown graphically in figs 4, 

5 and 6 The velocity distributions corresponding to z* = 0 0125, 0 025, 
0 0375,0 05,0 0025,0 075,0 0875,0 1,0 1125 and 0 120 are given in Table III 
and some of these velocity curves are shown graphically in fig 7 Values of 

y*|~/6 0 6i are tabulated in Table IV for x* = 0 025, 0 05, 0 075, 0 1 and 


0 120 

An additional check on the methods of solution used to complete the 
solution m senes may be obtained m the following way If we denote by 






564 


L Howarth 


y the non-dimensional quantity db\/v* it is necessary in the following work 
to determine dx/dx*, this may most easily be done from the momentum 
integral equation, which may be written 


f (H+2)d 


l_dU t<l 
V dx~ pV v 


(29) 


where H — S x jO Equation (29) may be written, m the case of our problem, as 


il ou \ 

+ *)X 

dx* l—x* (1 — x*) a 6 0 6j 


(30) 


Thus the value of dx/dx* corresponding to a particular value of x* may be 
determined from the values shown in Table II by direct application of the 
momentum integral equation If this equation were not satisfied we should 
expect a discrepancy to arise between the values of dx/dx* given by (30) 
and those obtained graphically from the curve or from numerical differen¬ 
tiation of the table of values of y It was in fact made very evident by trial 
that an error as small as 0 001 in the value of x* would cause a considerable 
discrepancy between the value of dx/dx* given by (30) and that obtained 
from the y(ar*) curve Starting from the value of y at x* = 0 0625 and by 
integrating the values of dx/dx* obtained from (30) we obtain the values of 
y given in the second column of the following table The values of y already 
determined by integration from the velocity curves are given in the third 
column The agreement vill be seen to be very good 


0 0025 
0 0750 
0 0875 
0 100 
0 1125 
0 120 


Calculated from 
the valuos of 
dx/dx * given by 
equation (30) 


Calculated 
by integration 
from the 
velocity curves 

0 180 


0 232 0 231 

0 264 0 254 

0 277 0 270 

0 291 0 290 


We may take this agreement as fairly conclusive proof that the value of 
x* (0 120) determined by either of the approximate methods is the correct 
one 
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PART II 


New method of solving the boundary layer equations 

FOR THE GENERAL CASE OF RETARDED FLOW 


For simplicity we will consider in the first place the method as it was 
crudely conceived originally The original idea was to replace the velocity 
distribution at the edge of the boundary layer, in a retarded region, by a 
polygon of a finite number of sides We will suppose that the solution has 
been earned as far as the retarded region by some other method, because 
there seems to be little doubt that many of the existing methods (Pohl- 
hausen’s for example) are reasonably adequate in an accelerated region 
We may suppose, therefore, for our present purpose that the skin friction 


and momentum integral 0 = J 11 — ^ j ^ dy are known at the commence¬ 


ment of the first side, we may write the velocity distribution corresponding 
to the first side in the form U = b'„ — b x X, where X is measured from the 
first vertex The essential assumption introduced now is that, once the 
pressure, the pressure gradient and the skin friction (or the momentum 
integral) are known at a particular point, the velocity distribution through¬ 
out the boundary layer is completely determined and is given by the 
appropriate one of the singly infinite family of velocity curves given by the 
problem of Part I Although not precisely true it is hoped that such an 
assumption offers a reasonable basis for approximation 

The method consists m determining b 0 and x* ( = b x x 0 /b 0 ) so that when 
x=x 0 in the solution of the problem we have just discussed (with V = b 0 — b x x) 
the slun friction is identical with the known skm friction at the beginning 
of the first side and U is equal to b' 0 there The solution at any point m the 
first side is then given by putting 



the solution as far as the second vertex is therefore known and the process 
can be repeated The determination of 6 0 and x* is simple, we notice that 

b' 0 = b 0 -b x x 0 = b 0 (l-x*), 


and since (dujdy) XlM 0 is supposed known we can evaluate 



( 31 ) 
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In virtue of (31) 


Kay)*:^ Kay )jf::S 

Kb\ bt(l-x*)b[ 


(32) 


We can plot the right-hand side of (32) once and for all as a function of a# 
(see Table II and fig 8) and from the graph we can read off from the given 
value of 



the appropriate value of x* Knowing x$, b 0 is determined from (31), and 
at any point of the first side x* is determined by the expression a;? + (ft x X/b 0 ) 
Similarly x* is determined in subsequent sides 


V 

00 
02 
04 
00 
0 8 
1 0 
1 2 

1 4 
1 0 
1 8 
20 

2 2 

2 4 
2 0 
28 
30 
32 
34 

3 0 
3 8 
40 
42 


Values ot ujU 


0 0125 0 025 


0 000 0 000 
0 125 0 117 
0 251 0 237 
0 377 0 358 
0 408 0 477 
0 011 0 590 

0 711 0 092 

0 790 0 779 
0 804 0 850 
0 914 0 904 
0 949 0 942 
0 972 0 967 
0 985 0 983 
0 903 0 991 

0 997 0 996 
0 998 0 998 
0 999 0 999 
1 000 1 000 


Table III 

0 0375 0 050 


0 000 0 000 
0 108 0 099 
0 222 0 205 
0 338 0 317 
0455 0 430 
0 567 0 541 
0 070 0 045 
0 760 0 738 
0 834 0 815 
0 891 0 877 

0 934 0 923 
0 962 0 954 
0 979 0 976 
0 990 0 987 

0 995 0 994 
0 998 0 997 
0 999 0 999 
1 000 1 000 


0 0625 0 075 


0 000 0 000 
0 089 0 078 
0188 0168 
0 293 0 207 
0 403 0 372 
0 513 0 480 
0 017 0 585 

0 712 0 082 
0 794 0 709 
0 800 0 839 
0 910 0 894 
0 946 0 934 
0 909 0 901 
0 984 0 979 

0 992 0 989 
0 996 0 995 
0 999 0 998 
1 000 0 999 
— 1 000 


0 0875 0 100 


0 000 0 000 
0 066 0 062 
0 146 0 120 
0 237 0 202 
0 337 0 294 
0 442 0 394 

0 646 0 498 

0 040 0 598 

0 730 0 092 
0 812 0 770 
0 872 0 844 
0 918 0 897 
0 951 0 930 

0 972 0 902 

0 985 0 978 
0 992 0 989 
0 997 0 994 

0 999 0 998 
1 000 0 999 

— 1 000 


0 1125 0 120 


0 000 0 000 
0 034 0 010 
0 085 0 038 
0 152 0 085 
0 234 0 149 
0 325 0 227 
0 426 0 318 
0 527 0 416 

0 025 0 517 
0 710 0 610 
0 794 0 708 
0 858 0 787 
0 908 0 853 
0 943 0 903 
0 907 0 940 

0 982 0 905 
0 991 0 981 
0 995 0 990 
0 998 0 995 
0 999 0 998 
1 000 0 999 
— 1 000 


Knowing x* at every point the solution is completely determined For, 
in the first place, the velocity distribution is given by the corresponding one 
of the singly infinite system of velocity curves (some of these curves are 
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shown in Table III and fag 7) Furthermore, if V and dU jdx are respectively 
the velocity and the velocity gradient at the point considered 

U — 6 0 (1 — a:*) 

by the definition of b 0 and x* Therefore 

KSL Kl). 

6 0 6 J(1 —x*) U(-dUjdx )* 

This quantity is shown in Table II and plotted m fig 8 as a function of x * 

Thus given x*, —— 18 determined, and since U and dU/dx are 
given the skin friction can be evaluated 



Fig 8 
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We naturally obtain a continuous curve for the skin friction This method 
is not all that could be desired, because making the skin friction continuous 
at the vertices corresponds to introducing an impulse at each vertex 
Probably a more satisfactory method would be to make 6 continuous 
The solution of this problem is simpler than the preceding beoause b\6/v i 
is given as a function of x* by the original problem Knowing 6 initially 
b[djv i can be evaluated at the beginning of the first Bide of the polygon and 
the corresponding value of x* read off from the graph of b[6/v* against x* 
The solution at any other point is given, as before, by putting 

z* = . wh ere b 0 = b'J( 1 - atf) 

"o 


The value of 6 being thus determined at tho second vertex the process may 
Vie repeated 

Table IV Table o* 


x* 0 025 0 060 

V 

0 0 1 772 1011 

0 4 1 860 1 162 

0 8 1 798 1 200 

1 2 1 467 1050 

1 6 0 960 0 741 

2 0 0 481 0 406 

2 4 0 179 0 168 

2 8 0 049 0 051 

12 0 009 0 011 

3 6 0 002 0 002 

4 0 0 000 0 000 

44 — — 


VALUES Ol V* 

0 076 0 100 0 120 


0 613 0 315 0 000 

0 801 0 633 0 240 

0 900 0 691 0 454 

0 860 0 733 0 604 

0 663 0 632 0 642 

0 401 0 432 0 504 

0 184 0 229 0 367 

0 064 0 063 0 193 

0 016 0 028 0 103 

0 004 0 006 0 023 

0 000 0 001 0 006 

— 0 000 0 000 


The objection to this method is that by making 6 continuous we make the 
skin friction discontinuous at each jom, and since the skin friction is one 
of the most important results of the calculation it is not satisfactory 
This method of solution can, however, be extended to the case when the 
sides of the polygon are made to tend to zero, the number of sides tending 
to infinity By so doing we obtain a continuous skin friction without 
introducing a senes of impulses 

Let us approximate to the velocity distnbution at the edge of the boun¬ 
dary layer by means of a circumscnbmg polygon whose sides are infini¬ 
tesimally small Suppose B is one vertex of this polygon and that A and C 
are the points of contact of the sides through B Suppose A, B and C have 
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abscissae x, x+Sx^, x + 8x respectively We may then write the slope of 
AB as ( dU/dx) x and that of BC as {dUjdx) x + Sx 
The method essentially consists m determining the value of x* appro¬ 
priate to any value of x Let us suppose the value of x* is known at A The 
change 8xf in x* as we pass from A to B (considered as a point of AB) is, 
retaining the same notation as we used previously, 


6 1 &r 1 _ 6 1 ia: 1 (l — x*) 


The change 8x f m x* as we pass from B, considered aB a point of AB, to B 
considered as a point of BC is given by our hypothesis that 0 is continuous 
at B 


Now 

Hence if 6 is continuous 


t -K 

v* 6} 


l e 


Moreover, 


X(x* + 8x f) x( x * + & x i + ) 

(_dU\* ~ (_dU\* 

\ dxjx \ dx }x+ix 



(33) 


(34) 


retaimng only first order quantities Thus 


8x* = 


ld?U IdU dx\ 
\dx* X l dx dx*\ 


8x 


(35) 


Further, the change 8x$ in x+ as we pass from B to C along BC is given by 

a*;. -<i-**-a**)(I^jfa-a*,), 

■(■ Since x is known to be a differentiable funotion of x*, and Binco ix$ will be small 
so long as the change in slope from AB to BC is small, we can write 

^(** + fef + faf) = x(** + fef) + (S') ** 

to the first order Equation (34) then follows immediately 
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where fix* is the total change in x* from A to C Thus to the first order 

fix* = -(1 (Sx-Sx t ) (30) 

Hence the total change in x* as we pass from A to C is 
fix* = fixf + fix} + fixf 

-I (l x*) ldU \ 1 * d 'U /dxa )fix 

J ( ’Udx + 2dx dUjdx | 


Proceeding to the hunt when the sides all tend to zero we see that 

d** 1 dU „ , 1 X(**) d i U/dx i 

dx U dx + 2dx[x*) dUjdx 

dx* 


(37) 


(37) is a differential equation for x* in terms of x, since x( x *) 18 a known func¬ 
tion of s* shown in Table II and fig 5, and U is a known function of x The 
solution may be obtained graphically or otherwise once the initial value of 
x* is known If, as before, we suppose the solution starts from a given value 
0 O of 0 at x = x 0 , then we can evaluate 

(_dU\*0 o 

\ dx c* 

and determine the initial value of x* from the graph of x( x *) Thus the 
initial value of x* corresponding to x 0 is determined, and hence the complete 
relation between x * and x is known from the solution of (37) Once the value 
of x* appropriate to a given value of x is known we can determine the skin 
friction and the velocity distribution The skm friction is obtained by reading 
off the corresponding value of 



i 0 (l-**)6j 


from Table II or fig 8, since b 0 (l-x*) = U and b x — —dUjdx, v^(dujdy) 0 is 
determined The velocity distribution is given by the appropriate one of the 
Bingly infinite family of velocity curves given by different values of x* in 
the exact solution of the original problem Some of these curves are shown 
m Table III and fig 7 

So far it has been assumed that another method has been used to carry 
theBolutionjustintotheretardedregion(i e just past the pressure minimum) 
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In all applications it would probably be most convenient to start the solution 
at the pressure minimum Since dUjdx vanishes at the pressure minimum 
it is evident that x* also vanishes there (since it contains dU jdx as a factor) 
Further, equation (37) has a singular point when x* = 0 and dtl/dx = 0, 
since X~ x *^ (see below) for small values of x* The appropriate value of 
dx*ldx must be determined from the value of 6 at the pressure minimum 
obtained, of course, from the method of solution used as far as the pressure 
minimum 

We may proceed here as we did before Let us suppose that A is the 
velocity maximum (the pressure minimum) and suppose that AB and BC 
are two adjacent sides of the circumscribing polygon (A B will therefore be 
parallel to the as-axis) As before we take the abscissae ol A , B and C to be 
x, x + Sxy and x + Sx Thus the slope of BC is, to the first order, (d 2 U jdx 2 ) x Sx 
The value 0 0 of d is supposed given at A by the method of solution used m 
the accelerated region and will be used as our starting point Apart from a 
first order quantity the value of 0 at B considered as a point of AB will 
be 0 Q Therefore the value of y at I? considered as a point of BC is determined 

by making 0 continuous at B and is ^ neglecting quantities of 

the order of (8x)' Now y vanishes at A, so we may write, at C 



Moreover, for small values of x*, y is of the form Kx*l,% where K 
Therefore to the same order 


8x = K(8x*)i, 


0 664 
(39) 


since y = #y when 
we see that 


Sx* Equating the values of #y from (38) and (39) 


dx* 

dx 


dx 2 v 


(40) 


Thus, starting from the pressure minimum with a known value of 6 0 it is 
necessary to solve the equation 


dx* 

dx 


.l*2n- a * ) + u,*ZI*2. d X 

TT dr ' 1 X ’ + * X JyB / dr dr* 


t Since the change in y from JS to (7 is 0(i*)* 
j From the solution in senes for u we see that 

X=% = 2** 1 *JT ft/afl" t/o) dy + 0(**l) 
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with the boundary conditions a:* = 0,^- = — 2 269^^ (the additional 
boundary condition being required since a;* = 0 is a singular point with an 
infinite number of integrals passing through it) The function xj 18 
shown in Table II and fig 9, tabulated or plotted against x* 



Fig 9 


COMPARISON WITH A KNOWN SOLUTION 

Falkner and Skan have given the exact solution of the boundary layer 
equation for a velocity distribution U =» ar m at the edge of the boundary 
layer for values of m between 0 09 and 0 (they also give the solution for 
negative values of m, but that need not concern us here) The present method 
of solution does not lend itself to starting from the infinite value of U at 
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x = 0, we can, however, start from the exact value of 6 at any point further 
downstream and contmue by means of the present solution m order to test 
the adequacy of this method of solution Equation (40) reduces to 

(41) 

Falkner and Skan do not, however, give sufficient information to enable 
us to calculate 6 at any point for a given value of to, but we may choose the 
initial value of x * for starting our solution so that it leads to the right 
skin friction 

For the value to = 0 09 Falkner and Skan find a solution m which the 
skm friction vamshes for all values of x Let us consider the same problem 
and start our solution from the value of x* which gives the right skin friction 
initially (zero), l e we start from x* = 0 120 
With x* — 0 120 we find from (41) that 

In order that the skm friction should vanish everywhere dx+jdx must vanish 
everywhere so that x* retains the value 0 120 for all values of x, we require 
therefore 

to_ 0 0755 

to +1 ~ 0 880 ’ 

which leads to a value to = 0 0938 

Thus the present method gives a value 0 0938 for to compared with the 
value 0 09 obtained by Falkner and Skan Hartree, using the differential 
analyser, has recently given a value 0 0906 for this quantity (1937) 

Pohlhausen’s equation for A^ = ™ ^ j may be put in the form 

dA 1 dU. ~ 1 /XJ .. 

Tx-V-a m+ dUTx* hW (Sowarth 1934, p 14) 

dx 

This method gives separation when A = —12, so that applying a similar 
analysis here to determine the appropriate value of to we find 

to = _h(-12 ) 

TO+1 /(— 12) ’ 

which leads to a result to * 0 100 
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The agreement given by the present method with the exact solution is 
much better than that given by Pohlhausen’s method and may, I think, 
be considered quite good for the following reason The problem to which 
it has been applied is probably the one most likely to show up any defects 
because the pressure gradient is decreasing in the direction of the flow It 
is evident from the values already given that with this type of flow the 
present method gives separation too late, an examination of equation (37) 
suggests that when the pressure gradient is increasing in the direction of 
the flow (as it usually does in practical cases between pressure minimum and 
separation) the present method may give separation, if anything, too early 
since the sign of the last term in the equation depends on the curvature of 
the pressure curve 

Returning now to the method suggested m thts paper we can test it 
against the exact solution by choosing some small value of to, say, 0 04 Then 

<* 2 > 

L dx‘\ 


With this value for to the graph given by Falkner and Skan shows that 

,/a u\ 

‘’(as).' 026 * ' f (4S| 

Starting from the value x = 1 we see that 

. du I T .( dU\i 0 26 , „ 


The appropriate value of x* determined from fig 8 is 0 040 When x = 1 and 
a;* = 0 040, dx*jdx = 0 016 Now dx*jdx — 0 for all values of x when 
x* = 0 042 It is made clear by tnal that the solution is given by x* = 0 042 
for all values of x apart from a small initial region of the order x = 0 2 when 
x* passes from 0 040 to 0 042 Now when x* = 0 042, 


li- 


dU \* 
dxj = 


1 25, 


so that 

for all values of x 


J5-, A (3m U) 

= 0 25a; ® , 

dy 


(44) 


f This value was obtained (more precisely it was half this value) from a small scale 
graph, so that its accuracy is somewhat doubtful 
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Comparing (43) and (44) we see that the agreement may be considered 
excellent especially in view of the determination of the 0 26 in equation 
(43) from a small scale graph It is, in fact, almost impossible to distinguish 
between the abscissae corresponding to the values 0 26 and 0 26 


Comparison with experiment 


Schubauer (1935) has measured the pressure distribution around an 
elliptic cylinder of fineness ratio 2 96 1 It is doubtful, however, whether 
the Reynolds number he used was sufficiently high 

If V is the velocity at infinity, if u is the ratio of the velocity at a point in 
the boundary layer to V and if p is the ratio of the pressure to JpF 2 the large 
terms in the second boundary layer equation (the equation of flow per¬ 
pendicular to the wall) are 

dp _ 2 m 8 

dy~ r ' 

where y is the ratio of the normal distance from the boundary to the minor 
axis B and r is the ratio of the radius of curvature of the boundary at the 
point considered to B Therefore the difference between the value of p at 
a point y and the value p, of p at the surface is given by 


W^C^ 1 u 1 (y\ 
r Jo ^ W’ 


where U is the value of u and 8 is the value of y at the edge of the boundary 
layer 

Now m Schubauer’s measurements, when x = 1 946 (he found Separation 
at 1 99), the value of y given by u = 0 95t/ is approximately 0 04 so that the 

change in p across the boundary layer is approximately ^ * -'^ x - x i, 

1 e 0 010 The value 1/3 which has been used here for the integral is slightly 
low compared with the one obtained by using Sohubauer’s velocity distribu¬ 
tion (a value 0 4 was obtained by the present writer by numerical integration), 
Sohubauer also gives the result that r varies between 0 17 at the end of the 
major axis to 4 4 at the end of the minor axis (x = 1 6), so that the value 4 
for r at a point well past the end of the minor axis is probably on the large 
side Thus the value 0 010 is a very conservative estimate of the change in p 
across the layer Now the third figure m p is significant m determining the 
pressure gradient to the accuracy with which it is required in the retarded 
region The average pressure gradient over the region from the pressure 
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minimum (x = l 3) to the observed point of separation (*= 1 99) is 0 190 
approximately Moreover the change in p across the layer is not a constant 
but depends primarily on $ so that the pressure distribution at the edge of 
the boundary layer probably gives an entirely different pressure gradient 
distribution (Schubauer estimates that S does not vary greatly in the 
retarded region, he gives a variation of from 0 040 to 0 049, but Millikan who 
has also examined Schubauer’s experimental data gives a considerably 
greater variation from 0 032 and 0 051 ) There is therefore a reasonable 
doubt whether the pressure gradient obtained by Schubauer is adequate for 
the purpose of testing the accuracy of the method of solution suggested 
above 
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However, using the velocity distribution at the edge of the boundary 
layer deduced by Schubauer from his observed pressure distribution, I 
estimated dUjdx and d 2 U jdx 2 graphically m the retarded region and applied 
the method suggested above starting from the value of 6 at the pressure 
minimum given by Pohlhausen’s method The integral curve for x* is shown 
m fig 10, it will be noticed that the value of x at the point of separation is 
1 925 and that x* does not rise much above the separation value (sinoe 
dx*jdx is small at the point of separation) The values of the skm friction m 
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the retarded region are shown graphically m fig Ilf Schubauer usi ng smoke 
to locate the separation point found x = 1 09 for separation, whilst Millikan 
using K&rm&n and Millikan's m r+h od gives x = 1 8K 



Fig 11 

It should be remarked, however, that using the values Schubauer esti¬ 
mated for dUjdx and d i UJdx 8 the present method failed to give separation, 
x* did not rise above 0 10 The values estimated by Schubauer and those I 
used are shown in Tables V a and V b respectively The reason for failure was 
largely the very early inflexion m the velocity curve given by Schubauer 

Table Va 


1 250 1 295 0 002 

1 350 1 296 -0 012 

1 457 1 292 -0 033 

1 600 1 284 - 0 070 

1 700 1 275 - 0 094 

1832 1261 -0 121 

1 900 1 252 - 0 120 

f It is impossible to estimate at all accurately the skin friction from Schubauer 
measurements In addition to the large correction he finds it necessary to apply 
near to the surface, the points are scattered in the retarded region I have not 
attempted, therefore, to mcludo his results 

38 a 


d‘U 

dx* 

-0 170 
-0 181 
-0 192 
-0 208 
-0 203 
-0012 
+ 0 108 
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Table Vb 

u s 

dx 

d*U 

dx * 

1 3 

1 295 

0000 

-0215 

1 4 

1 294 

-0 024 

-0 255 

1 5 

1 290 

-0 050 

-0 200 

1 0 

1 284 

-0 075 

-0 255 

1 7 

1 275 

-0 100 

-0 220 

1 8 

1 264 

-0 119 

-0 140 

1 9 

1 252 

-0 126 

-0 005 

1 925 

1 240 

-0 126 

+ 0 055 


and for which I have been unable to find any evidence My estimation gave 
a value 1 00 for x at the inflexion whilst Schubauer’s value was about 1 84 
In any case the comparatively large value of the pressure difference across 
the layer makes it very doubtful whether we are justified m determining the 
second derivative at all 

It may also be remarked that when Pohlhatisen’s method was applied to 
the values I estimated for dUjdx and d i U/dx i the maximum value for - A 
was about 7 5a value considerably below the value 12 required by this 
method for separation 


I wish to express my gratitude to the Air Ministry for providing me with 
a computer to perform much of the mechamcal labour necessary in the 
solution of the equations (7)-(ll) 


Summary 

Part I The problem of the flow along a flat plate placed edgewise to a 
steady stream, when a retarding pressure gradient varying linearly as the 
distance x from the leading edge of the plate is superposed is discussed 
If y denotes distance measured perpendicular to the plate, a solution is 
obtained m the form of a power senes in x whose coefficients are functions 
of yjx* Differential equations are obtained for these coefficients Seven 
of the coefficients have been obtained with reasonable accuraoy and the 
eighth and ninth roughly Unfortunately it appears that about eight more 
terms are required to carry the solution to the point of separation, the 
work mvolved in their determination is prohibitive Two approximate 
methods have been developed for determining the error when the first 
seven terms of the senes are used as an approximation These methods lead 
to the determination of the point of separation and are m agreement as to 
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its position If 6 0 is the velocity at the edge of the boundary layer at the 
leading edge of the plate and b l is the velocity gradient, separation is found 
when bjx/b 0 = 0 120 

Part II A method is developed for the solution of the boundary layer 
equations m any retarded region It is obtained by replacing the velocity 
distribution at the edge of the boundary layer by a circumscribing polygon 
of infinitesimal sides and applying the preceding solution to each of these 
sides, making the momentum integral continuous at each vertex The 
problem is thereby reduced to the solution of a first order differential 
equation 
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The crystal structure of insulin 
I The investigation of air-dried insulin crystals 
By Dorothy Crowfoot 

Department of Mineralogy and Crystallography , Oxford 
(Communicated by R Robinson , FR S — Received 11 November 19,17) 
[Plato »] 

The crystal structure of insulin is of interest not only in itself but as 
part of the wider problem of protein structure considered as a whole The 
early X-ray work on protein fibres gave strong support to the original 
chemical theories of the existence of polypeptide chains as the essential 
backbone of the protein molecule The comparatively small spacmgs of 
3-4, 4 5 and 10-11 A which are most prominent on a large section of X-ray 
photographs of the scleroproteins are easily mterpretable m terms of a 
fundamental chain structure (Astbury and Woods 1933, Astbury and 
Sisson 1935) It is on the other hand difficult to reconcile a chain structure 
with certain of the physical properties of the globular proteins, par¬ 
ticularly their crystalline form and their behaviour m the ultiacentnfuge 
as approximately spherical masses of molecular weight some multiple of 
35,000 (Svedberg 1937 a) Yet there is much evidence, physical as well as 
chemical, that the two types of protein structure are closely interrelated 
Certain of the natural protein fibres show X-ray reflexions corresponding 
to very long spacings superimposed on the simple /? keratm type of fibre 
pattern These long spacmgs—up to 300 A in feather keratin (Astbury and 
Marwick 1932), tendon and collagen (Wyckoff and Corey 1936)—are more 
of the order of magnitude of the spacmgs which define the crystal struc¬ 
ture, 1 e mtermolecular distances, m crystals of the soluble protems And 
further fibre forms oan be obtamed from the crystalline protems, par¬ 
ticularly relevant observations being those on edestin and excelsin (Ast¬ 
bury, Dickinson and Bailey 1935) Several attempts have been made on 
the theoretical side to reconcile these facts, and two views of protein struc¬ 
ture m particular have been stated m some detail Astbury has advocated 
a vanety of straight cham structures for the different fibre protems which 
may be coiled into spiral forms or folded m layers m the globular proteins 
(Astbury and others 1935), as also discussed by Paulmg and Mirsky (1936), 
[ 680 ] 
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while D M Wnnch (19370) has shown that the occurrence of an internal 
cyclizing process might lead to the development from polypeptide chams 
of beautifully symmetrical “cyclol” networks both open and space en¬ 
closing But on the expernnental side many more observations are necessary 
before even these quite different hypotheses can be distinguished, and one 
possible approach seems to be through a more complete X-ray study of 
the crystalline globular protems 

In recent years it has been possible to obtain X-ray diffraction patterns 
from a considerable number of protein crystals In most cases these 
patterns have been powder photographs only and can give little more than 
a record that some degree of orderly airangement of molecules exists in 
the crystals (Fankuchen 1934, Wyckoff and Corey 1935, Magnus-Levy, 
Meyer and Lotmer 1936) So far in three examples only, pepsin (Bernal 
and Crowfoot 1934 a), uiBulin (Crowfoot 1935) andexcelsin (Astbury and 
others 1935), have actual single crystal X-ray diffraction patterns been 
obtained, and in these it is possible to carry the deductions from the 
X-ray analysis a stage further The first photographs permitted the 
calculation of the actual crystal unit cell size in each case and hence the 
order of magnitude of the protein molecular weight The crystallographic 
method at this stage cannot fix tho exact submultiple of the cell molec ular 
weight which is the true piotein molecular weight unless controlled by 
chemical or other evidence In these particular three protein crystals 
the weights found agree very well in order of magnitude w ith those measured 
by Svedberg, provided that in pepsin there are six Svedberg units in the 
crystal umt cell, in insulin and excelsin only one It seems at present 
simplest to refer to the weights found by Svedberg’s method as (approxi¬ 
mately) the weights of the protein molecules themselves, 1 e to the 
Svedberg umts as the protein molecules, leaving further work to establish 
possible subdivision 

The coincidence, that m the case of insulin and excelsin the unit cell 
molecular weight is equal to the protein molecular weight given by the 
ultracentnfuge method, has direct implications for the internal structure 
of the protein molecules themselves In the first place the symmetry of the 
molecule must be that of the crystal at least to tho degree of accuracy 
measured by the available X-ray spectra This point alone is worth further 
investigation, since the preliminary data indicated trigonal symmetry for 
both man bn and excelsin Secondly, any distribution of scattering matter 
within the unit cell which can be deduced from the X-ray intensities will 
be that within the actual Svedberg molecule It is naturally impossible 
m the case of exceedingly oomplex structures such as these to attempt to 
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apply direotly ordinary trial and error methods to the analysis of the 
intensities of the X-ray reflexions, but the recent introduction of Patterson 
analysis (Patterson 1934, 1935) does supply at least the possibility of a 
description of the intensity variations in terms of prominent interatomic 
distances within the structure This method could be applied to study any 
protein crystal from which sufficiently good X-ray reflexions are obtain¬ 
able, and of the three so far examined insulin seemed the most hopeful for 
a trial attempt, smce the crystal structure is simpler than that of pepsm 
and the molecular structure simpler, at least in order of magnitude, than 
that of excelsin The preliminary data published m 1935 on X-ray diffrac¬ 
tion from single crystals of msuhn showed both that the variation of the 
X-ray intensities was perfectly definite and characteristic and also that 
there was, to the eye, no apparent relation between these and any protein 
fibre pattern 

The application of the methods of X-ray crystallography to the problem 
of the crystal structure of proteins has been much hindered experimentally 
by two factors First, most of the beautiful protein crystals described m 
the literature contain water of crystallization which they lose very readily 
on exposure to the air Secondly as work 011 simpler organic molecules 
has shown, the more complicated is the molecular structure, the smaller 
tends to be the proportion of atoms contributing to any one reflecting plane 
(Robertson 1934) The absolute reflecting power of protein crystals for 
X-rays is therefore generally very weak As far as the first factor is 
concerned, it has proved possible in the case of insulin to obtam diffraction 
effects from ordinary air-dried crystals The percentage of water of 
crystallization in such crystals is small and this is not lost on exposure to 
the air On the contrary, the vacuum-dried crystals prove very hygro¬ 
scopic and rapidlj regain to a considerable degree their former weight 
The second factor is probably that mainly responsible for the failure of the 
earlier attempts to obtam crystalline diffraction effects from insulin, e g 
those of W H George (1928), of K Freudenberg and his co-workers (1930) 
and also of H Sims and D A Scott (1930) These authors all exammed 
crystalline powders, from which they could obtam no more than an amor¬ 
phous ring at about 4 6 A, together with diffuse scattering extending out 
from the centre of the photograph to a limit of about 10 A 

This diffuse scattering covers in extent the area of the true crystal 
diffraction effects obtained m 1935 It is very difficult to distinguish actual 
powder lmes in this area even on photographs exposed for from 30-40 
hr and quite impossible to base any crystal structure determination on 
the lmes that can be perceived For this reason alone one might hesitate 
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to accept Clarke and Corrigan’s report on the crystal structure of insulin 
based on the finding of long spacmgs in 1932 The structure proposed does 
not agree with that given in this paper and no later confirmation of the 
measurements has appeared * In order to observe discrete and mterpret- 
able diffraction effects it does seem most desirable, if not always abso¬ 
lutely necessary, to work with comparatively large single protein crystals 
—up to 0 2 mm in one dimension The first step m the present crystal 
analysis of insulin was therefore the preparation of such crystals 


The CRYSTALLIZATION 01 INSULIN 

A sample of crystalline insulin prepared by Messrs Boots Pure Drug 
Co Ltd was given for this work by Professor F L Pyman This consisted 
of very minute rhombohedral crystals and a number of attempts at 
recrystallization were made in order to grow larger crystals from these 
Various methods described m the literature were tried but only one 
reerystallization was successful This followed a slight modification ol 
D A Scott’s (1934) later method and the details of the actual experiment 
are as follows 

15 8 mg of insulin were dissolved mice of water + 1 drop NHC1 
Meanwhile 12 5 c c of phosphate buffer (Na^HP0 4 KH 2 P0 4 prepared as 
described by Scott) were diluted with an equal bulk of distilled water and 
warmed to 55° C To this was added the insulin solution and 2 c c of 
acetone and the pH adjusted to fl 2 by the addition of warm 0 9 N NH 4 OH 
The solution was set to cool slowly in a cavity in a copper tank filled with 
water at 55° C At the end of three days the solution w as examined and 
found to contain no crystals The solution was warmed again, a few drops 
of 0 5 % zinc chloride solution added and the pH readjusted to 6 2 There 
was a slight cloudy precipitate, which mainly dissolved on warmmg The 
solution was again allowed to cool slowly for three days ns before and at 
the end of this time comparatively large crystals were found to have 
formed These were filtered, washed first with the buffer solution, then 
with distilled water and finally with a little alcohol, and air dried They 
were very faintly discoloured The main part of the sample was used for 
a test of the biological activity of the preparation, which was found to be 
24 international units per mg This shows that these large crystals are 
biologically active insulin 

* It is however possible that the lines found by Clarke and Corrigan indicate that 
the structure now put forward is a pseudo structure of the real one, or that thev 
were dealing with a jjolymorphic modification 
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Morphology and optics of insulin the question of polymorphism 

The crystals prepared as above are shown in the photograph (PI 9 (a)) 
They are essentially very flat rhombohedra, the faces developed being 
probably those of the simple rhombohedron {100}, or giving hexagonal 
indices {1011} The larger crystals grow unevenly and present the appear¬ 
ance of irregular six lobed stars up to 0 2 mm across and 0 05 mm thick 
The crystals also frequently grow m pairs united at the ends of their 
trigonal axes There seems no doubt that the crystalline form here is 
essentially that found in Abel’s (1926) first preparation of insulin crystals 
and further very well illustrated by Hanngton and Scott (1929) When 
viewed along the trigonal axis in convergent light these crystals showed a 
positive uniaxial figure 

Under certain conditions insulin crystallizes in a rather different form, 
needles or prisms, elongated along the trigonal axis and showing rhombo- 
hedral end faces combined with steep trapezohedra (Abel, Gelling, Rouiller, 
Bell and Wmterstemer 1927 (f Hill and Howitt 1936, p 51) The mar¬ 
kedly different appearance of these crystals has suggested polymorphism 
to a number of observers, and as a polymorphic modification would be 
particularly valuable in assisting a structure analysis, a preparation of 
“needle” insulin was examined by the X-ray method Two preparations 
were available, kindly supplied by Professor F L Pyman The first con¬ 
sisted of very small crystals, roughly wedge-shaped but partly redissolved 
at the edges, less than 0 05 ram long In appearance and in the frequent 
occurrence among them of cross-formed twins these crystals seem identical 
with those described by E B Mathews as present in one of the preparations 
of Abel and his co-workers (1927, cf Hill and Howitt 1936, p 51) The 
second preparation exammed consisted of much larger roughly needle- 
shaped masses up to 0 3 mm long which extinguished uniformly between 
crossed nicols and which although showing no identifiable crystal faces 
were mainly single crystals (PI 9 (fe)) The birefringence m both cases was 
positive The X-ray examination proved that the same crystal structure 
was present both in these large needle-shaped crystals and in the original 
flat rhombohedral crystals (Crowfoot 1937) 

But although these particular different forms of insulin crystals are not 
polymorphs, this possibility still remains for certain other preparations of 
which descriptions appear m the literature Two, particularly, are the 
crystals having the form of rhombic dodecahedra described by Mathews 
(Abel and others 1927, cf Hill and Howitt 1936, p 51) and the dumb-bell 
shaped crystals prepared by Scott (1932) In one recrystallization of 
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insulin, crystals have however been obtamed which simulate both these 
forms and yet seem most probably to be no more than habit variants of 
the rhombohedral crystals This particular preparation was carried out 
as follows 

10 mg of needle insulin were dissolved mice of A 7 /(> acetic acid and 
treated with 0 4 c c brucine acetate and 02 co of 135 % pyridine The 
mam part of the preparation seemed to be precipitated at this stage and 
the flocculent precipitate was therefore isolated by centrifuging and 
removing the supernatant liquid It was then dissolved m N /15 di- 
sodium hydrogen phosphate and N/6 acetic acid was added to slight tur¬ 
bidity, as described by Abel On standing in a refrigerator overnight a 
beautiful crop of very small crystals was obtained 

The crystals consisted mainly of a form showing rhombohedral and 
trapezohedral faces almost equally developed, which gave them at first 
sight the appearance of rhombic dodecahedra They have, however, 
positive birefringence and trigonal, certainly not cubic symmetry Amongst 
these crystals there was a small number showmg no rhombohedral faces 
These were bounded by the basal plane and three trapezohedral faces and 
were partly redissolved, so that accurate measurement was not possible 
Many of them were joined end to end, tajienng inwards to the join, and they 
then looked very similar to tho “dumb bell” crystals pictured by Scott 
These crystals also had positive birefringence and, as in the case of the 
pseudo-rhombic dodecahedra, from this fact and the trigonal symmetry 
there seems no reason to presume the presence of a different crystal struc¬ 
ture The crystals were unfortunately too small for an X-ray test which 
would be conclusive And it is of course m any case still possible that both 
Mathews’ cubic and Scott’s “dumb-bell” crystals are different from either 
of these 

The vanation m habit is itself of great interest and worthy of further 
investigation The small number of experiments so far carried out makes it 
impossible to be certain which of the varying factors pH, phosphate or 
acetate buffer, or concentration of the different metallic ions, is responsible 
for the effects observed The X-ray diffraction effects as described below 
appear to correspond to a fairly large-scale stiucture within the protein 
molecule and it would seem possible to have a certain variation, eg m the 
metal concentration within the crystals, which might affect the habit 
without altering the main crystal structure responsible for X-ray diffrac¬ 
tion 

The X-ray photographs of the needle crystals do differ m one respect 
from those of the flat rhombohedral crystals All show a very much more 
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marked “amorphous” ring at 4 5 A, a nng which is hardly visible on the 
photographs of the rhombohedral crystals This nng we have come to 
consider characteristic of amorphous protein and its presence here may 
well be due to external imperfection m the orystals But it may also 
indicate that these crystals contain included amorphous protein, the 
presence of which has itself affected the crystal habit Of course the 
occurrence of “amorphous” protein would most probably depend on one 
or other of the factors mentioned above, pH, metal concentration, different 
salts present and so on 

Certain other properties of the rhombohedral insulin crystals lend some 
support to these conclusions Optically, as mentioned above, the crystals 
are uniaxial, the sign of the birefringence positive The refractive indices 
of the needle crystals were estimated by the oil-immersion method as e 
slightly < 1 537 and at slightly > 1 531 An independent direct measure 
of the birefringence gave values between 0 004 and 0 008, most probably 
about 0 007, but exact measurement was difficult, owing to the irregular 
shape of the crystals On the large rhombohedra, to appeared much more 
nearly equal to 1 537, and it seems probable that this is a real difference 
and further indication that the needle crystals are less perfect than the 
rhombohedra 

As Abel and others (1927) originally showed, the air-dned rhombohedral 
orystals contain water of crystallization which they lose when dned over 100° 
in a vacuum The vaouum-dned crystals are very hygroscopic and rapidly 
regain moisture on exposure to the air, increasing nearly but not quite to 
their original weight They then show unimpaired birefringence and give 
sharp X-ray reflexions identical with those of untreated crystals Check 
analyses of the water content of different samples of insulin are given m 
Table I to compare with the crystal densities As the measurement of the 
density of protem crystals presents certain problems it will be considered 
next in some detail 


The density of insulin crystals 

(* S Adair and M E Adair (1936) have recently shown that m the case 
of the crystalline proteins edestin, horse serum albumm and sheep and 
horse haemoglobin, the density of the crystals vanes considerably with the 
medium m which they are suspended The proteins studied all crystallize 
with a considerable quantity of water of crystallization and the vanation 
seems most readily explicable as due to specific changes m the salt con- 
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centration or proportion of thia water The crystallographic estimation 
of the moleoular weight of any protein depends upon the crystal density 
and here it is the density of the crystals in air as employed for X-ray work 
that is required But all methods of density determination so far available 
for use with small crystals do involve their suspension m different liquid 
media and some care must evidently be exercised to choose media which 
have little or no specific effect on the crystal density In the case of insulin 
it might be hoped that such effe<ts would be at a minimum owing to the 
very small proportion of water of crystallization present 

Two values for the density of crystalline insulin have been already 
recorded The figure given by Dr Eyer of 1 315 (Freudenberg 1932) 
(method not named) is significantly higher than that first found with the 
large rhombohedral crystals used for the X ray measurements, namely 
1 300 ± 0 003 (Crowfoot 1935) The latter value was measured by flotation 
under centrifugal force in aqueous solution containing zmo sulphate and 
zmc chloride The discrepancy might be due either to a medium effect or, 
as was first thought, to crystallographic imperfections such as inclusions 
in the large crystals which might have given an apparently too low density 
for these crystals 

A more comprehensive test was therefore carried out using three different 
samples of crystalline insulin the preparations of needle insulin (large 
crystals) and unrecrystalhzed “rhombohedral ’’ insulin (very small crystals) 
described above, and thirdly the large “rhombohedral” crystals used for 
the X-ray work 

Four sets of solutions were prepared, each consisting of one liquid of 
density greater than that of the crystals and one of less In outline the 
method employed has been already described (Bernal and Crow loot 1934 b) 
and differs slightly m procedure from that used by Adam and Adair, since 
rather small quantities only of insulin were available The measurements 
were generally begun by suspending the crystals in a mixture of density 
about 1 315 m a small glass tube, the suspension then bung centrifuged 
for from 5-15 minutes The low-density solution was then added drop by 
drop and the rise or fall of the crystals under centrifugal force observed 
after each addition The density of the liquid was measured at the end of 
each centrifuge run by a Westphal balance and sinker and the limits at 
which the crystals just rose or sank m the liquid were recorded When the 
lower limit had been reached, the high density liquid was in turn added 
drop by drop m order to pass twice over the equilibrium value of the 
density With longer centrifuge runs it might have been possible to define 
more closely the limits, but there seemed to be a certain vanation in the 
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crystal density itself over this range, which made such further precision of 
doubtful value 

The liquids used were as follows of which 2 and 4 were chosen followi^ 
their use by Adair and Adair 

1 Zmc sulphate m water (p = 1 36) and distilled water 

2 Sodium dihydrogen phosphate m water (p= 1 367) and distilled water 

3 o-dichloi obenzene (p— 1 309), carbon tetrachloride (p== 158 ) and 
toluene (p = 0 87) 

4 Half saturated ammonium sulphate (p = 1 059) and the same solution 
saturated with sucrose (p —1 37) 

The results are recorded m Table I 


Table I 

Density of insulin crystals 

Small 

Largo 

Solutions 

Needles 

rhoitaboliedra 

rhombohedra 

ZnS0 4 H.O, pH 5 0 

1 293 ± 0 003 

1 296 ±0 003 

1 300 ±0 003 

NaH,P0 4 H,0, pH 4 5 

1 298 ± 0 003 

1 299 ± 0 002 

1 301 ±0 002 

o dichlorobonzono toluono 
and carbon tetrachlondo 

1 202 ±0 0041 

1 297 ±0 002? 

1 312 ±0 004? 

i sat (NH 4 ),S0 4 + sugar 

— 

— 

1 308? 

Water content % 

6 36 

4 93 

— 


Of these the sugar solution proved completely unsatisfactory for the 
present method Adair and Adair record a general rise of observed crystal 
density in sugar solutions and this might be considered to be borne out 
here by the only figures obtained Actually, under the experimental con¬ 
ditions, these very concentrated solutions seem to form density columns, 
the crystals lodging at different heights in the liquid but neither com¬ 
pletely falhng nor rising Such sugar solutions could probably be employed 
with advantage with a set of sinkers of standard densities but are other¬ 
wise useless 

The mixture of organic liquids was used as some control on the results 
obtamed in aqueous solutions Observed under the microscope the crystals 
seemed to remain untouched and birefnngent m this immersion medium 
Actually, in bulk, both the needle crystals and small rhombohedral crystals 
appeared as cloudy masses and the limits were very difficult to observe, 
though the results obtained do agree approximately with the densities 
measured m other solutions It is possible that this opacity is caused by 
the presence m these preparations of small amounts of non-crystalhne 
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protein The large rhombohedral crystals remained clear, and with these 
definite higher densities were observed than in aqueous solution 

The two salt solutions were chosen as solutions containing ions commonly 
present during the crystallization of insulin, though different m the two 
examples The phosphate solution in particular appeared to be reliable 
from the results of Adair and Adair The densities found in both agree in 
showing a small general variation among the different samples, the needle 
crystals having the lowest, and the large rhombohedral crystals the 
highest, density This effect is also observed in the organic liquids and 
bears out the indications from other sources (X-ray work and refractive 
index) that the needle crystals are the least jierfect of the three preparations 
It therefore seems most reasonable to adopt the results on the large rhom¬ 
bohedral crystals as most reliable, particularly as these were used for the 
X-ray work 

The observed densities of the rhombohedral crystals considered alone 
show definite variations with the immersion medium from 1 312 in the 
organic liquids to 1 301 in the salt solutions These differences are con¬ 
siderably smaller than many of those found with the heavily hydrated 
protein crystals studied by Adair and Adair and suggest that, though 
some specific medium effect is present, it is relatively unimportant This 
idea receives some support from the absence of correlation between crystal 
size and density among the different msulm preparations studied In the 
circumstances it is obviously impossible to assign a “true” value to the 
crystal density, but it is very improbable that any error is introduced by 
adopting a density of 1 298-1 316 for the purposes of molecular weight 
determination Crystallographic practice would prefer the higher density 
as most likely to be correct 

The X-ray measurements 

The first X-ray photographs of insulin were taken at Oxford using 
throughout copper radiation from a Philips’ Metallix research X-ray tube 
These were given exposure times of 15 hr for each oscillation of 5\ 
with a plate to crystal distance of 6 cm Four different crystals were used, 
one rotating about the normal to (lOlO), one about the normal to (1120) 
and two about the trigonal axis The rhombohedral character of the 
symmetry was first tested by single oscillation photographs about these 
three axes and by oscillation photographs taken at 60° and 120° to each 
other about the trigonal axis The required relations were found to hold 
without exception, namely (using hexagonal indices) hilcl is absent if 
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h — k+l is not divisible by three and the symmetry relation hdclmtUM 
Using this last identity, a record of the intensities of planes of all the 
different possible types of indices was obtained by a set of 5° oscillation 
photographs covering 60° of the total rotation about the tngonal axis 
This gave m all but a few cases two readings for the intensity of each 
mdex type 

Through the kindness of Dr Muller, a second set of X-ray photographs 
of insulin were later taken with the very much more powerful 5 kW tube 
at the Davy-Faraday laboratory The best photographs were obtained with 
chromium radiation at a voltage of 28 kV, tube current 150 mA and tube 
filament 8 amp at 12 V The X-ray tube had a lithium window A fine slit 
system nearly 0 cm long was employed and the very powerful X-ray beam 
shielded from the plate by a stop designed by Dr Muller consisting of a 
lead block 1 mm across at the end of a cylindrical tube 5 mm long which 
was suspended 2 cm from the crystal Under these conditions it was 
possible to out down enormously the exposure times required to obtain 
diffraction effects The photographs were taken of a single crystal rotating 
about the normal to (lOTO) For more accurate measurement of the cell 
dimensions, two symmetrical photographs were taken, one with the beam 
from 10° to parallel to the trigonal axis and one at right angles to this 
For these, the plate to crystal distance was 6 cm To give further readings 
of the intensities of the X-ray reflexions, a set of 15° oscillation photo¬ 
graphs at a plate distance of 4 cm was then made, each having only | hr 
exposure The photograph reproduced (PI 9(c)), covering the oscillation 
with the beam 0-10° from parallel to (1210), was, however, given 2 hr 
and records on a single plate all planes of the type hxko which were 
observed 

Of the needle crystals of insulin, three X-ray photographs only were 
taken of two different crystals In both cases these were 5° oscillations 
about the normal to (10T0) with the beam direction at the start either 
parallel or perpendicular to (1210) These were taken at Oxford with 
copper radiation One photograph was taken of a rhombohedral crystal 
which had been dried and then allowed to regam water from the air This 
was also a 5° oscillation about the normal to (10T0), beam direction 
perpendicular to (l3l0) 

The unit cell dimensions and molecular weight of insulin 

From the more accurate photographs taken at the Davy-Faraday 
laboratory the unit oell dimensions of insulin were recalculated For the 
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hexagonal oell, a *» 74 8 A,e « 80*9 A, for therhombehedralunit.a » 44-4A, 
114*48' correct to about 0*5%. There are no systematic series of 
absent reflexions, but those required by the rhombohedral symmetry and, 
as the photograph reproduced illustrates, np planes of symmetry The 
space group is thus R3 

The oell molecular weight calculated from the above figures and a density 
of 1 312 is 39,700 It may be as high as 40,800 or less probably as low as 
38,700 The actual molecular weight of protein in the cell depends on the 
water of crystallization present Abel’s original measurements on drying 
the crystals at 104° under reduced pressure gave an average value of 
5 35 %, and this is borne out by estimations on certain of the crystals used 
(p 588) This protein molecular weight may therefore be calculated as 
37,000 (limits 38,900, 30,000) 

It is clear from these measurements that the crystal unit cell of insulin 
contains one “molecule” on the Svedberg scale, but it is interesting to 
compare the figures obtained above more exactly with those found by the 
ultracentnfuge method The first determination by Svedberg and Sjogren 
(Svedberg 1931, Sjogren and Svedberg 1931) gave 35,100 as the molecular 
weight of insulin, but it is probable that here, as in most of the earlier 
experiments with the ultracentnfuge, true sedimentation equilibrium was 
not obtained A later re-estimation (unpublished work by A G Poison 
(Svedberg 1937 6) gives a value of 40,900, which is somewhat higher than 
the calculated weight of protein in the crystal unit cell of insulin, 37,000 
It is doubtful whether this difference between the X-ray and ultracentn¬ 
fuge results is outside the limits of the expenmental error of both senes of 
measurements, and the same may probably be said with reference to the 
shape of the “molecule”, which is sphenoal according to Svedberg’s deter¬ 
mination, while the unit cell is a markedly oblate spheroid It may be that 
this last deviation is due to further hydration of the protein in solution, 
since it is already partly hydrated m the crystal (cf the calculation by 
Adair and Adair on haemoglobin) Such hydration would also alter the 
density of the moving particle which is introduced in Svedberg’s equations, 
but this should not necessarily affect the deduction of the actual protein 
molecular weight The corrections to be applied m such a molecular weight 
measurement either for a change of density or for (he non-sphencal nature 
of the falling particle seem definitely smaller than the present expenmental 
error 

It should be pointed out that while the mass of protein in the umt cell 
is equivalent to that of one Svedberg unit, the X-ray data do not actually 
supply any evidence that this mass constitutes a single molecule in the 
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crystal The same relation to the Svedberg unit would be obtained by the 
presence m the crystal umt of 3 n chemical molecules which subsequently 
combmed in solution to form a smgle aggregate 


The intensities of the X-ray reflexions 

The relative intensities of the X-ray reflexions were estimated by eye 
and assigned values on an arbitrary numerical scale The scale intervals 
were checked by comparisons betw een the a and /? reflexions from different 
planes and also against a plate on which one X-ray spot had been exposed 
for different measured lengths of time These estimated intensities were 
corrected by the Lorentz and polarization factors and also, when not 
occurring on the equatorial line, according to the relation found by Cox 
and Shaw (1930), in order to give a set of numencal readings for each plane, 
F ' 2 proportional to F 2 Both the set of photographs—oscillations about 
perpendicular to (lOlO)—taken at the Davy-Faraday laboratory and the 
osoiUation photographs about [0001] taken at Oxford were used in pre¬ 
paration of the values finally adopted In the first case comparison between 
different plates was made mainly by assuming equal exposure, generally 
checked by overlapping spectra In the second case many of the exposures 
were obviously of different value and here the comparison was based mainly 
on the occurrence on every film of some reflexion of the type htlco As all 
htko reflexions occurred together on another plate their interrelation was 
easily found In all but two cases of weak reflexions (missed in one senes 
or the other through a small degree of missetting) there were at least two 
occurrences of every mdex type and generally more Good agreement was 
found between the different values of F ' 2 assigned to the same reflexion 
occumng on different photographs and also on different layer lines of the 
same photograph The last, particularly, is some evidence that the relative 
scale of intensities is fairly correct The values finally adopted are listed 
in Table II 


Patterson-Harker analysis of insulin 

The set of intensities of X-ray reflexions from insulin recorded above 
have certain characteristics which must be taken into account in their 
analysis In the first place they are a very limited senes—only 59 terms 
m all No reflexions have been observed from planes with a spacing smaller 
than 7 05 A, and at this distance the intensity is extremely weak There 
seems to be a definite termination of the senes m this region There should 
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therefore, for syntheses formed with these terms, be none of the errors 
ordinarily introduced by arbitrarily cutting short the senes On the other 
hand it is impossible to expect to obtain information from this set of 
intensities about the most intimate structure of insulin—actual distances 
between neighbouring atoms The X-ray reflexions observed must corre¬ 
spond to distances between scattenng masses of a fairly large-scale 
structure within the molecule 


Table II —Relative intensities op X-hay reflexions from insulin 


F'* values (proportional to F*) 

Indices F’ 1 Indices F' % Indicos F’ % Indices F' x 


3030 

50 

3121 
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1012 

3 

7342 
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6080 
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4131 

12 

4012 

_ 
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__ 

22i0 
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4 

5052 

4 

5382 

_ 

3380 

8 

6151 

3 
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4480 

9 

5181 

4 

3122 
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12 
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11 
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9 

0003 
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5231 

3 

3142 

30 

3033 

1 

6270 

12 

3251 

4 

6152 

9 

2243 

4 
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22 

6211 

6 

5182 

4 

5143 

3 

7180 

0 

4281 

25 

7182 

4 

5143 

2 

9380 

3 
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8 

0172 

2 

4153 

— 

0390 

t- 

0281 

3 

5232 

3 
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3 
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4282 
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7 
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6 
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4 

8351 

7 
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10 
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2 
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3 
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— 
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To obtain a picture of all the information that can be derived, without 
any workmg hypotheses directly from these X-ray reflexions, a senes of 
Patterson-Founer syntheses was prepared using the arbitrary F’* values 
recorded above as coefficients of the terms In these two-dimensional 
diagrams the distances of the vanous peaks from the origin measure in 
length and direction prominent interatomic distances m the structure The 
first diagram, fig 1, was formed usmg only the intensities of the hiko 
reflexions This gives a projection of the whole Patterson structure on the 
(0001J^lane Owing to the presence of the rhombohedral lattice the primary 
pattern repeats at J, $ and §, J The peaks at these positions correspond to 
distances between atoms at z = J and z - f respectively and have neces- 
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sarily the same value as the origin peak, which states that every atom is 
at zero distance from itself The rem ainin g diagrams illustrated are 
essentially sections cut through the structure along different lines To form 
these the F ' 2 values of all (hikl) planes were used, as first described by 



Fig 1 P(xy) for insulin derived from Patterson Fourier 
unalysis Contours at 6 units apart 



Fig 2 P{xyo) for insulin denved from Patterson Harker analysis Contours at 60 
units apart, those above 260 being omitted (and similarly m figs 3, 4 and 6) 
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D Harker(i936) The seoond diagram, fig 2, is a section cut parallel to (OOOl) 
at the level z = 0 m the Patterson structure and is obtained by the relation 
P(xyo) = E h E k cos {hx + ky) (E, | F(hkl) | 2 ) 



Fio 4 Patterson Harker analysis of insulin Section in fig 1 at X Y 



Fro 5 Patterson Harker analysis of insulin Section in fig 1 at XZ 

Fig 3 is cut parallel to (0001) at a height z = \ and the remaining two 
diagrams, figs 4 and 5, are cut perpendicular to the rest along the lines 
X Y and XZ of projection 1 The summation of the Fourier senes involved 
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was earned out by the method of Beevers and Lipson (19360, 6) usmg the 
strips supplied by them As it was evident from the number of terms in¬ 
volved that no very fine structure could be found, the points in the pro¬ 
jections were calculated at intervals of ^a (c 2 5 A) and -fac (2 A) The 
contour lines are drawn at intervals of 60 units m projection 1 and 600 
units m the remaining projections, those in negative regions being dotted 
As in most cases the slopes involved are very gradual, the choice of the 
exact areas bounded by the contour lines is somewhat arbitrary and these 
should not be given a too rigid interpretation 

Between them these five diagrams present a fairly complete survey of 
what may be called—as above—the Patterson structure of insulin Owing to 
the rhombohedral symmetry, the diagrams, figB 2 and 3, seotions cut parallel 
to (0001) at 0 and actually supply sections of the structure m this direc¬ 
tion at intervals of z = the distribution at the point §, in fig 2, being, 
for example, the same as that at 0 at a height of z — and so on Some 
check on the interrehabihty of the intensity data can be obtamed by 
addition of the density values derived from points on these two projections 
2 and 3 at z intervals of J and then comparing the picture formed with 
projection 1, since projection 1 is derived from only hiko reflexions and the 
others from all ht/cl reflexions The agreement is fairly good, and even 
better over the lines AB and AC, where density values have been calculated 
at intervals of z = -^ 

The peak structure shown by the five projections seems comparatively 
simple There are two mam senes of peaks (A and B), one at a distance of 
10 A from the ongrn parallel to (0001) and the other at about 22 A mea¬ 
sured similarly These peaks have considerable extension at nght angles 
to (0001), the main intensity maxima appearing some distance above and 
below the height z = 0 There is further a marked peak at x = 0, y = 0, 
z = 0 6 (D), and a considerably weaker senes, of which defining co-ordinates 
may be given as x = 0 29, y = 0 19, z = 0 (C) Owing to the poor resolution 
and overlapping it is impossible to pretend to any accuracy in assigmng 
positions to the different peaks, and it seems probable that to a large 
degree their irregular outlines are due to their composite character and 
should be taken into account in their interpretation Approximately, 
however, the co-ordinates of the main peaks may be recorded as m Table 
III, which gives one selection of peaks which by repetition according to 
rhombohedral symmetry would produce the whole Patterson structure 
It is of course possible that some other selection might be made which 
would throw more light on the real molecular structure 

In order to pass from the Patterson structure to the molecular structure 
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it is necessary to reduce the peak system shown in the Patterson diagrams 
to its simplest terms Certain interatomic distances which appear must be 
derived from others in real space The patterns found are comparable in 
simplicity with those obtained m molecular structures of quite small 
dimensions, e g those of pentaerythntol (Llewellyn, Cox and Goodwin 
1937 ), where the peaks represent distances between single atoms At first 
sight they suggest that here we might be dealing with masses about 10 A, 
across which simulate the properties of single atoms in simpler structures 
But even assuming the presence of such masses it has not so far proved 
possible to offer a derivation of the Patterson diagrams m terms of an 
actual molecular arrangement And the problem may, of course, be much 
more complicated, each peak being the result of a comparatively small 
proportion of scattered interatomic distances Some measure of the 
absolute value of the intensities of the X-ray reflexions, which will next 
be undertaken, may offer an easier approach to a solution 

Table III— Approximate co-ordinates of peaks in Patterson series 

x y z dm A 

A 0 147 0 027 0 12 10 5 

t t 

0 96 

0 127 0 113 0 Is \2 5 

B 0 313 0 047 0 17 22 5 

t t 

0 21 7 

* 1 

0 30 0 047 0 33 24 0 

C 0 29 0 19 0 19 6 

D 0 0 0 5 16 0 

General conclusions the Patterson analysis of 

INSULIN AND PROTEIN STRUCTURE 

Even without the derivation of a molecular structure for insulin from the 
Patterson analysis, certain conclusions relevant to the main problem of 
protein structure may be drawn The first question raised at the beginning 
of this paper was that of a check on existing theoretical speculations It 
must be said that the patterns calculated do not appear to have any 
direct relation either to the cyclol or to the various chain structures put 
forward for the globular proteins From the cyclol structure (Wrinch 
1937 6 ) one would expect many more peaks in the Patterson synthesis than 
do actually occur For example, besides peaks at about 10 A parallel to 
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(0001) there should also be peaks at 5 and 16 A It is less easy to control 
the folded-cham hypotheses, as for these no exact models have yet been 
calculated, but m outline the picture doeB not suggest a cham structure 
There is no indication in the diagrams of layers parallel to (0001) as some 
theories would require, and the idea of a spiral cham which has otherwise 
some attraction does not, at least in its general form, account for the 
definite distribution of 10 and 20 A interatomic distances m separate 
peaks It is naturally difficult to rely on these conclusions without still 
more exact theories mvolvmg the actual positions of the different ammo- 
acid residues m the protein molecule But the general lack of positive 
agreement remains evident 

Perhaps the most unexpected information derived from the preliminary 
data on insulin was, as mentioned above, that the unit of weight about 
39,000 had apparently trigonal symmetry This may be considered to 
receive some support from the chemical analyses of several proteins by 
M Bergmann and C Niemann (1937), who find that the ammo-acid 
residues constantly recur m multiples of three The most natural explanation 
of trigonal symmetry is that the Svedberg unit is actually an aggregate of 
3 n chemical molecules It is a prtorx less likely that a molecule of such 
magnitude should possess real trigonal symmetry, though it should perhaps 
be pointed out that this is actually developed by the cyclol theory It is, 
however, doubtful whether the facts justify pushing this argument further 
The new experimental evidence is still unable to exclude the possibility 
that the trigonal symmetry shown by the crystal and the diffraction effects 
is due to statistical twinning and hence is not a property of the Svedberg 
“molecule” itself And even apart from this reservation, the present 
exammation shows that a somewhat less rigid interpretation of the facts 
is possible It still seems necessary to postulate an approximately tngonal 
distribution of masses within the Svedberg umt, but this distribution need 
not extend to atomic dimensions Irregularities of the order of 1 or 2 A 
would plainly not be indicated by the observed diffraction effects It was 
hoped that more powerful X-ray apparatus would reveal a finer structure, 
but such if present did not appear on the exposures taken with the Davy- 
Faraday 6 kW tube And it is at least plausible that the very definite 
cuttmg short of the senes of reflexions at spacmgs from 8-7 A is a positive 
indication that there are irregulanties within the structure below this 
limit (see below) 

The most interesting fact that has emerged from the Patterson analysis 
is the very definite distnbution in spaoe of groups of interatomic distances 
above this limit of 7 A, particularly those of approximately 10-12 A and 
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22 A The appearance of these sets of distances immediately relates the 
internal structure we are examining in insulin with the diffraction effects 
previously observed m other proteins, both fibrous and crystalline We 
may connect these 10-11 A and 22 A distances with the spacmgs com¬ 
monly observed m denatured protein crystals such as pepsin and edestm 
(Astbury 1934) and even proteins such as gelatm (Gerngross, Herrmann 
and Abitz 1930) The 10-11 A distance then appears identical with Ast¬ 
bury’s “side chain” spacing in keratin or myosin And this is supported by 
a striking relationship between these X-ray results for insulin and those 
on excelsm According to the preliminary measurements of Astbury, 
Dickinson and Bailey (1935), excelsm crystallizes m a rhombohedral 
structure with one molecule m the unit cell, not unlike that of insulin, 
though the scale is much greater The crystals of excelsm examined had, 
however, been kept for some time, which resulted m partial degeneration, 
and the diffraction patterns obtained showed, besides true crystal X-ray 
reflexions, an onented fibre pattern With the X-ray beam perpendicular 
to the basal plane this took the form of six blurred sickles with spacmgs 
of 11 4 A around the trigonal axis, while at right angles the fibre reflexion 
had a spacing of roughly 4 5 A The orientation of the 11 4 A spaomg of 
the excelsm fibre pattern parallel to the crystal basal plane is the same as 
that of the 10-11 interatomic distances in insulin And these consequently 
supply further evidence of the close relationship between the actual mter- 
molecular structures of the fibre and globular proteinB It is difficult not 
to connect these spacmgs also with the intramolecular patterns obtained 
from the virus proteins From these Bernal and Fankuchen (1937) have 
been led to deduce the presence of submolecules 20 x 20 x 22 A, which are 
agam divided into nearly identical units of half these dimensions But 
whether these spacmgs of 10 and 20 A, which occur in all these different 
types of proteins, are actually due to distances between chains held apart 
by their side groups, as Astbury advocates, remains still to be proved 
The evidence of the ultracentnfuge measurements, which show a reversible 
dissociation of insulin outside the pH stability range 4 5-7, may perhaps 
be quoted as some support for an alternative hypothesis that they are due 
to definite massive subdivisions within the protein molecule Whatever 
their explanation, the Patterson analysis of insulin provides a first exact 
description of their vectorial distribution m space 

The identification of these 10 A spacmgs m insulin raises the problem of 
the occurrence of the second generally found protein spaomg of 4 5 A The 
crystal diffraotion effects observed in insulin which end at 7 A can give no 
information as to the origin of the 4 5 A nng found on the powder photo- 
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graphs Yet this ring must be due to the internal structure of the protein 
The intensity of reflexion at any angle depends upon the product of what 
may be called the atomic and molecular scattering factors at that angle 
And accordingly with a perfectly ordered protein crystal one might expect 
recurrence of sharp diffraction effects m the region of 4 5 A, which would be 
of particular importance for a study of the most intimate structure of the 
protein molecule Their absence in insulin suggests on this reasoning some 
actual disorientation of atoms within the molecule, rather than mutual 
disorientation of the protein molecules But either effect might be caused 
by the processes involved m the preparation of the crystals and their 
present physical condition And m this case it is reasonable to hope for 
results on other protein crystals which will carry the X-ray analysis deeper 
into the problem of their structure 
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Summary 

X-ray crystallography measurements show that insulin crystallizes m the 
rhombohedral system, space group R 3 The dimensions of the umt cell are 
a = 44 4A, a = 114° 48' or, referred to hexagonal axes, a = 74 8, c = 30 9 A 
correct to about 0 6 % The densities of three samples of crystalline insulin 
have been measured m four different immersion media and show small 
variations between values of 1 292 and 1 316 From these and the cell 
dimensions the umt cell molecular weight may be calculated as most 
probably 39,700 (maximum 40,800, minimum 38,700) The crystals contain 
water which they lose when dried at 104° m a vacuum and this has been 
estimated at 6 35 % The molecular weight of protein in the umt cell is 
hence calculated as 37,600 (38,900-36,000), which is of the order of magm- 
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tude though rather less than the molecular weight of insulin found by 
Svedberg There is, however, no crystallographic evidence that this weight 
constitutes a single molecule 

The intensities of all the X-ray reflexions that could be observed from air- 
dned single crystals of insulin have been estimated visually and are recorded 
as terms proportional to F 2 From these terms a senes of Patterson-Harker 
Founer syntheses has been formed which shows the distribution of the 
main interatomic distances within the insulin molecule The patterns 
correspond to a fairly large scale structure and as such cannot give informa¬ 
tion on the placing of individual atoms or as to whether the tngonal 
symmetry shown is necessarily earned to atomic dimensions The most 
important interatomic distances that appear are at 10 and 22 A roughly 
parallel to the basal plane It is suggested that these are related to the 
characteristic X-ray spaemgs of many proteins both globular and fibrous, 
and the virus proteins 
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Chemical structure in relation to oestrogenic activity Compounds 
without the phenanthrene nucleus By E C Dodds and W Lawson 
(Communicated by Sir Henry Dale, FR S -Received 11 December 1937 ) 

The oestrogomc activity of calciferol and clupanodonio acid appeared to indicate 
that the phenanthrene nucleus was not necessary for oestrogenic activity Thib view 
was substantiated by demonstrating the potency of various dorivatives of aconaph 
thene 

A large number of other substances, such as carbinols, derivatives of diphenyl 
methane, diphenyl ethane and diphenyl ethylene have been shown to be oestrogenic 
Compounds as Bimple as p hydroxy propyl benzene and p hydroxy propenyl benzene 
were found to possess full oestrogenic activity The most potent substances, however, 
were found among the diphenyl ethylene derivatives 

The possibibty of the formation of polyrnorides from p hydroxy propenyl benzene 
was considered 
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Quantitative spectrographic analysis of biological material III. By 

J S Foster, FRS, G O Langstroth and D R McRae ( Received 
14 December 1937 ) 

An internal standard method of quantitative spectrographic analysis, as applied in 
the determination of Na and K m glandular secretions, is described The probable 
error in a determination is about 4% 

By add mg an appropriate foreign substance to the sample in such quantities that 
the character of the condensed a c spark discharge is determined by this substance, 
it is possible to use the same working curve for samples of considerably different 
composition 

Tho sample and internal standard may be separately placed on the electrode by a 
pipette specially designed for aocurate delivery of small volumes The volume of a 
sample required for the determination of both elements is thus reduced to 0 01 o c 
By photographing the spectrum of the sample with an antimony absorption step 
weakener bofore the spectrograph slit it is possible to obtain determinations for two 
or more elements from a single exposure 


The secretion of protein material in the parasympathetic submaxlllary 
saliva By G 0 Langstroth, D R McRae and G W Stavraky 
(Communicated by J S Foster, FRS —Recewed 14 December 1937 ) 

A quantitative study has been made of the variations in composition which occur 
m the submaxillary saliva of the cat when the intensity of ohorda tympam stimula 
tion is altered The relative concentrations of pro tern material were determined from 
the absorption spectrum of the saliva, while Na and K concentrations were determined 
from the emission spectrum Lees extensive analyses for other constituents were 
made chemically 

A mathematical theory of the secretion of pro tern material has been developed It 
presents the following picture of the secretory processes (1) During stimulation 
some activating substance is liberated within the gland, (2) this substance sets in 
operation the water secretion mechanism, controls the membrane permeability, and 
sets up a reaction, or chain of reactions, resulting in the transformation of granule 
material to a form readily carried out of the gland by the flow of water It leads to 
the following expression for the relative concentrations of protein material m two 
samples (n, t) taken from a series m whioh the intensity of the stimulus is varied 


CJC n 


£ is a constant, D t represents the concentration of (Na + K) in the ith sample in 
milliequivalents per litre, and B r represents the amount of (Na + K) secreted in the 
rth samplo m milliequivalents The expression represents the observed results 
remarkably well The theory is also m accord with oertain other observed features of 
the secretory processes 
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The theory of pressure-ionization and its applications ByD S Kothari 
(Communicated by M N Saha, F BS —Received 14 December 1937 ) 

The mam results which have been obtained from the application of the theory of 
pressure ionization may be summarized as follows 

(i) The theory predicts that the stellar material m the interior of the white dwarf 
stars should be fully ionized 

(ti) It predicts that there cannot be a “cold” body (planet of white dwarf) larger 
in size than Jupiter 

(m) The theory shows that the two heaviest planets (Jupiter and batum) have 
cores composed of metallic hydrogen The terrestrial planets have cores of much 
heavier metal possibly iron 


Comparison of wave-functions for HeH+t and HeH+ By C A Coulson 
and W E Duncanson (Communicated by E N da C Andrade, F R S 
—Received 14 December 1937 ) 

As many different approximations as possible have been used in a comparative 
study of the wave functions of HeH ++ and HeH+ In the latter ion, the molooular 
orbital approximation is found to be much better than the electron pair approxi 
matioq Ionic terms and polar terms are included in the final wave function, and 
an expansion in terms of sphoroidal co ordinates is given The lowest value 
obtainod for the energy of HeH + is — 2 935 A, with an internuclear distance of 
I 446 A = 0 764 A 0 Tho dissociation energy certainly lies withm 0 61 and 2 10 V, 
being probably about 1 5 V The fundamental vibration frequency is 3380 cm -1 


The constitution of heavy water By I Ramakrishna Rao and P Kote- 
swabam (Communicated by 0 W Richardson, F R S—Received 14 December 
1937 ) 

The Raman band of heavy water is found to bo similar to that of ordinary water 
both m diffuseness and extent The variations with temperature in the structure of 
this band are also similar to those of ordinary water These changes are attributed 
to ohanges m the relative proportions of (D,0), (D,0), and (15,0), molecules which 
are assumed to be in thermal equilibrium By an analysis of the intensity curves of 
the band, the proportions of the three polymers at different temperatures are 
calculated The result* are compared with those of water and tho points of similarity 
and differences explained on the basis of their other physical properties 
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The production of -y-rays by neutrons By E H S Burhop, R D Hill 
and A A Townsend (Communicated by T H Laby, F R 8 —Received 
14 December 1937 ) 

Measurements have been made of the absorption in boron of those neutron* 
which excite y rays in specimens of cadmium, silver (of two thicknesses), arsenic, 
antimony, iodine and mercury Tiie measurements were earned out using thermal 
neutrons m the case of cadmium and silver (thin specimen) and non thermal neutrons 
in the case of silver, arsenic, antimony and mercury 

The curves m the latter case were always of the same general type consisting of 
an initial component rapidly decreasing with boron absorber thickness superimposed 
on a component varying very slowly with boron thickness It is Bhown that the 
initial component is to be associated with a nuclear resonance level corresponding 
to very small neutron energy, while the other component is due to neutrons captured 
into resonance levels of greater energy The curves are interpreted in terms of the 
Bethe Placzek formulation of Bohr’s theory of nuclei 

In the case of silver, absorption measurements m boron have in addition been 
made of those neutrons which excite the y radiations of 22 and 138 sec half period 
The question of whothor a nucleus which on neutron capture can emit both and 
y radiation will have the same resonance levels corresponding to both methods of 
reorganization is discussed For silver the evidenoe points to the existence of 
separate sets of energy levels for y ray emission and y decay but it is not sufficiently 
conclusive to settle finally this point 


The development In vitro of the mammalian gonad Ovary and ovo¬ 
genesis By P N Martinovitch (Communicated by F H A Marshall, 
F R 8 —Received 15 December 1937 ) 

Ovanes of young and embryonic rats and mice were successfully cultivated in vitro 
and a progressive differentiation of the germ cells obtained The tissue was grown by 
the watch glass method, the medium consisting of equal parts of fowl plasma and 
fowl embryo extract In each case, one gonad was fixed as a oontrol, whilst the other 
was cultivated in intro 

If the ovaries are oxplanted at the 15th-10th day of embryonic development when 
primitive germ cells are only present and ovogenesis has not yet begun, rapid division 
of the oogoma followed by the typical synaptene stages of meiosis proceed un 
interruptedly m the normal way The diplotene phase of meiosis is succeeded by a 
resting stage when the individuality of the chromosomes becomes indistinguishable 
Most of the resting oocytes remain unchanged until the end of the culture period 
(about 1 month), but some enlarge and after about 18 days’ cultivation attain full 
size Thus a primitive germ cell may develop m vitro from an oogonium into a full- 
size ovum In the explants growth of the ovum is not always accompanied by growth 
of the follicle and an ovum may reach its full size in the complete absence of a follicle 
New germ cells are not formed in vitro except by the mitotio division of the original 
oogoma 

The ovaries of older embryos and post embryomo tuiimala also develop readily 
m vitro 
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The influence of wall oscillations, wall rotation, and entry eddies on the 
breakdown of laminar flow in an annular pipe By A Fage (Communi¬ 
cated by 0 I Taylor, F RS — Received 15 December 1937 ) 

(1) Scope of work Experiment* have been made to determine the effects of dis 
turbanoes of known character on the laminar flow of water in a long pipe of annular 
oross section The disturbances considered are those due to axial oscillations of the 
inner wall of the pipe, to osoillations of the inner wall about its axis, and to both 
weak and intense entry eddies Experiments on the breakdown due to a uniform 
rotation of the inner wall (outer wall fixed) have also been made 

The breakdown of flow near a plane surface oscillating in a stationary fluid has 
been observed 

Theoretical relations for the flow of a viscous fluid tlirough an annular pipe, under 
the influence of a pressure gradient parallel to the axis, with the inner wall oscillating 
axially and the outer wall fixed have beon obtained 

(2) Conclimonp The frequency of the axial oscillation of the inner wall when 
a departure from lamfnar flow occurs depends on the axial amplitude of the wall 
and the viscosity of the fluid, and is independent, within the accuracy of measure 
ment, of the velocity of axial flow The Reynolds number of disturbance, defined 
as the product of the velooity amplitude at the wall and a length 2 Ttdvjnf (where 
/ = frequency) divided by the viscosity, at which a departure from laminar flow occurs 
does not change appreciably over a wide range of amplitude 

The results with the inner wall of the pipe oscillating about its axis suggest that 
the flow remains laminar up to the oritioal Reynolds number of disturbance measured 
with the inner wall oscillating axially 

Visual observation suggests the presence of rotating bands of fluid with their 
axes parallel to the direction of osoillation at the breakdown 

When the innor wall rotates at a uniform speed (outer wall stationary), the critical 
rotational speed increases with the axial speed of flow, and the critical number for 
no axial flow, predicted by extrapolation of tho curve drawn through the numbers 
measured with axial flow, is in close agreement with Taylor’s theoretical number 

It is shown that the early breakdown of laminar flow associated with intense 
entry disturbances can bo caused by very weak entry disturbances, provided they 
are m the form of discrete eddies 


The formation of mercury molecules II By F L Arnot and M B 
McEwen (Communicated by 0 W Richardson, FRS—Received 17 
December 1937 ) 


An investigation of the formation of ionized mercury molecules has been made by 
the balanced space charge method The results obtained in this work, together with 
those previously obtained with a mass spectrograph by Arnot and Milligan, show 
that molecular ions are formed by the three processes 

Hg'(2 *Pj) + Hg'(2 *P 0 ) -> Hg, + + e (1) 

Hg'(4 l P 1 ) + Hg -s Hg^ + c (2) 

Hg'(5 *P) + Hg -*■ HgJ" + e (3) 
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Iona formed by each of these processes have been detected The appearance potentials 
for these three processes are respectively 4 80 and 9 722 V for (1) and (2) and 9 792, 
9 796, 9 817 V for the triplet process (8) Ions formed by process (1) which requires 
a collision between two excited atoms were detected at a vapour pressure of 0 1 mm 
of Hg at 0° C Ions formed by processes (2) and (3) which involve a collision between 
one excited atom and a normal atom were detected at pressures of the order of 
0 01 mm 

The ionization potential of the mercury molecule lies between 9 62 + D and 
9 32 + D, where D is the work of dissociation of the normal molecule Using Winan’s 
value for D the limits are 9 07 and 9 47 V 

Excited atoms in states other than P states do not apparently form ionized 
molecules by attachment even though they have more than sufficient energy to do so 


On the occurrence of helium In beryls By J W J Fay, E GlOokauf 
and F A Paneth ( Communicated by J C Philip, F R 8 — Received 
17 December 1937 ) 

Various specimens of old beryllium metal have been analysed for helium As the 
method employed, m spite of its sensitivity, failed to detect any traces of helium it 
must be concluded that the spontaneous production of helium m beryllium is less 
than 1 3 x 10~ n o c of helium per gram beryllium per year 

From this figure it follows that the helium content of beryls cannot be explained 
as a consequence of the spontaneous disintegration of a beryllium isotope of mass 
eight Even the assumption that such a beryllium isotope has been present in 
previous geological periods and now mostly decayed is not compatible with the very 
low limit found for present day helium production 

In recent years the helium content of beryls has been attributed to the influence 
of y rays from radioactive minerals in the neighbourhood of the beryls, and to cosmio 
radiation From the figures obtained by measurement of the amount of helium 
produced m beryllium by y rays it follows that the influence of the natural sources 
of y radiation is not nearly sufficient to explain the helium oontent of beryls 

Smce, therefore, beryllium does not produce adequate amounts of helium, either 
under the influence of external radiation or as a oonsequenoe of spontaneous dis¬ 
integration, it seems that the helium content of beryls is not connected with its 
beryllium content at all, but is due to some other chemioal element 


Identification and measurement of helium formed in beryllium by y-rays. 

By E GlIjckauf and F A Paneth ( Communicated by J C Philip, 
F R 8 —Received 17 December 1937 ) 

While it has been known for some time that the beryllium nucleus, irradiated by 
y rays, emits neutrons, it could not be decided whether the nucleus is thereby trans¬ 
formed into a stable isotope of beryllium of mass eight, or into two helium atoms 
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By a micro-chemical method helium was detected m beryllium after irradiation 
by the 7 rays of radon In one of the experiments the number of neutrons sfmui 
taneously emitted during the irradiation was determined by measuring the helium 
produced by these neutrons in methyl borate, a comparison of the two helium 
quantities showed that the mam final product of the 7 irradiation of beryllium is 
helium and not the beryllium isotope 


The nature of the penetrating component of cosmic rays By P M S 

Blackett, FRS (Received 18 December 1937 ) 

Further measurements of the energy loss of cosmic rays in metal plates have 
confirmed the former result of Blaokett and Wilson that nearly all the rays with 
energy less than 2 x I f) 8 o volts are electronic in character For higher energies the 
moan loss is much smaller A reinterpretation of the data for these higher energies 
in the light of the cascade theory of showers has confirmed the conclusion of Nedder 
meyer and Anderson that there must be some energetic but absorbable rays which 
can be identified with fully radiating electrons But the number of these rays is 
quite small, not more than 1 % of the rays at sea level with energy over 3 x 10* e volts 
being electrons 

Both direct and indirect evidence is found which shows that the energetic jiene 
trating rays actually become, as thej slow down, the absorbable rays of low energy 
which are indistinguishable from electrons The mam requirement of a theory of the 
penetrating component is to explain tins striking property The two most obvious 
types of explanation are as follows The rays can be considered as heavy when 
energetic, but to ohango their mass suddenly when their energy falls below the 
critical energy Or, the rays are assumed to have electronic rest mass, but to be 
distinguished from nonnal electrons by somo now property, which has the effect of 
makmg their energy loss vary with their energy and the nature of the absorber 


Osdllography of adsorption phenomena 3 Rates of deposition of 
oxygen upon tungsten By M C Johnson and A F Henson ( Com¬ 
municated by A M TyndaU, FRS —Received 18 December 1937 ) 

An experiment is devised for investigating the passage of small and reproducible 
quantities of oxygen over a hot tungsten filament whose surface purity can be 
ascertained by observation of its thermionic emission immediately before each 
admission of gas The oxygen pressure at the filament is made to rise within a fraction 
of a second from a high vacuum to a transient value with a flat maximum of 10 _ * to 
10-* mm This enables the rate of primary adsorption to be isolated, and its de 
pendence on gas pressure and on temperature to be determined, without the resulting 
moqolayer becoming sufficiently dense to allow oxidation and appreciable thinning 
of the filament The adsorption is traced by photographing the accompanying fall of 
electron emission by means of the oscillographic technique described in previous 
papers Within a range of temperature and pressure such that evaporation is 
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negligible and interaction between adsorbed particles is rare, the uncovered fraction 
of the surface decreases exponentially with time over a portion of each experiment 
This enables a condensation constant to be obtained and its temperature dependence 
evaluated The temperature coefficient which is found implies a heat of activation of 
24,000 ± 3000 cal per mol in the vicinity of 2200° aba The bearing on theories of 
activated adsorption is briefly discussed 


The law of error and the combination of observations By H Jeffreys, 
FES (Received 18 December 1937 ) 

The limitations of the theoretical grounds for the normal law of errors of obser 
vation are discussed, and seven series of observations capable of providing tests of 
the law are examined It is found that the X* test, as usually employed, is not 
sufficiently sensitive to establish departures from the normal law A wider grouping 
however, reduces the random error of x * enough to show them clearly, though it is 
still leas sensitive than the ratio of the maximum likelihood solution for the departure 
to its standard error It appears that no form of the test is of much use when the 
law to be tested implies very small expectations in some of the groups 

An approxunation to the method of maximum likelihood for Pearson laws of 
types II and VII is developed, and extensions to typos I and IV are suggested 
The approximation does not require excessive labour or the retention of a large 
number of figures It is found that the various series of data give laws ranging 
from type II with mdox 4 5 to type VII with mdex 4 3, and that the index is closely 
correlated with the degree of correlation of the errors within groups of successive 
observations An extrapolation usmg this correlation suggosts that genuinely in 
dependent observations would follow a type VII law with mdex between 3 and 4 
Methods of combining observations derived from suoh a law and determining their 
uncertainties are provided It appears that a number of discrepancies m physics 
and astronomy that have been acoeptod as systematic may turn out to be random, 
since with such a law large random errors may occur more often than with the normal 
law, if the mean and the mean square deviation are still used as estimates 


The crystalline structure of steel at fracture By H J Gough, F R S and 
W A Wood (Received 20 December 1937 ) 

In a previous investigation, precise methods of X ray diffraction were employed 
to study the effects on the crystalline structure of normalized mild steel of defor 
mation and fracture under static and fatigue stresses It was established that 
failure by static and oyolic stressing was characterized by exactly the same land of 
progressive deterioration of the original crystals leading to a completely fragmented 
system of crystallites of random orientation In addition to this state, it was con 
sidered that the presence of marked lattice distortion in the crystallites was also 
a necessary condition for fracture but direct and indisputable evidence on this 
aspect could not be obtained under the conditions of the previous experiments The 
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further work now described was, therefore, undertaken A mild steel initially in a 
heavily cold worked condition has been used, enablmg the process of further de 
formation and fracture to be studied the fatigue mothod of stressing has been 
employed in view of the unique advantages offered by it 

While it is found that under safe range® of stress, no measurable change occurs in 
the structure, cycles of an unsafe range produce a progressive effect on the efficiency 
of scattering of the X rays only to be accounted for by the incidence of a heavy 
lattice distortion in the crystallites forming the fragmented material The establish 
ment of this condition of severe internal stress at the fracture stage is the most 
important result of the work In addition, however, informative work has also been 
done on normalized mild steel using an improved X ray technique among other 
results, it is shown that the rate of modification of structure, in a fatigue test, 
decreases as the test proceeds tending to the establishment of a stable structural 
condition 


Studies on chromatic behaviour in Crustacea The receptive mechanism 
of the background response By H G Smith (Communicated by L 
Hogben, F R 8 —Received 21 December 1937 ) 

The pigmentary effector system of Ligxa consists of melanophores and xantho 
phores separate in some regions and in other regions superimposed so as to form 
complex chromatophores The melanophoros are the chief agents of visible colour 
change and their response to illumination is partly direct and partly controlled by 
the eyes The primary response is of the type described for decapods and mysids 
by Keeble and Gamble and for vertebrates by Laurens and Hogben Intense lllumi 
nation increases the diffusion of the pigment The secondary or visual response to 
background is also of the type described for Macromysi* and vertebrates Overhead 
illumination in a black container makes the animal dark, and overhead illumination 
of an animal m a white container makes it pale Blinded animals are not so dark as 
seeing animals kept on a black background In darkness they are still more pale 
owing to elimination of the primary response The time relations of the background 
response show that it is controlled by two hormones The existence of a “super 
normal phase” in the transition from white background equilibrium reinforces this 
oonolusion So also do experiments whioh show how the supernormal phase may be 
accentuated or eliminated The effect of varying (a) tho direction of mcident illumina 
tion, (b) limiting the light scattered on to tho eye make it possible to distinguish two 
groups of ocelli One (dorsal) is accessible to direct overhead illumination and is 
responsible for initiating the discharge of the hormone which evokes melanophore 
expansion The other (latero ventral) picks up light scattered from tho immediate 
surroundings and is responsible for initiating the discharge of the hormone which 
evokes melanophore contraction The effects of painting the whole eye, the ooelli of 
the upper half only, or the ooelli of the lower half alone, directly confirm this con 
olusiort The blue end of the spectrum is most effective for evoking the visual or 
secondary response 
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On the chromatic behaviour of elasmobranchs By H Waring {Com¬ 
municated by L Hogben, F R S — Received 21 December 1937 ) 

With few exceptions, all Elasmobranchs so far investigated pale on a white back 
ground and darken on a black one These changes are brought about by the con 
traction and expansion of dermal and epidermal melanophores The expanded con 
dition is due to a blood circulated hormone B produced by the neuro intermediate 
lobe of the pituitary Parker and his associates behove that pallor is brought about 
by the stimulation of melanophono nerves The present paper describes two classes 
of experiments whioh show that the anterior lobe produces a hormone which anta¬ 
gonizes the B substance produced by the neuro intermediate lobe These are 
(o) effects of removal of the anterior lobe, (6) differential tolerance to B containing 
extracts of normal animals, animals from which the whole gland has been removed, 
animals deprived of the neuro intermediate lobe alone Reasons are advanced for 
believing that the class of experiments upon which Parker’s interpretation is based 
is incapable of yielding unequivocal evidence in favour of it 


On the neutrino theory of light By M H L Pryce {Communicated by 
PAM Dirac, FR S —Received 21 December 1937 ) 

This paper brings to light a grave difficulty for the neutrino theory of light 
Starting from assumptions about the neutrino sufficiently general to include the 
models which have been studied by Jordan Kronig and others (with the exception of 
Soherzer’s attempt, which is not strictly a neutrmo theory), and working with the 
amplitudes of the second quantization as the most suitable mathematical apparatus, 
one sets up the most general theory consistent with Jordan’s hypothesis The con 
ditions under which this will lead to a satisfactory theory of light are (1) that certain 
commutation rules be satisfied, (2) that the theory be invariant under a change of 
co ordinate system In order to study the second of those it has been necessary to 
analyse rather carefully the transformation of the amplitudes under certain types of 
rotation and this reveals an arbitrariness in the choice of certain phases A con 
dition for the invariance of the theory is that the results be independent of the way 
in whioh these phases are ohosen 

From this point onward a straightforward analysis leads to the result that the 
conditions cannot be satisfied simultaneously The invariance requires that the 
neutrmo which interacts with the atom should reverse its spin, a result which could 
also be derived from considerations of the conservation of angular momentum, and 
an essentially simple though rather tedious calculation shows this to be mcon 
sistent with the commutation rules 

The introduction gives an account of the aims of the neutrino theory of light, the 
problems which it meets and the attempts that have been made to solve them 
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The absorption spectrum of sulphur dioxide and carbon dioxide in the 
vacuum ultraviolet By W C Price and D M Simpson ( Communicated 
by 0 W Rxchardson, FR 8 — Received 23 December 1937 ) 

The absorption spectra of sulphur dioxide and oarbon disulphide have been in 
veetigated by means of a vacuum spectrograph down to 1000 A For both molecules 
the systems of bands can be divided into two classes (1) those which exhibit wide 
vibrational structure, (2) those which exhibit little or no vibrational structure The 
former class probably correspond to transitions to anti bonding molecular orbitals, 
while the latter are due to the transitions of comparatively non bonding electrons 
to excited orbitals, which are mainly atomic m character In the case of sulphur 
dioxide, the extrapolation of the bands of class (2) to their limit gives a valuo of 
12 05 ± 0 05 V for tho ionization potential of the molecule A similar procedure for 
carbon disulphide yields the muoh more accurate values 10 083 and 10 027 V for 
ionization to the two components of the doublet state *77, of CSJ (dr = 436 cm _1 ) 
The experimental evidence indicates that while carbon disulphide is slightly bont 
in the earlier stages of tho excitation, it finally rotums to a linear configuration in 
CSJ A vibrational analysis of the bands of class (1) is also given, and some general 
features of the electronic spectra of polyatomic molecules are discussed 


Significance teats when several degrees of freedom arise simultaneously 

By H Jeffreys, F R S (Received 29 December 1937 ) 

Tests are provided for the significance of an estimated doparturo from a uniform 
distribution of chance, and of the coefficients of new functions introduced into an 
empirical law designed to fit a series of measuros, m each case where several degrees 
of freedom may bo expoctcd to ariso together if one of them does A test is also 
given for the independence of errors of observation when tho moans of groups of 
conseoutive observations are compared with the standard deviation of the entire 
set Applications are made to the secular perturbations of the inner planets and to 
Pearson’s data for errors of observation 


Vacuum wavelength measurements In the Iron spectrum by means of the 
reflexion echelon grating By W E Williams and A Middleton ( Com¬ 
municated by 0 W Richardson , F R S —Received 29 December 1937 ) 

The vacuum wave lengths of forty seven iron lines have been determined directly 
against the red cadmium standard by means of a new method employing a reflexion 
eohelon in vacuum so that no corrections for the retractive index of normal air 
need be made By using a Schiller type hollow cathode source, much narrower Imps 
are obtained than is possible with an iron arc and the concordance of independent 
determinations justify the values being given to eight significant figures The work 
is being extended further to the ultra violet 
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The forces on a cylinder, or flat plate, submerged in a uniform stream 

By T H Havblock, FRS (Received 29 December 1937 ) 

General expressions are obtained for the resistance, lift and moment for a cylinder 
submerged m a uniform stream, including circulation, the analysis being cm extension 
of that used in a previous paper on the circular cylmder Application is made to the 
elliptic cylmder, the solution involving an integral equation which may be solved by 
successive substitution to any required degree of approximation 

Special consideration is given to tho flat plate, which is treated as the limiting 
case of an elliptic cylinder, expansions are obtained for tho resistance, lift and 
moment, and graphs of the two latter quantities are given 

The general expressions inolude, as special cases when gravity is neglected, the 
problem of a flat plate m a uniform stream bounded by a free surface or by a plane 
wall, these cases are examined with reference to the interference of the surface of the 
sea or of tho ground upon the lift and moraont of an aerofoil 


Collective electron ferromagnetism By E C Stonfr (Communicated by 
O W Richardson, FRS —Received 29 December 1937 ) 

General equations are obtained, using Fermi Dirac statistics, for the magnetic 
moment, Af, of a number, N, of elections m an unfilled energy band, for which the 
interchange interaction effects give riso to a term in tho energy expression pro 
portional to the square of the magnetization The relative magnetization, £( s 
is oxpressible as an implicit function of the reducod field, temperature, kT/e 0 , 

and interaction energy coefficient, k0'/e 9 , where e 0 is the Fermi energy without 
interaction Particular limits correspond to equations for electron spin para 
magnetism, and to the Weiss Heisenberg “classical” equations for ferro and para 
magnetism 

The equations are solved numerically, using tables of Fermi Dirac functions 
(McDougall and Stoner), in such a way as to give kT/t 0 as a funotion of £ for a range 
of valuos of kO'/e 9 The results are shown m a series of tables and diagrams 

The character of the dependence of £ on fcT/e,, or on T/0, depends on the ratio 
k&'/e o A necessary condition for ferromagnetism is led '/ e o>f, while for kd'/e 0 <2~i 
( =0 793701), the relative magnetization at absolute zero, £,, is less than unity For 
small values of £,, the magnetization temperature curve is closely represented by 

(£/&)*= 1-<W. 

but the curve does not change monotonioally to the classical form as kO'je^ increases 
Senes expansions appropriate for particular ranges are given for kd'/e^ as a 
function of kd/e 0 , and of kT/e Q and £, and expressions are derived for the variation 
of the magnetization near the Curie point and at low temperatures 

A full discussion of the experimental results is deferred, but it is shown that the 
laok of agreement between the values deduced for the saturation moment from the 
paramagnetism above the Curie point and from the low temperature magnetization 
reoeives an immediate interpretation 
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A new basis lor cosmology By P A M Dirac, F R S (Received 29 
December 1937 ) 

It is proposed that all the very large dimensionless numbers which can be con 
structed from the important natural constants of cosmology and atomio theory are 
connected by simple mathematical relations involving coefficients of the order of 
magnitude unity The mam consequenoos of this assumption are investigated and it 
is found that a satisfactory theory of cosmology can be built up from it 


The polarization of a calomel electrode By Lord Rothschild (Com 
mumcated by J Gray , F R S —Received 30 December 1937 ) 

The maximum current density which on anodio calomel electrodo will sustain over 
reasonable periods of time (6 hr ) without polarization is 15 amp -• cm _1 


Cytochrome oxidase By D Keilin, F R S and E F Hartree (Received 
30 December 1937 ) 

1 The addition of 10“‘ to 10~ 4 M cytochrome c to heart musole oxidase pre 
paration greatly increases the rate of catalytic oxidation of a niunber of diamines 
and polyphenols such asp phenylenediamine, p aminophonol, hydroquinone, adrena 
line, catechol, etc 

2 AU these compounds readily reduce a solution of oxidized cytochrome c 

3 The rate of oxidation of these compounds by oxidase preparation may increase, 
on addition of cytochrome c, up to 30-40 times 

4 The much slower oxidation of these compounds without addition of-oytochrome 
c is due to cytochrome already present in tho oxidase preparation 

5 The oxidation of all those compounds therefore is not catalysed directly by 
mdophenol oxidase but through oo operation with cytochrome In other words, the 
indophenol reaction of cells and their extracts takes place through cytochrome 

6 The only oatalytio property which can be definitely ascribed to the muscle 
oxidase (known as mdophenol oxidase) is the oxidation of reduced cytochrome The 
oorrect name for this enzyme should, therefore, be cytochrome oxidase 

7 The explanations as to the nature, distribution and catalytic activity of this 
enzyme proposed by Remesow, Bigwood, Harrison and iShibata with his co workers, 
are discussed and shown to be incorrect 

8 There is no necessity to assume the existence in the respiratory system of the 
cell of a component undergoing reversible “oxygenation” as was proposed by 
Shibata and his oo workers 
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Relation between the uterus and the ovaries In the pregnant hamster. 

ByM Klein (Communicated by A S Parkea, FR S—Received 3 January 
1938) 

1 Experiments on the physiology of pregnanoy have been oamed out on the 
golden hamster 

2 Complete ovariectomy performed between the flth and the 13th day results 
m the termination of pregnancy 

3 The injection of progesterone alone failed to maintain pregnanoy and the typical 
vaginal mucification m hamsters ovanectomized about the 10th day after mating 
The simultaneous injoction of progesterone and oostrone did, however, maintain 
pregnancy and vaginal mucification in ovanectomized females, and in several cases 
we have obtained parturition at term with living litters These results suggest that, 
m the hamster, progesterone and oestrone may exercise endocrine control of preg 
nancy 

4 Complete removal of the pregnant uterus between the 8th and the 13th day 
causes the premature and rapid regression of the corpora lutea of pregnancy, and the 
ovarian cycle restarts When the foetuses only are removed, by caesarian section, 
and the placentae remain inserted, the corpora lutea of pregnanoy are maintained 
and inhibition of the ovarian cycle continues 

5 These results agree with and complete our previous experiments on the rabbit 
and the rat They show that there is a close correlation between the pregnant uterus 
and the ovaries, though we cannot yet postulate a satisfactory interpretation of the 
mocliamsm of tho connexion 

Progressive lightning V A comparison of photographic and electrical 
studies of the discharge process By B F J Schonland, D B Hodges 
and H Collens (Communicated by Sir Charles Boys , F R S —Received 
5 January 1938 ) 

A detailed comparison is made of the results of Boys’ camera observations of the 
luminosity ohanges during the lightning discharge and of observations with a 
cathode ray oscillograph of the electric field In certain oases these observations were 
simultaneous 

The polarity of the discharges to ground was found to be negative in all cases 
examined 

The results confirm and extend the identifications of the electric field changes 
made by Appleton and Chapman During a ground stroke these begin with the 
slow lowering along the leader ohannel of about 60 % of the oloud oharge tapped, and 
are followed by the sudden removal of this leader charge to ground by the return 
Streamer and by the slower passage of the remainder of the oloud oharge to ground 

The more important transient induction and radiation effects are associated with 
the stepped leader to first strokes and with the start of the return streamer 

Sinoe the return streamer is absent m most discharges within the oloud it is 
suggested that discharges to ground sue the chief cause of atmospherics from distant 
thunderclouds 
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A suggestion for unifying quantum theory and relativity By M Bohn 
{Communicated by E T Whittaker, F R S —Received 5 January 1938 ) 

The fact that the fundamental laws of quantum mechanics are symmetrical m 
spaoe time x k and momentum energy p k can be generalized to a “principle of 
reoiprooity ” according to which the x space and the p space are subject to geometrical 
laws of the same structure, namely a Riemanman metno In analogy with Einstein’s 
closed x world one has to assume that energetically closed systems (as elementary 
particles, nuclei) must bo described by help of a hypersphencal p space A con 
soquenoe of this assumption is a modification of the formula for the number of 
quantum states m an element of the p space The application of this formula to 
quantum electrodynamics leads to a finite zoro energy of the vacuum, a finite self 
energy of the electron, eto Deviations from Planck’s law and the Stephan Holtz 
mann law of radiation, and the ealone properties of gases are predicted for very 
high temperatures 


X-ray studies of the structure of hair, wool and related fibres IV The 
molecular structure and elastic properties of the biological cells By 

H J Woods {Communicated by Sir William Bragg, 0 M , PR S — 
Received 5 January 1938 ) 

From a study of the cells isolated from various types of animal hair it is concluded 
that they contain crystalline keratin, and when the cells are long, tissues can be 
built up to give X ray photographs closely comparable with those of the fibres 
Cells obtained by retting fibres previously set in steam are found to be stretched 
correspondingly, although their measured lengths after retting are somewhat shorter 
than would be expected This lag is associated more with the early stages of extension, 
indicating that the elastic phase K k extends inside the cells, as well as between them 
The X ray photograph of elongated cells from fibres set at high extensions is the 
ordinary ono of ft keratm The elongated cells only recovor partially when they are 
boiled in water, and the permanent set remaining is of the same order as that of 
fibres steamed for the same time at the same extension as those from which the cells 
were obtained Permanent set is thus also a property of the cells themselves 

Cotswold wool fibres which have been relaxed m dilute caustic soda can also be 
disintegrated into oells, which recover during the process to rather less than the 
normal length These relaxed oells can be supercontracted still further by boiling 
water In this way oells of about half the normal length may be obtained, their 
orystallme part shows itself in the fi form, just as does that of highly supercontracted 
fibres 

By the oombined action of lateral pressure and steam the cells from normal fibres 
can be compounded into coherent transparent sheets which are elastic in oold water 
for extensions up to about 50% and extensible in steam or caustic soda by twice 
this amount These sheets can be relaxed, set, and supercontracted, in the same way 
as fibres, and their tensile strength in water is about 25 % of that of the fibres It 
is suggested that the development of coherence during the treatment in steam is of 
a similar type to the development of permanent set in the stretched fibre 
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Smoe such differences as exist between the properties of the oells and those of the 
fibres are only of the same order as those which occur between various types of hairs, 
it is clear that the behaviour of the fibres is for the most part due to the oells The 
histological heterogeneity of hairs can affect only the details of their behaviour 
Keratin, stretched denatured edestin, and stretched myosin are all anisotropic m 
their electrical properties, having different dielectno constants for fields parallel and 
perpendicular to the protein chains By hanging discs of these proteins m an alter¬ 
nating electno field it is therefore possible to determine the direction of the chains 


Polyphenol oxidase Purification, nature and properties By D Keilin, 
FRS and T Mann ( Received 11 January 1938 ) 

1 A comparatively simple method of preparation of highly purified polyphenol 
oxidase from cultivated mushrooms (Agancus campestns) is described 

2 The activity of the enzyme in different preparations was determined by two 
methods (1) manometric, from the initial rate of oxygen uptake by catechol at 
20° C , calculated per mg dry weight per hour and expressed as Q 0l , and (2) colon 
metric, from milligrams of purpurogallme formed from pyrogallol in 5 mm at 20° C 
per mg dry weight and expressed as purpurogallme number (P N ) The amount of 
enzyme which, under these conditions produces 1000 mg purpurogallme is taken as 
one enzyme unit (E U ) 

3 Tho purest enzyme preparation obtained was completely free from haematm 
and contained only traces of iron and manganese 

4 The polyphenol oxidase of mushrooms was found to be a copper pro tern com 
pound the copper being a constituent of the active group of the enzyme This 
extends tho discovery of Kubowitz, who found that the corresponding oxidase in 
potatoes is a compound of copper with pro tern 

5 No proportionality between tho copper oontent and the enzyme activity was 
found for preparations rangmg from PN = 0 45 to P N = 250 These preparations 
oontam targe amounts of copper which does not belong to the onzyme Within this 
range the amount of copper pier enzyme unit (E U ) gradually diminishes from 190y 
to 7y Only when the copper content reaches a low and constant value of about 
3 2-3 5y per E U does the copper content become strictly proportional to the 
enzyme activity 

0 The purest enzyme preparation obtained has P N = 940, Q 0 , - 1,100,000 and 
copiper content of 0 30 % As this coppier content is higher than that of pure crystal 
lme haemocyanine, which may vary according to origin, from 0173 to 0 26% 
(Hemler and Philippi), the enzyme may be considered as pure ly Cu of this enzyme 
transfers to catechol, at 20° C in 1 mm , about 0000 oanm O, 9 0 mg of this enzyme 
(dry weight) was obtained from 15 kg fresh mushrooms 

7 The crude extract of mushrooms readily oxidises only such compounds as 
catechol, pyrogallol and p-cresol Other related compounds such as hydroqumone 
and p phenylenediamine are hardly oxidised by this enzyme 

On purification, the enzyme gradually loses the property of catalysing the oxida¬ 
tion of monophenols 

8 All the oxidation reactions catalysed directly or indirectly by the polyphenol 
oxidase are inhibited by KCN, H,8 and CO 
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The influence of radiation on ionization equilibrium By B Srivastara 
(Communicated by M N Saha, FH S —Received 11 January 1938 ) 

The generalized ionization formula m the case of thermodynamical equilibrium 
for an assembly consisting of atoms, ions, electrons and radiation is derived, the 
particles being supposed to obey any statistics 

The ionization produced m matter has been found for the case when the reaction 
space is traversed by radiation at a higher temperature The electrons have been 
assumed to obey F D statistics, while the atom and the ion are taken to obey 
Boltzmann (classical) statistics The general ionization formula for this case is derived 
and two limiting oases discussed The Woltjor Milne formula for ionization m any 
radiation field is readily obtained as a special oase of the general formula The ionization 
formula for the case when the electrons behave as a degenerate gas is also deduoed 
from the general formula On substituting the usual expression for the probability 
of ionization, viz ^ = Cv~*, it is found that the ionization becomes much lees when 
the electrons are highly degenerate 
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Uranium Z and the problem of nuclear isomerism. By N Feather and 
E Bretsohbr [Communicated by E V Appleton, FRS — Received, 
13 January 1938) 

The radiations from uranium Z have been examined by the absorption method 
using a tube counter The effective quantum energy of the y radiation is 0 70 ± 0 05 
x 10* e volts and the intensity 1 50 ± 0 25 quanta per disintegration An analysis of the 
/? radiation into continuous spectra with limiting energies 0 58 and 1 55 x 10* e volts, 
and intensities in the ratio 17 1, is suggested, though it is pointed out that the 
component of lower energy is probably itself complex The uranium X, uranium Z 
branching ratio has been determined as 665 ±65 1 

On the basis of these results the isomerism of the nuclei UX, and VZ is discussed 
in the light of v Weizsftcker's hypothesis, and a level scheme is put forward which 
appears to account for all the facte Reasons are given in support of the conclusion 
that uranium Z is formed from uranium X, in a y branching, rather than from 
uranium X lt directly, may?/? transformation 


On the primary decomposition of ethane and the reaction between ethane 
and nitric oxide ByT J Gray,M W Travers, F R S andF T White 
(Recewed 14 January 1938 ) 

The thermal decomposition of pure ethane, and of a mixture of ethane and mtno 
oxide, have been studied at 590° m silica apparatus by the method of detailed analyses 
The observation of Staveley (1937) that the addition of nitric oxide to othano 
reduces the rate of primary decomposition is confirmed However, it is shown that 
a rapid reaction takes place between ethane and mtno oxide, without apparent 
increase in volume, whioh accounts for the fact that it wad not observed by the 
pressure measurement method which Staveley employod The produot of the ethane 
mtno oxide reaction at first increases in concentration m the gas and then diminishes 
It has not been isolated 

The ethane nitric oxide reaction itself slows down after an interval, but as it does 
so a reaction which appears to involve ethane and the produot of the ethane nitric 
oxide reaction develops One product of this reaction appears to be ethylene 
The theory of free radicals cannot be used to explain the facts now put forward 
It is suggested that the ethane mtno oxide reaction operating with a lower aotiva 
tion energy than the primary decomposition prooeea, removes hot molecules at a rate 
faster than they oan be supplied to maintain the Maxwell Boltzmann equilibrium 
The result is that the former process is to a considerable extent substituted for the 
latter The ethane mtno oxide reaction in turn slows down at a rate faster than oan 
be aooounted for by the removal of ethane or mtno oxide This is associated with the 
operation of a reaction between ethane and a produot of the ethane mtno oxide 
reaction at an activation energy still lower than the ethane-nitnc oxide reaction 
itself. 
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A method of photographing airscrew sound-waves. By W F Hilton 
(Communicated by L Batrstow, FB 8 — Received 16 January 1938 ) 

An experimental technique has been developed for photographing the shock waves 
generated by an airscrew at all speeds above a certain oritioal speed A modified 
form of spark photography was employed, and photographs were obtained of the 
airscrew sound wave system at top speeds ranging from 0 83 to 1 2 of the velocity 
of sound 

The photographs also reveal a trailing vortex from the blade tip, and an eddying 
wake behind the blade These vortices and eddies are more distinct at high speeds 
than at low, but there is no definite lower limit to the speed at which they can be 
photographed 

A method is advanced for calculating the pressure amplitude of the shock waves 
from measurements of photographs, and also for calculating tho speed at which a low 
wave can first appear in front of the blade The wave velocity has been calculated 
from the photographs, and is found to be slightly greater than that of small amplitude 
sound waves 

A method of calculating the shape of the waves is examined, but no indication is 
given of a wave front at tip speeds less than that of sound, whereas a very defimto 
wave front exists down to tip speeds as low as 0 85 of sound velocity 

The problem Of noise reduction m aircraft is discussed 


The crystal structure and magnetic properties of CuSO, 5HjO By 

K S Kbishnan and A Mookhkkji (Communicated by Sir Venkata 
Raman, FR 8 — Received 18 January 1938 ) 

The crystal structure of CuSO, 5H,0 has been analysed by X ray methods by 
Beevers and Lipson On the basis of the structure proposed by them, and the theory 
developed by Van Vleck and others which attributes the magnetio anisotropy of 
a paramagnetic crystal to the asymmetry of the strong electric fields acting on the 
paramagnetio ions in the orystal, the axes of the magnetic ellipsoid of the crystal, 
and its eccentricity, are deduced theoretically 

Detailed experimental data are given for the setting-directions and the magnetio 
anisotropy for several pianos iri the crystal The axes of the magnetic ellipsoid, and 
the orientations of the central circular sections of the ellipsoid (which give a measure 
of the relative magnitudes of the principal diameters of the ellipsoid), are determined 
from the magnetio data They agree well with the results deduoed from the structure 
The magnetic anisotropy of the ultimate paramagnetio anisotropio units, consisting 
each of a Cu+ + ion and six negatively charged oxygen atoms surrounding it, whioh 
form a regular ootohedron with one of its diagonals elongated, are calculated from 
the magnetio and the structural data for the crystal Thsse paramagnetic unit groups 
are approximately tetragonal m symmetry, the susceptibility along the tetragonal 
axis being greater than for perpendicular directions by about 560 x 10~* per g ion 
of Cu+*1 This anisotropy gives us a measure of the asymmetry of the eleotno fields 
acting on the Cu ++ ions m the orystal 
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Diamagnetism of cadmium. ByS Ramachandra Rao and S Sriraman 
(Communicated by 0 W Btchardson, FB S —Becetved 18 January 1938 ) 

Single crystals of oadmium were prepared by the method of alow ooolmg and the 
principal magnetic susceptibilities were determined by the Guoy method The 
influence of ferromagnetic impurities on the observed values was eliminated by deter 
mining the susceptibilities at different field strengths m accordance with Honda’s 
method The mean values perpendicular and parallel to tho hexagonal axis of the 
crystal were found to be — 0 103 and — 0 223 respectively The magnetic anisotropy 
was 1 368 and the mean diamagnetic susceptibility for a polyorystalline aggregate 
-0 183 The value -0 103 of is dose to that of McLennan, Ruedy and Cohen 
but our value of is lower than theins This makes the magnetic anisotropy of 
cadmium much nearer that of zinc than the earlier values indicated 

The influonce of cold working on polyorystalline rods and single crystals of oadmium 
was investigated In the case of polyorystalline specimens, a small decrease was 
obtained On the other hand, the principal susoeptibilitios measured with single 
crystals showed no variation on oold working 

The influence of small quantities of foreign matter was also a subject of investiga 
tion Lead when added m small amounts affected the principal susceptibility normal 
to the e axis but not the value parallel to this axis The principal Busoeptibihtiee 
did not alter as a result of adding small quantities of zino 

These results are examined m the light of the theory of paramagnetism of free 
electrons developed by Pauli, Landau and Peierls The valenoy electrons appear to 
contribute a paramagnetic component perpendioular to the o axis There is evidence 
for this from elootnool conductivity data The results obtained with the alloys are 
examined m tho light of these conclusions 


Tests of statistical hypotheses which are unbiased in the limit By J 

Nbyman (Communicated byO V Yule, F B S —Becetved 19 January 1938 ) 

Propositions I and II show that the conception of a test which is unbiased in the 
limit, first introduced in connexion with the "smooth” test for goodness of fit, is 
applicable to a great variety of problems, where technical difficulties prohibit the 
application of unbiased tests of type A Propositions III and IV provide the possi 
bility of determining approximately the power functions by calculating their limits, 
for fixed values of the standardized errors in the hypothesis tested and for the number 
of observations indefinitely increasing These theoretical results are illustrated on 
two examples 

Owing to the relative easiness of handling the tests unbiased in the limit promise 
to be of great use But it is necessary to remember their limitations i a test “unbiased 
m the limit” may be biased for any finite number of observations, though the actual 
bias is probably frequently negligible We must remember further that the Pro 
positions III and IV give us only approximate information oonoeming the power 
function and, what is more, the degree of the approximation is not known It follows 
that some further research in the matter is desirable 
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The probability of annihilation of positrons without emission of radiation 

By H S W Massey and E H S Burhoi* (Communicated by R II 
Fowler, FR 8 —Received 19 January 1938 ) 

When mutual annihilation occurs on collision of an atomio electron and a positron 
the energy liberated, instead of appearing as radiation, may bo absorbed by a second 
atomic electron, resulting in its ejection from the atom In this paper the probability 
cross section for this radiationless annihilation process, involving the K electrons 
of a lead atom, is calculated with accuracj, account being taken of the* repulsive 
influence of the nucleus, retardation, spin spin interaction and electron exohango 
Estimates are also made of the contributions from other pairs of electrons and the 
conclusion is finally reached that the total cross section for radiationless annihilation 
by lead electrons attains a maximum value of between 2 and 3 x 10" s " cm s for 
positrons with energy 300,000 o \olts The possibility of observmg the phenomenon 
is briefly discussed 


The adsorption of vapours at plane surfaces of mica I By D H 
Bangham and 8 Mosaelam (Communicated by D L Chapman , FR S — 
Received 20 January 1938 ) 

Measurements have been made of tho quantities of benzene, carbon tetrachloride, 
and methyl alcohol adsorbed at a known surface area of mica at pressures ranging 
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from 0 02 mm to near saturation The general shape of the benzene isothetm is 
sigmoid, oonvox to the adsorption axis at lower pressures, where the Langmuir 
monolayer is incomplete, but becoming markedly convex to this axis near saturation, 
where the film is multimolecular The same isothermal is obtained when the mica 
plates are separated by fine wires as when they are packed cloeely faoe to faoe 
Capillary condensation of liquid in incipient cleavages at the mica edges does not 
take place, and the thick films have properties whioh distinguish them from the 
bulk liquids The isotherms of benzene and methyl alcohol at lower pressures agree 
well with the theoretical equation for films of mobile molecules oriented end-on to 
the surface, but Langmuir’s equation leads to limiting adsorption values for the 
monolayer wluoh bear no relation to the lattice constants of the mica The isotherm 
of carbon tetrachloride shows marked discontinuities, and a determining factor in 
the adsorption of this substance appears to be the tendency of the molecules to clustei 
together 


Polish on metals By W Cochrane (Communicated by O P Thomson, 
FR 8 —Received 20 January 1938 ) 

When electron diffraction patterns consisting of diffuse rings are obtained by 
Thomson’s reflexion method, their interpretation is unoertam since such diffuseness 
may be caused by the geometrical configuration of the surface of the specimen The 
pattern of two haloes obtained by previous workers from polished metal surfaces 
cannot, therefore, be held to prove the existence of an amorphous layer of metal 
although there is some evidence in favour of this view In order to eliminate this 
difficulty, a thm layor of gold was formed on a nickel base The gold film was polished, 
then stripped off and examined by transmitted electrons incident normal to the film 
In this case the pattern does not depend on the form of the surface of the film. The 
resulting pattern consisted of three diffuse rings It was deduced that the film 
consisted of very small crystal grains and that the atoms in the polish layer of a metal 
are arranged similarly to the atoms in a monatomic close packed liquid at a given 
instant After a period of 15 hr the polished gold film yielded a transmission pattern 
of sharp rings characteristic of polyorystalhne gold, showing that crystal growth had 
taken place with a return to the normal crystal size 


The spectrum of thallium chloride By H G Howell and N Coulson, 
(Communicated by W E Curtts, FR 8 —Received 22 January 1938 ) 

The speotrum of T1C1 has been studied m absorption and also in emission by means 
of a high frequency discharge Continua and diffuse bands together with a discrete 
band system have been found m absorption within the region 2500-3500 A The 
band system also oooura m emission. It is considered that the transition is | a* *£+ 
the levels having the following constants 

Level v w, x,<o, 

| 31054 2 216 01 6 80 

*£+ Q 287 47 1 24 
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The analysis of this system given by Butkow is shown to be incorrect Pro- 
dissooiation occurs in the band system and is probably responsible for the band 
intensities being the same m both emission and absorption An attempt to identify 
the electronic levels of T1C1 based upon the similarity of the spectrum to that of 
TIP has been made 

No sign of the Tl*,, isotope has been detected whereas the Cl isotope effect completely 
supports the proposed analysis 


Hyperfine structure, Zeeman effect and iBOtope shift in the resonance 
lines of potassium By D A Jackson and H Kuhn (Communicated 
by F A Lindemann, FR tf —Received 24 January 1938 ) 

1 The intensity ratio of the hyperfine structure components of the resonance 
lines of K 39 was measured by the method of absorption m an atomic beam The 
value 1 46 found agrees with the value required by the spin 3/2 if allowance is made 
for the overlapping by the lines of the 14 times rarer isotope 41 The component of 
longer wave length was the stronger, showing that the nuclear magnetic moment of 
K 39 is positive 

2 By using three atomio beams in senes, of collimation 1/36, it was possible to 
resolve the lines of K 41 as two satellites on either side of the weak component of 
K 39 The ratio of the splittings of the lines of K 39 and K 41 is found to be 1 77, 
in good agreement with the value 1 80 found by Manley m magnetic deflexion expert 
ments The magnetic moment of K 41 is positive, like that of K 39 

The lines of K 41 have an isotope shift of + 0 0076 cm -l relative to the lines of 
K 39 The theoretical centre of gravity shift, considering potassium as hydrogen like, 
is + 0*0087 om - 1 

3 The Zeeman Effect of the hyperfine structure of the line 4Sj - 4*Pj of K 39 
was investigated Each of the two n components was found to consist of four lines, 
proving that the nuclear spin of K 39 has the value 3/2, in agreement with magnetio 
deflexion experiments and the measurements of the intensity ratio of the hyperfine 
structure lines The observed positions of the lines are m dose agreement with the 
positions required by the quantum theoretical formulao 


Further Investigations of the velocity of propagation of light tn vacuo in 
a transverse magnetic field By C J Barnwell and 0 C Farr, FRS 
(Received 25 January 1938 ) 

An experiment designed to determine to a higher degree of precision than before 
the effeot of a transverse magnetio field on the velocity of propagation of light, in 
vacuo, is described An interferometer method, using the Miohelson arrangement, is 
employed, one interfering ray passing through the field in the gaps of three electro 
magnets and the other not A photoeleotno cell, and amplifier, is used in conjunction 
with a galvanometer, to record band movements on a moving photographio strip, 
the resulting reoord being subsequently measured by means bf a plammeter By 
the mean of the results from a number of such records, and by carrying out 
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preliminary oheok experiment*, it is considered that all the main oauses tending to 
give a spurious effect greater than an assignable amount have beep eliminated. Th« 
final experimental results indicate that, in a transverse magnetic field of 30,000jfltfMl, 
with residual air at a pressure of 0 06 mm , the velooity of light increases by 32 2 can./ 
sec , with a probable error of 21 cm /sec In view of the relatively large probable error, 
and for other reasons, it is considered that the result may be spurious All that can bo 
' said definitely is that in such a field the effect is less than 1 part in about S x 10* 


The scattering of cosmic ray particles In metal plates By P M S 

Blackett, F R S and J G Wilson (Received, 27 January 1938 ) 
Measurements have been made of the multiple scattering of cosmic rays in the 
following metal plates 0 33 cm lead, 1 0 cm lead, 2 0 cm copper The range of 
values of tip of the tracks extended from 10 s to 3 x 10 7 gauss cm , corresponding to 
electron energies of 3 x 10 7 to 9 x 10* e volts 

The observed average angle 0 of the multiple scattering is found to be nearly 
inversely proportional to the measured values of Hp, and to be in fairly close agree 
ment with the prediction of theory for rays of any mans, but with velocity nearly 
equal to c 

At high energies, the observed values are somewhat higher than expected This 
discrepancy, which may be partly due to experimental error, will be further in 
vestigated 

This result, that the scattering of the penetrating component is normal, while the 
radiation loss is much less than that expected for electrons, gives support for a heavier 
rest mass for the rays But this conclusion is not quite oertain 

Tlfif development of the spark discharge By T E Allibone and J M 
Meek (Communicated by 8 R Milner, FR S — Received 31 January 1938 ) 
A general account is given of the development of the high voltage eleotno spark, 
based on the study of over'1000 photographs taken with a rotating film camera. 

The eleotno spark is shown to consist of two principal components, a leader stroke 
and a mam stroke—analogous to the lightning flash A leader stroke invariably starts 
from a positive electrode, and sometimes also starts from a negative electrode;* 
sometimes the structure of the leader stroke is simple, sometimes it is of the 11 Hepped h 
vanoty The leader stroke is always branched at many plaoes, and the direction of 
branching is the direction of its propagation in spaoe branching thus forms a criterion 
of the direction of leader-stroke development The mam stroke develops m the reverse 
direction to that of the leader stroke and at a velocity too high to be recorded. The velo¬ 
cities of the positive and negative leader strokes are of the order of 10*-10 7 cm /see , 
the positivf jteaders being the faster Oscillograms of ourrent and voltage support the 
photographic results Multiple stroke discharges have been produced and show the 
characteristics of the multiple lightning flashes, the first is initiated by a slow leader 
stroke and is branched, the subsequent main strokes are either without leader strokes 
or ^he resolution of the camera is inadequate to show them: they are not branched. 






